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Chapter 1

Introduction

The study of ordinary and partial differential equations constitutes a fundamental aspect of
mathematical analysis. Its importance is primarily because differential equations are by far
the most preferred mathematical tool for modeling a wide variety of physical and economic
phenomena, ranging from the colossal arena of astronomy to the microscopic universe of ge-
netics, encompassing in between almost the entire gamut of human activity, including even
stock markets.

Generally, when a system is modeled by an ordinary differential equation (ODE) it is
done in such a way that the corresponding ODE describes the change with respect to time
(the independent variable) of some dependent variable; and the solution of the equation
represents the state of the system at that point in time. This enables us to predict its future
behavior. Indeed this ability to predict the evolution of system is of fundamental importance
and is the primary reason for their unique status.

Many of the mathematical models used for understanding physical, chemical, engi-
neering, or biological processes are described by nonlinear ordinary differential equations
and their widespread applicability to the sciences has generated in its trail a continuous
stream of several new problems of both theoretical and practical interest. Consequently, it
is a worthwhile endeavor to engage in an investigation of their properties and distinctive
features.

Some of the earliest investigations of nonlinear phenomena arose in the analysis of
water waves and in acoustics. Notable contributions were made in this context not only by
celebrated continental mathematicians like Cauchy, Poisson, Euler and Lagrange, but also
by several others such as Bossinesq, Cole, Stokes, Airy, Scott Russell, and Lord Rayleigh, to
name just a few. These mathematicians took a more practical view of such phenomena as
the propagation of shallow water waves in a canal or an artificial channel, or the propagation
of plane progressive sound waves of finite amplitude in air. Aside from hydrodynamic or
acoustic phenomena, it was realized quite early on that nonlinearity was an inherent feature
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of many problems with regard to the theory of elasticity. In fact, the problem of a flexible
rod bent in one plane so that its two ends approach each other attracted the attention of
many brilliant minds including the Bernoullis, Euler, and Lagrange. Extensive studies of
viscous and compressible fluids by Goldstein, Reynolds, Prandtl, and Taylor also revealed
the role of nonlinearity.

In the 1920’s the Dutch electrical engineer Van der Pol first observed the phenomenon
of relaxation oscillations in electrical circuits employing vacuum tubes. Today such oscil-
lations are more commonly known as limit cycles. The Van der Pol oscillator is a non
conservative oscillator with nonlinear damping. Besides electrical circuits the Van der Pol
oscillator has also appeared in biology where Fitzhugh and Nagumo extended it as a model
for action potentials of neurons. It is also useful for modeling heart beats in human physi-
ology and surprisingly enough, has been applied even to model geological fault lines.

The use of modern computing devices has enabled us to make remarkable progress in
solving several problems belonging to the domain of nonlinear mathematics which challenged
many brilliant minds of the preceding centuries. In fact for over 250 years astronomers had
struggled with the nonlinear system of equations describing the motions of planets. To this
day the problem of stability of the solar system presents difficulties.

With the advent of high speed computers, most studies of nonlinear systems arising
in the natural sciences and engineering are carried out numerically. This, however, should
not be taken to mean that analytical methods are to be disregarded. Analytical methods of
investigations are useful because that have the potential to provide exact results as opposed
to graphical or numerical methods. Moreover the solution of a nonlinear equation often
possesses singularities which can be discovered and described by analytical methods alone.

However, unlike linear differential equations, there are very few general methods for
dealing with nonlinear ODEs. While planar nonlinear ODEs have been more extensively
analysed the situation in case of non planar systems is generally acknowledged to be rather
fuzzy.

It is therefore not surprising that the problem of linearization of nonlinear ODEs is
an area of considerable importance from the practical standpoint owing to an abundance of
tools and techniques for their solution. Closely related to this is the issue of symmetries of
such equations. This follows from the general notion that a differential equation is solvable
only if it displays some sort of inherent symmetry. The determination of its symmetries and
their consequent applications for unearthing solutions or first integrals of nonlinear ODEs
constitutes the very essence of Lie’s seminal work. The search for first integrals of ODEs is
a common feature of many of the methods employed for their analysis. A number of tech-
niques have been devised for unearthing them, at times based on symmetries and in some
cases shrewd insights. Their existence together with the Hamiltonian aspects of nonlinear
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ordinary and partial differential equations is also of profound interest from the geometrical
point of view.

In view of the above we have focussed our attention primarily on the following four
aspects of the study of nonlinear ordinary differential equations:
e Lie symmetries of nonlinear ODEs.
e Linearization of nonlinear ODEs.
e Determination of first integrals and Darboux integrability.
e Jacobi’s Last multiplier and its applications.

1.1 Symmetries of Ordinary Differential Equation

The subject of symmetry analysis of ODEs was almost single handedly developed by Sophus
Lie [41, 100, 82], in the third quarter of the nineteenth century. Such has been the impact
of Lie’s seminal work that by and large the methods discovered by him have remained more
or less unchanged for over 100 years— a rare event indeed.

A symmetry transformation of an ODE is a transformation which maps the solution
set of the equation to itself. This requires that the form of the ODE be invariant under the
transformation. The essential concept being a preservation of form or structure.

In general to solve an ordinary differential equation one usually checks whether the
ODE belongs to a known class such as the class of linear ODEs or if it can be transformed
to a known class by a simple transformation of the dependent and independent variables.
If the above techniques fail, one can try more elaborate transformations or even an ad hoc
ansatz to find the solution. There is no guarantee in general that these efforts will succeed
and it may happen that the problem remains unsolved. However, it is found that in the
majority of cases when an exact solution of an ODE can be found, the underlying prop-
erty is a symmetry of that equation. Therefore symmetry analysis of differential equations
is of fundamental importance and its applications extend to several areas of physical and
chemical sciences including crystallography as also within different branches of mathematics
itself. This importance is further enhanced by the fact that according to the highly suc-
cessful physical theories of the 20-th century all physical interactions (including gravity) act
in accordance with an idea (the ‘gauge connection’) which depends crucially upon certain
physical structures possessing an exact symmetry at the fundamental level of description.

Investigations of point symmetries of ordinary differential equations were principally
motivated by physical problems, often involving linear equations [1]. In [61, 62] Mahomed
and Leach showed that the number of point symmetries which a second-order equation
can posses is exactly one of 0,1,2,3 or 8. If a nonlinear second-order equation has eight
symmetries, which can only mean that its underlying algebra is the sl(3, R) algebra, then it
is linearizable via a point transformation. Consequently a second-order equation with eight
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symmetries actually belongs to the class of a free particle equation [91].

For first-order ODEs, Lie [56] showed how to construct an integrating factor from each
admitted point symmetry. Conversely, he also showed how each integrating factor could
yield an admitted point symmetry. Furthermore if the system of ODEs is self-adjoint, then
its integrating factors are necessarily solutions of its linearized system. Such solutions are the
symmetries of the given system of ODEs. On the other hand if the system is not self-adjoint,
then its integrating factors are necessarily solutions of the adjoint of its linearized system.
Such solutions are known as adjoint symmetries of the given system of ODEs [36, 89, 90].
Anco and Bluman [2] have introduced an adjoint-invariance condition which is a necessary
and sufficient condition for an admitted adjoint symmetry to be an integrating factor. They
also present an explicit formula for the first integral corresponding to each integrating factor.

1.2 Linearization of Differential Equations

The linearization problem for a general second-order ordinary differential equation was first
solved by Lie [58] who deduced the relevant criterion. Tresse [104] also worked on the same
problem and deduced similar criterion for linearization in terms of relative invariants of the
equivalence group of point transformation of the form

(t,z) — (T, X) where T =G(t,z), X = F(t,z).

E. Cartan [7], on the other hand, studied the problem from a differential geometric point of
view.

In recent times a generalization of the above methods involving nonlocal transforma-
tions has been achieved by means of which a given ODE can be linearized. Its basis can
be traced to the pioneering techniques first employed by Sundman [103] in the context of
celestial mechanics. The most general conditions under which a second-order ODE is trans-
formable to the free particle equation (i.e. X”(7') = 0) by means of a generalized Sundman
transformation of the form X (7') = F(t,z) and dT = G(t, z)dt were obtained by Duarté et
al [25]. Here F' and G are assumed to be smooth functions. Thereafter by using the fun-
damental invariants of this equation they obtained the first integrals of second-order ODEs,
which could be linearized. The case of the general anharmonic oscillator was treated by
Euler and Euler [27, 28, 29] who also investigated the Sundman symmetries of second-order
and third-order nonlinear ODEs. It is important to note that these symmetries which are
in general nonlocal can be calculated in a systematic manner and may be used to determine
the first integrals of the equations as will be illustrated later on in this work.

Finally it must be mentioned that Meleshko et al [43, 64, 97] have also addressed the
issue of linearization for coupled second and third-order ODEs by using a technique which
gives more general linearization criteria then the usual linearization via point transforma-
tions. The process has also been extended to fourth-order ODEs in [42].



1.3 The Darboux Method of Integrability 5

1.3 The Darboux Method of Integrability

It is well known that for a two dimensional system the existence of a first integral completely
determines its phase portrait. It is well known that such systems, do not exhibit chaos
because of the Poincaré-Bendixson theorem [40]. According to this theorem, for a two
dimensional system of ordinary differential equations, which is real analytic and defined in a
simply connected domain, any compact limit set of the system is either a fixed point, a cycle or
a union of fixed points and connections, i.e. a polycycle. In three dimension this is no longer
true. In the case of non-planar systems, the problem of determining first integrals is a non-
trivial task in general, and various methods have been introduced for studying the existence
of such first integrals. However, except for some special cases [22, 34, 35, 38, 39] there are few
known satisfactory general methods for their determination. In 1878 Darboux [21] initiated
the theory of planar polynomial differential systems and his work provided a link between
algebraic geometry and the search of first integrals. He demonstrated how to construct
first integrals of polynomial vector fields in R? or C2. The extension of Darboux theory of
integrability to polynomial systems in R™ and C™ (for n > 3) was given by Jouanolou [48].
This yielded the notion, of what is today known as Darboux integrability (cf. [13, 15, 16, 37]).
Research in this area which lies at the crossroads of ODE theory with algebraic geometry
and differential algebra, has deep implications for the problem of the center, as well as, for
Hilbert’s 16th problem on limit cycles. In an interesting survey, Schlomiuk [94] has described
the early ideas of Darboux and related them to the influential paper of M. J. Prelle and M.
F. Singer [87].

The existing literature on planar differential systems is indeed vast and has a rich
history [14]. Moreover as the existence of first integrals leads to a reduction of the order of
the ODEs under consideration it constitutes an important ingredient of their analysis.

A first integral of a system of ODEs is any non-constant globally differentiable func-
tion I(t,xy,...,x,) that retains a constant value on any integral curve of the system. This
means its derivative with respect to the independent variable ¢ must vanish on the solu-
tion curves. In many cases, the determination of a first integral is considerably simplified
by the existence of what are known as second integrals. The polynomial second integrals
for polynomial vector fields are called Darbouz polynomials (monic irreducible polynomials)
and their importance stems from the fact that the computation of a rational first integral
I = F/G for a polynomial vector field D is actually equivalent to the computation of its
Darboux polynomials.

A polynomial system is said to be Darbouz integrable if it possesses a first integral
or an integrating factor given by Darboux polynomials. In particular, Darboux showed (see
for example [13]) that a polynomial system of degree n with at least n(n + 1)/2 + 1 invari-
ant algebraic curves has a first integral which can be expressed by means of these algebraic
curves. This theory of integrability also received contributions from the work of Poincaré,
whose main interest was on rational first integrals.

Darboux showed that one can construct an integrating factor (and first integrals) of pla-
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nar polynomial differential systems if there exists a sufficient number of invariant algebraic
curves (real or complex).

Therefore, invariant algebraic curves are the key elements of the Darboux method. In 1979
Jouanolou [48] showed that if the number of invariant algebraic curves of a polynomial sys-
tem of degree d is at least [n(n + 1)/2] 4+ 2, then the vector field has a rational first integral
and, in particular, all its solutions are algebraic curves.

The knowledge of algebraic curves can also be used to study the topological properties
of the system, for example, the inverse of the integrating factor must be null over all the
limit cycles which are isolated periodic orbits contained in the plane.

1.3.1 Planar differential systems

As one of our chief interests is in the integrability of a planar polynomial differential system
we have made substantial use of the notion of Darboux polynomials and their determination
by means of the Prelle-Singer semi algorithm to deduce first integrals of planar differential
systems. A major step towards the construction of an algorithm for solving first order or-
dinary differential equations (ODEs) was put forward by Prelle and Singer [87]. This is a
semi-algorithmic procedure for solving nonlinear first-order ordinary differential equations.
The Prelle-Singer method [87] provides the form of the integrating factor when the solu-
tion of the associated system of differential equations is expressible in terms of elementary
functions. Their paper has had a profound influence and has provided some of the fundamen-
tal algebraic results required for the automated solution of ODEs using computer algebra.
Therefore, it has motivated many extension of the original idea [18, 63, 95]. An extension of
their method provides the form of an integrating factor when the solution is expressible in
terms of Liouvillian functions. In 1992, Singer [96] derived the form of the integrating factor
when a polynomial system has a Liouvillian first integral. On the other hand, Christopher
in [14] provided the Liouvillian first integrals of second-order polynomial differential equa-
tions. In an interesting paper Llibre and Pereira defined four different kinds of multiplicity
of an invariant algebraic curve for a given polynomial vector field and investigated their
relationships [59]. The introduction of the notion of multiplicity has led to an extension of
the classical Darboux theory of integrabity. Duarte et. al. present a semi-decision procedure
to tackle first-order ODEs with Liouvillion function in the solution [26].

In an interesting paper Man and MacCallum [63] have formulated a method to compute
the elementary solutions of the second order differential equations, which shares certain
commonalities with the Darboux and Prelle-Singer procedures and is quite useful in dealing
with certain non-planar polynomial differential systems.

The Prelle-Singer method was extended by Duarte et al. [23, 24] to second-order
ODEs. Recently the theory has been further generalized by Lakshmanan and his cowork-
ers [8, 9, 10] to obtain rational first integrals and the general solution of a specific class of
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nonlinear second and third-order equations. Their work provides a systematic way for iden-
tifying integrable cases as well as constructing the integrating factors, integrals of motion
and general solutions of second-order nonlinear ordinary differential equations.

1.3.2 Non-planar dynamical systems

Non planar dynamical systems are frequently encountered not only as theoretical idealiza-
tions of physical processes, such as rigid body dynamics but in concrete real life situations
involving diverse phenomena ranging from atmospheric sciences (Lorenz system) to studies
involving human physiology (Hindmarsh-Rose model) besides others. Compared to planar
dynamical systems the situation in terms of available methods for their analysis is even more
limited for non planar systems of ODEs.

The problem of integrating a set of ODEs describing a given non planar dynamical
system is compounded by a number of hurdles such as the equations being in general non-
linear, usually involving several degrees of freedom and in addition are more likely to be
coupled. In fact except for the Painlevé criteria there are no concrete tests for deciding
whether a given dynamical systems is integrable or not. The Painlevé criteria requires that
the solution of the differential equation posses no movable (i.e., initial condition dependent)
singularities other than poles in the complex time plane [99]. Equations which satisfy this
condition are said to possess the Painlevé property and the latter property has been used to
identify new integrable Hamiltonian systems as well as integrable cases of non-Hamiltonian
systems such as Lorentz equations, the Lotka-Voltera system etc. Generally dynamical sys-
tems described by coupled nonlinear ordinary differential equations are non Hamiltonian in
character and describe the time evolution of physical processes which are mainly dissipative
in nature. Consequently in course of their evolution the phase space volumes contract and
the motion is often attracted by fixed points or even periodic orbits.

However, a majority of nonlinear systems which depend on one or more parameters
often exhibit a range of values of their parameters for which the solution approaches a much
more complicated type of attractor. These are subsets of the phase space with a cantor-like
structure, called strange attractors, on which the motion is widely chaotic in the sense that
it depends sensitively on the choice of initial conditions.

The self generated chaotic behavior of certain dynamical systems constitutes one of
the most interesting areas in the study of dynamical systems. In fact most nonlinear systems
are non-integrable and posses large classes of solutions with truly random properties. The
identification of integrable dynamical systems and the determination of the size of the chaotic
region of the corresponding phase space is therefore a major problem and often gives rise to
exciting new results. The existence of first integrals in the study of non planar dynamical
systems is extremely important since it greatly simplifies their analysis especially in the
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infinite time limit. Some of the existing methods for finding first integrals for non planar
systems of ODEs are enumerated below.

1. The Frobenius integrability theorem provides a direct approach for finding first inte-
grals for non-planar ordinary differential equations where the emphasis is on deter-
mining the values of the parameters for which the system admits a first integral. By
employing this technique new constants of motion have found for the Lotka-Voltera
and certain other systems [4, 101].

2. An alternative procedure is to assume a specific ansatz for the first integrals. The usual
ansatz is to choose a polynomial of suitable degree in the phase space coordinates. This
procedure was employed by Kus [54] for the determination of new constants of motion
for the Lorentz model which does not fulfil the Painlevé criteria.

3. A variation of the above procedure due to Giacomini et.al. [33] also employs an ansatz
for the first integral, but it is of a more general character. Here a polynomial in one
of the coordinates of the system of suitable degree is first chosen whose coefficients
are unknown functions of the remaining coordinates. These functions must satisfy an
over determined set of partial differential equations and are consistent only for certain
particular values of the parameters of the system.

1.4 The Jacobi Last Multiplier method

Carl Gustav Jacob Jacobi was a prolific mathematician who is often considered as the suc-
cessor to the venerable Gauss. Although today Jacobi is known mostly for his contributions
to the theory of elliptic functions, his work on differential equations and most notably on the
theory of the last multiplier may only be ranked second in importance to his investigations
in elliptic functions.

The earliest reference to Jacobi’s last multiplier (JLM) can be traced to the summary
of his lecture at the Congress of Italian Scientists in Lucca in 1843, which appeared under
the English title “On the principle of the last multiplier and its use as a new broad principle
of mechanics” in 1844 [45]. A more detailed account of the last multiplier along with its
applications in Classical Mechanics appeared in his lectures on dynamics, published posthu-
mously after his death in 1851 [46].

Although some studies on the last multiplier were carried out in various contexts, the
most significant development thereafter was the discovery by Lie that there exists a close
relationship between the JLM and Lie Symmetries. This promptly led to a keen interest in
the last multiplier especially with regard to its relationships with first integrals of differen-
tial equations, its possible generalization, deductions of nonlocal Lie symmetries and also
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to its role in determining a Lagrangian for systems of second-order ODEs. Indeed the last
feature seems to have been forgotten with the passage of time. Although a very clear and
concise description of the JLM in the context of its role in reducing a systems of first-order
ODEs to quadrature is given in Whittaker’s book on analytical dynamics [105], the precise
nature of the relationship between the JLM and the Lagrangian of a system of second-order
ODEs is best dealt with in an article titled “ On the reduction of dynamical equations to the
Lagrangian form” by Madhava Rao published in 1940, in which he considers a Lagrangian
which is a quadratic form in the generalized velocities. For a single second-order ODE
y" = w(z,y,y’) which admits a Lagrangian function L(x,y,y’) the Jacobi Last Multiplier,
M, is given by M = %.

The inverse problem of the calculus of variations has always been of interest to physi-
cists and mathematicians alike in their efforts to obtain a Lagrangian description of second
and higher-order ODEs. In recent years there has also been a great deal of interest in dissi-
pative dynamical systems, in studying the existence of limit cycles etc. The importance of
the JLM stems from the fact that it plays an important part in all these problems besides
providing a very simple yet powerful mechanism for finding a Lagrangian of any second-order
differential equation. This together with its connection to Lie Symmetries [56, 57] makes
it an ideal tool for probing various properties of ODEs as will be described later on in the
work. In fact recently Leach and Nucci derived Lagrangians for many second-order differen-
tial equations using Jacobi’s last multiplier [76, 77, 78, 79, 80] which provided in a sense the
impetus for our investigations.

1.5 Outline of the Thesis

The present work consists of nine chapters including the Introduction. Chapter 2 begins
with a brief survey of some of the elementary properties of ordinary differential equations
before moving on to the basic principles of Darboux integrability and applications of the
latter in determining first integrals for planar and nonplanar systems. This is followed by a
short review of fixed point and phase space analysis of nonlinear ODEs.

As is well known symmetry analysis of ODEs is in itself a vast subject and even
though any attempt to encapsulate its essential tools and techniques within the confines
of a single chapter is bound to fail, we have nevertheless endeavoured to explain some of
the key features of Lie symmetries which are relevant for understanding some of our subse-
quent results. This is followed by a discussion of the linearization problem of ODEs under
point and nonpoint transformations. The chapter ends with an exposition of some of the
fundamental properties of Jacobi’s last multiplier which has made an appearance in the
recent mathematical literature after a gap of almost a century. Much of the material pre-
sented in this chapter is in the nature of a review serving as a backdrop for the later chapters.

In Chapter 3 we address the problem of finding first integrals of the Painlevé-Gambier
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equations as well as of an equation of the Liénard type. The method employed for this pur-
pose is based on an extension of the Prelle-Singer technique as formulated by Chandrasekhar
et al. The systems studied also include two dimensional problems such as the Kepler prob-
lem in 2D. This is followed by an attempt to construct, using Darboux polynomials, first
integrals of a non planar system of equations closely related to the Raychaudhuri equation
in cosmology.

Chapter 4 introduces the notion of adjoint symmetries and investigates their role in
the determination of first integrals of nonlinear ODEs. A concise review of the extended
Prelle-Singer method is then furnished in order to unfold its relationship with the classical
adjoint symmetry equation. The relative advantages of these two approaches are illustrated
with a number of examples.

The concept of A\-symmetries has recently gained a lot of importance as they are
deemed to be, in some sense, generalization of Lie symmetries. Chapter 5 investigates
the relation between adjoint symmetries and A-symmetries from the standpoint of finding
integrating factors of ODEs. It then explains how A-symmetries may be found for some
second-order equations of the Painlevé-Gambier classification and ends by considering such
symmetries for a few third-order ODEs.

Chapter 6 is devoted to a description of generalized Sundman transformations (GST)
which are of a nonlocal character. After introducing the notion of a generalized Sundman
transformation we define the associated Sundman symmetry and illustrate these concepts in
the general case of the Jacobi equation . Explicit results are provided for several equations
of the Painlevé-Gambier classification from the perspective of the GST and their associated
Sundman symmetry including also their solution. New first integrals for some of these as
well as other equations of the Painlevé-Gambier class.

An extension of the GST, in which both the independent and dependent variables
transform in a completely nonlocal manner, is considered in Chapter 7. We illustrate the
effectiveness of such nonlocal transformations for computation of first integrals of a general-

ized time-dependent Riccati equation after which a similar analysis is undertaken for certain
third-order ODEs.

The first section of Chapter 8 contains a delineation of the relationship between the
Jacobi Last Multiplier (JLM) and the Lagrangian of a second-order ODE. It includes a
deduction of the Lagrangians for the six Painlevé equations and also their corresponding
Hamiltonians. It also briefly outlines the procedure for other equations of the Painlevé-
Gambier classification. This is followed by a similar analysis for second-order equations of
the Liénard type in section 3 which also includes a specific instance of a generic equation of
nonlinear oscillator type. Finally in section 4 we apply the technique to a number of systems
of coupled second-order ODEs.



1.6 Summary of findings 11

The work ends with a modest outlook in Chapter 9.

Finally we consider it pertinent to add a few remarks on the Painlevé-Gambier equa-

tions which have a rather interesting origin and frequently appear in many of the examples
presented here. The fundamental problem which Painlevé, Gambier Fuchs addressed was
a question first raised by Picard concerning second-order first-degree ODEs of the form
w” = F(z,w,w") where F' is rational in w’, algebraic in w and locally analytic in z and
having the property that all movable singularities of all solutions are poles. A differential
equation is said have the Painlevé property if all solutions are single valued around all mov-
able singularities. Within the Mobius transformation, Painlevé and his school found 50 such
equations which are classified in Ince’s book [44]. Among all these equations six of them
are irreducible and define the classical transcendents Py, Prr,, Py; while the remaining 44
equations are either solvable in terms of known functions or can be transformed into one of
the six Painlevé equations. These equations may be regarded as the nonlinear counterparts
of the classical special equations. For example P;; has solutions which has similar properties
as Airy’s functions [17].
Although the Painlevé equations were discovered from strictly mathematical considerations
they have appeared in many physical problems including statistical mechanics, random ma-
trices, plasma physics, nonlinear waves, quantum gravity, general relativity and nonlinear
optics. Recently there has been considerable interest in the Painlevé equations as they arise
as reductions of the soliton equations which are solvable by inverse scattering.

1.6 Summary of findings

1. Using the extended Prelle-Singer method we have derive a new first integral for the
equation XXII of the Painlevé-Gambier class and have obtained a formula for deducing
the known first integrals, of a particular form, belonging to this classification.

2. Existence of first integrals for a Generalized Raychaudhuri equation arising in modern
string inspired cosmology, We described employing the notion of Darboux theory of
integrability for polynomial ODEs.

3. The exact nature of the relationship between the so called extended Prelle-Singer
method and the classical adjoint symmetry equation of the symmetry analysis has
been unravelled. It is found that the extended Prelle-Singer method is actually a
decomposition of the adjoint symmetry equation into a system first-order ODEs.

4. We have explored the A-symmetries of some second-order equations of the Painlevé-
Gambier type and have studied their relationship with the standard adjoint symmetry
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equation used for determining the integrating factor of a second-order ODE. In Partic-
ular have also computed the A\-symmetries of the Painlevé-Gambier equation numbers
ITI, VIII, XIX and XXX and have followed it up with a brief study of the A-symmetries
of certain special types of third-order ODEs.

. By means of the Generalized Sundman transformation (GST) we have obtained the

known and five new first integrals of Painlevé-Gambier equations bearing numbers XI,
XVII, XXXVII, XLI and XLII. All the known integrals are time-independent and are
identical to those given in Ince’s book [44]. The time-dependent integrals appear to
be new to the literature. We have also computed the Sundman symmetries of these
equations as well as their solutions.

. In order to generalize the notion of a GST considered a nonlocal transformations of

the form
dX = A(z,t)dx + B(x,t)dt,

dT' = C(z,t)dx + D(z,t)dt

and have shown that this transformation provide us with an effective tool for the
determination of a first integral in several particular cases. Exploiting the above trans-
formation we have deduce a time-dependent first integral for a generalized second-order
nonautonomous Riccati differential equation. Finally, we have considered applications
of the method to third-order time-dependent ODEs.

. A fairly extensive account of the Jacobi Last multiplier is presented in this work. As

an application of this concept to Lagrangian and Hamiltonian of the Six Painlevé
transcendents using the Last multiplier. For the Liénard equation by means of a novel
transformation we have shown how the JLM may be used to find the Lagrangian.
Further application to coupled second-order system are also included.



Chapter 2

Ordinary Differential Equations

2.1 Introduction
An ordinary differential equation (ODE) is an equation of the form
Fz,y, o,..., y™)=0. (2.1.1)

which relates an independent variable z, the required function y = y(x), and at least one of

its derivatives v/, ", ..., y™.

Here F' is a specified function of its arguments and the prime denotes the usual derivative.
The degree of a differential equation is the power of the highest order derivative ap-

pearing in the equation.

The order of a differential equation is the order of the highest derivative appearing in the

equation.

A solution of an n'™ order ODE on the interval (a,b) is any function y = ¢(z) which
has derivatives up to order n inclusive on that interval such that the substitution of the
function y = ¢(x) and its derivatives into the differential equation turns the equation into
an identity with respect to = on (a,b). The graph of the solution of a differential equation
is called an integral curve of that equation.

2.1.1 The Cauchy problem

Assume that we have a first-order differential equation (FODE)

F(z, y, y')=0.

We can solve this equation for 3y’ when the inverse function of F' exist and then the equation
is of the form

g—i = f(x,y). (2.1.2)

13
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Here f is a given function of its arguments. To isolate a definite solution of equation (2.1.2),
we must specify an initial condition which consist of preassigning for a certain value z( of
the independent variable z a value yy of the required function y(z), i.e.,

y|:c=x0 = Yo, or y(2170) = Yo- (213)

The problem of finding the solution y(x) of equation (2.1.2) which satisfies the initial condi-
tion (2.1.3), is known as the Cauchy problem for equation (2.1.2).

2.1.2 Existence and Uniqueness of solution for given initial con-
dition:

Given a first-order ordinary differential equation

Z—i = f(z,y), (2.1.4)
with f(z,y) satisfying the following conditions:

(i) f(x,y) is continuous in a given region A,

(i) |f(z,y)] < M, a fixed real number in A,

(iil) |f(z,y1) — f(z,92)] < klyr — y2|, k being a fixed quantity for any two points (z,y1),
(x,y2) in the region A, it can be shown that-

if (zo,90) be any point in A such that the rectangle R given by |z — x¢| < a,|y — yo| < b,
where b > aM is such that R lies wholly within A, then there exist one and only one
continuous function y = ¢(x) having continuous derivatives in |z — xy| < a, which satisfies
the differential equation (2.1.4) and takes up the value ¢(zg) = yo when z = x.

The condition (iii) i.e., |f(z,y1) — f(x,y2)| < k|ly1 — y2|, k being a fixed quantity for any
two points (x,y;) and (z,ys) in the region A, is known as the Cauchy-Lipschitz condition.
If f(z,y) admits continuous derivative and hence |a% f(z,y)| < k then the Cauchy-Lipschitz
condition is satisfied.

The proof may be found in [44].

2.1.3 Geometrical significance of an ordinary differential equation

Let us consider a differential equation

j—z = f(z,y) (2.1.5)

of first-order and of first degree. The primitive of an ordinary differential of the first-order is
a relation between the two variables x and y and a parameter ¢ and the differential equation
is said to represent a single parameter family of plane curves. Each curve of the family is
said to be an integral curve.
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In a Cartesian coordinate system the derivative dy/dzx, of a curve gives the direction of
the tangent to the curve at a given point. Let A be the domain in the (z,y) plane throughout
which f(z,y) is single valued and continuous. Let (zo,yo) be a point lying in the interior
of the domain A. Let the value of dy/dz at the point (xg,yo) be my. Thus, as a point
moves through (xg, yo), satisfying (2.1.5), with the direction of movement my it defines a line
element (zg,yo, mp). The line element may be defined with sufficient accuracy as the line
which joins the point xg, yo and (zg + 0x, yo + dy) where dx and dy are small and g—g =my).
After that, if the point moves to the point (z1,y;) at an infinitesimal distance on this line
element one can construct anther line-element (x1, 31, m;). Continuing this process a broken
line is obtained which may be regarded as an approximation to the integral curve which
passes through (zg, o).

Since it has been assumed that f(z,y) is continuous and single valued at every point
of A, it follows that through every point there will pass one and only one integral curve.
Outside the region A there may be points at which f(x,y) may be continuous and single
valued. Such points are known as singular points and the behaviour of the integral curves
may be exceptional.

Similarly, for a second-order differential equation the aggregate of integral curves will form
a two parameter family.

2.1.4 Integrating Factors

Given an ODE in the form
dy _ P(z,y)
de  Q(z,y)’

the problem of finding its solution basically involves a process of separating the variables
to rewrite the equation as f(z)dxr + g(y)dy = 0. Once this is achieved the equation may
be reduced to quadrature. One can achieve separation by multiplying the equation with
a suitable function of x and y such that the equation becomes exact, as will be explained
below.

From (2.1.6) we have

(2.1.6)

Pdx — Qdy = 0. (2.1.7)

We assume (2.1.7) is not exact. Then the problem of integrating such an equation essentially
requires finding a function p(z,y) such that the expression

p(Pdx — Qdy) = du

i.e., it is a total differential. It follows therefore that, du/0x = pP and Ou/dy = p@. The
condition for equality of the mixed derivative then gives

oP  0Q

TR (2.1.8)
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The function p(z,y) is called an integrating factor of the differential equation and is non
unique.

Theorem 2.1.1 The number of integrating factors of an equation which has a solution, is
infinite.

Proof:
Let p(z,y) be an integrating factor of the equation (2.1.7), so that

u(Pdz — Qdy) = du.
Hence u(z,y) is a solution of the equation. If f(u) be any function of u, then

p f(u)(Pdr — Qdy) = f(u)du.

Now, the right hand expression is an exact differential since f(u)du can easily be integrated
to give ¢(u). Thus the solution of the equation is

¢(u) = ¢,

showing that pf(u) is also an integrating factor of the equation (2.1.7). Since f(u) is an
arbitrary function of u the number of integrating factor is infinite.

2.1.5 Elementary rules for finding integrating factors

In many cases the integrating factors for an ODE can be found by inspection. When the
integrating factor cannot be found by inspection, the following elementary methods are used
to find it. Consider the differential equation Pdz + Qdy = 0 in which %—1; #+ %—?, so that the
equation is not exact. The rules for finding integrating factors may be summarized as follows:

Rule I: If Pz + Qy # 0 and the equation is homogeneous, then 1/Px + Qy is an inte-
grating factor of the equation Pdx + Qdy = 0.

Rule IT: If Pz —Qy # 0 and the equation can be written as { f(z,y) }ydx+{g(x,y) }xdy = 0,

then Pxi gy 18 an integrating factor of the equation Pdx + Qdy = 0.

Rule III: If é(%—g — g—g) be a function of z alone, say f(z) then, e/ /(% is an inte-

grating factor of the equation Pdx + Qdy = 0.

Oy
factor of the equation Pdx + Qdy = 0.

Rule IV: If 1% % — @> be a function of x alone, say g(y) then, e/ 9w ig an integrating

Rule V: If the equation be of the form

2y (mydzx + nxdy) = 0,
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with a,b,m and n being constants, then 2¥m =% 1yk"=0=1 where k has any value, is an inte-

grating factor of the equation.

However, there are many ODEs for which an integrating factor cannot be found by the above
rules. In such cases other procedures have to be adopted. One of the main objectives of this
section is to describe how one can deduce an integrating factor for a system of ODEs using
the notion of Darboux polynomials which is now described.

2.2 The Method of Darboux Integrability

2.2.1 Planar differential equation

Consider a system of two first-order ODEs of the form

dx dy

= Q(t = P(t 2.2.1
o Q(xy)d (t, z,y). (2.2.1)
A solution of (2.2.1) namely x = z(t),y = y(t), assuming the values x(0),y(0) at t = ¢, say,
defines in space a certain curve, which passes through the point Py(to, 2(0),4(0)) and is an
integral curve of the system (2.2.1).

In geometrical terms the Cauchy problem amounts to finding the integral curve of
(2.2.1) passing through the given point Fy. An alternative interpretation of the solution of
(2.2.1), treats t as a parameter and « = x(t),y = y(t) as the parametric equation of a curve
in the x — y plane called the phase plane. The projection of the integral curve on the phase
plane, then gives the trajectory of the system. However, while from the integral curve one
can define the phase trajectory uniquely, the converse is not true in general.

If the right hand side of (2.2.1) is not explicitly dependent on ¢ then the system is said
to be autonomous otherwise it is called a non-autonomous system.

2.2.2 Planar Polynomial Differential Equations:

For a planar system of ODEs

Xy, Y=y (22.2)

dt

(@, P) represents the components of the tangent vector at the point (z,y). We define the
vector field D at a point (x,y) by
0

D= Q— +Py. (2.2.3)
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where 0/0x and 0/0y represent the directional derivatives along the X and Y axes respec-
tively. When P and () are polynomials we say that D is a polynomial vector field of degree
d on C|z,y| if the maximum degree of the polynomials P(x,y) and Q(z,y) is d.

2.2.3 Invariant Algebraic Curve:

Definition 2.2.1 (Invariant curve): The curve f(x,y) = 0 is said to be an invariant
curve if Vf = (2L, 9L) and (Q, P) are orthogonal over the curve f(z,y) =0, i.e.,

oz’ dy

daf of | ,of

2 =L+ P
dt Ox oy’lr=0
Definition 2.2.2 (‘Algebraic curve): An invariant curve f(x,y) = 0 is called an algebraic
curve of degree m when f(x,y) is a polynomial of degree m.

Definition 2.2.3 (Invariant algebraic curve): Let D be the vector field associated with
a planar differential system. A curve f(x,y) = 0 is an invariant algebraic curve if D[f]/f
is a polynomial. The latter polynomial Ay = D[f]/f is usually called the cofactor of the
mvariant algebraic curve.

2.2.4 First Integral

Next we introduce the notion of invariants for a system of differential equations. These
invariants are usually called first integrals or constants of motion.

Definition 2.2.4 A first integral of the system of ODE’s

d; ‘
v = Xi(t,z1,...,2,), 1=1,---,n, (2.2.4)
dt

is any non-constant globally differentiable function ®(t,x1,...,x,) that retains a constant

value on any integral curve of the system.

This means its derivative with respect to ¢ vanishes on the solution curves, i.e.,

0P dx, 8613

o a o =07 Dlel=0, (2.2.5)

where D := > Xi% + %. For an autonomous system this reduces to the following condition

Z X axz 0, (2.2.6)

where D =), Xi% is just the vector field associated with the given autonomous system.
In many cases, the determination of a first integral is considerably simplified, by the exis-
tence of what are known as second integrals.
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Definition 2.2.5 A second integral of a vector field D is a C function, f = f(x1,-,z,) :
K" — K such that D[f] = A\f where A = XNxq,...,z,) : K" —» K.

Here K be a field of characteristic zero' where K is real or complex, and for our purposes
may either be R or C. Let us introduce next the notion of Darbouz polynomials.

Definition 2.2.6 The polynomial second integrals for polynomial vector fields are called
Darbouz polynomials (monic irreducible polynomials).

It is important to note in this context that the computation of a rational first integral
I = F/@G, for a polynomial vector field D is equivalent to the computation of its Darboux
polynomials.

Proposition 2.2.1 Let F,G € K|z] be two relatively prime polynomials, then I = F/G is
a rational first integral of Dy iff there exist g € K[z] such that

D[F]=gF and DI[G]=¢G. (2.2.7)

Proof: Let I = F/G be a first integral of D, then GD[F] = FD|G]. Therefore, G divides
FD|G]. Since F and G are relatively prime polynomials, D|G| = ¢G and hence D[F] = gF.

Conversely, if D[F| = gF and D|G] = gG, then GD[F| — FD|G] = ¢GF — gFG =0
and F/G is a first integral.

Proposition 2.2.2 Let P, and Py be Darboux polynomials then
(i) P, Py is a Darbouz polynomials.
(ii) All irreducible factors of Darboux polynomials are also Darboux polynomials.

Proof: Let D[P| = g1 P and D|P,] = g2 P», where g1, g2 € K[z]. Then we have D[P, P,] =
(91 + g2) P1 Py. Therefore P, P, is Darboux polynomial.

Conversely, Let P = Q]Q2 with @)1 and )5 being relatively prime polynomials and
(2 is irreducible. Then

TQq_lD[Ql] — Q1D[Q2] = gQ1 Q.
Since Q}Qy divides Q] *D[Q1] — Q7 D[Qs] and @, is relatively prime with Q,, Q1 must

divide D[@;] and also ()2 must divide D[Q].
By induction on @), all reducible factors of P; are Darboux polynomials.

LA field with multiplication * is of characteristic zero if the only element a of the field such that a * b=0
for all b is a=0
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2.2.5 Elementary First Integrals

By an elementary first integral we mean a first integral involving elementary functions only
which for the present purpose may be roughly defined as follows.

Definition 2.2.7 A function F (1, ,x,), € C" is said to be elementary if it belongs to
the set S, which in turn is obtained from rational functions on CF k = 0,1,..., using a
finite series of the following operations: (a) algebraic operations such as addition, subtrac-
tion, multiplication and division, (b) solution of algebraic equations, (c) derivations and (d)
exponential and logarithmic operations.

Note that if in addition we include the operation of integration, then S becomes the set of
Liouvillian function.

2.2.6 An Algorithm for finding a Polynomial First Integral

Proposition 2.2.3 An n-dimensional polynomial vector field of degree d may depend upon
a certain number of parameters (A, Aa, ..., A\,). The problem is to determine the values of
(A1, A2, ..., Ay) such that the vector field admits a time independent polynomial first integral
of a given degree N.

Proof: Step 1: Let us start with degree N=1 for the first integral (z).
Step 2: The most general form of a first integral I(z) of degree d is,

N
I(z) = Z ;.
i=1

Step 3: We compute the time derivative of I(z):

5 9 9 9 N N+d—1
D[I] = <Q%+P8_y) ] = ( %—Fpa—y) (;C'sz> = ; kix;.

Step 4: Since [ is a first integral, D[I] = 0, it implies k; = 0. This system of equations is

n+d+ N -1
n

a linear system for the coefficients ¢; of dimension at most . So if there

exist values of the parameters (A1, A2,...,A,) and a set of constants ¢; that are not all zero
such that k; = 0 for all ¢, then I(x) is a first integral. Otherwise, we increase the value of N
by 1 and return to the step 2.

Example 2.2.1 Consider the system
i =2z — 227 (2.2.8)
Yy = —3xy (2.2.9)
2 =dxz — 22(22° — 9y?). (2.2.10)
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A first integral for this system using the above algorithm is found to be given by

I=z2—a22+3°

2.2.7 The method of Darboux polynomials

Let us consider the planar polynomial differential system (2.2.2) where P(z,y) = >\ Pi(z,y)
and Q(z,y) = > ", Qi(x,y) are co-prime polynomials in C such that max {deg P, deg Q} =
m and P;(z,y) and Q;(z,y) are homogeneous components of degree i. The system may be
described by the vector field (2.2.3) or the differential one form

w = Pdx — Qdy.

The corresponding phase-flow is given by the solutions of the first-order ordinary differential
equation

dy _ P(z,y)

dr  Qz,y)
Suppose the vector field admits d distinct invariant algebraic curves f;, i =1, ....d.

(2.2.11)

(a) If there are n; € C, not all zero, such that

; d
Z n;A; = 0 then the function H I

i=1 i=1

is a first integral of the vector field D.

(b) If there exists n; € C not all zero, such that Y%, n;\; = —divD, then [[L, f is
an integrating factor of D.
These results form the essential content of the Darboux theory of integrability.
Proof: We shall prove the second part of the proposition first. If R(x,y) be an integrating

factor of (2.2.11), then
RP dr — RQ dy =0 and (RP), = —(RQ)., (2.2.12)
where the subscripts denote partial derivatives. The latter may be written as
D[R] := (Q0, + PJ,)[R] = —div(Q, P)R = —(Q. + P,)R. (2.2.13)

This follows from the observation that the problem of determining the integrating factor R
is essentially one of finding a solution of the linear partial differential equation (2.2.13). This
being a first order PDE, we write the associated Lagrange one form:

dr dy dR

0= F =@ PR (2.2.14)
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Let there exist a certain number of Darboux polynomials f; satisfying

D[f;] = \ifi (2.2.15)
where \; are suitable eigen polynomials. From (2.2.14) we have
N nigtde =3 n, 2.2.16
=TGR =2 mpdr =2 e BT (2:2.16)
where n;’s are some rational numbers. Similarly multiplying by f;,/f; we have
dy _ fzy PfiydR
SN LD 2.2.17
7@ AR 2yl g ey %
Adding (2.2.16) and (2.2.17) we obtain
fizdx + fiydy D[ f;] dR
L TIwR N, 2V 2 2.2.18
2Ty 2 G v B R (2:2.18)
But f;’s being Darboux polynomials we have
Z dfl d>oimiAi  dR
Qx +P) R

Let us demand that the rational numbers n; are such that

anA = —(Q. + P,), (2.2.19)

whence it immediately follows
d ;d .
E f = —R = R= | |fl" (2.2.20)

Thus, whenever the ODE has an elementary first integral, its corresponding integrating fac-
tor may be expressed in the above form.

If we can identify a sufficient number of Darboux polynomials f; satisfying

D[f;] = Aifi (2.2.21)
where \; are suitable polynomials, then
D[R] Dlfi]

Clearly )., P, are polynomials since @), P are themselves polynomials; and therefore it is
necessary that f;|D[f;]. Therefore,

DIR]
—p = —divD. (2.2.23)

Furthermore when divD = 0 then D[R] = 0 so that R is a first integral.
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2.2.8 Extension of the Darboux method

In the following we describe an extension of Darboux’s method which allows us to find an
exponential integrating factor for an ODE. The integrating factor of some ODEs consists of
an exponential factor which cannot be found by the method just described. However, the
notion of Darboux polynomials continues to play a pivotal role in the determination of even
exponential integrating factors as we shall now show.

Definition 2.2.8 Let e = exp (%) where M and N are co-prime polynomials in R%. If
Dle]/e = L. then e is said to be an exponential factor of the vector field D of degree d when

Dle]/e is a polynomial of degree at most (d —1). The polynomial L. is called the cofactor of
the exponential factor e.

Proposition 2.2.4 If the vector field D admits q exponential factors eq,--- ,e, and r alge-
braic inverse curves fj,(j = 1,---,7) then R = [[[_, e™ [[;_, f;7 is an integrating factor
of the differential equation Pdx + Qdy = 0 if

DR :
— = > miLe, + Y n;Ly = —(divD)
i=1 i=1
where Ly, is the co-factor of f;

Proof: Let R =[], e™ [[j_, ;" Therefore,

U _p [_] + iniLﬁ = —(Qz + By). (2.2.24)

Since (), and P, are polynomials of degree at most (d—1) and Ly, is also of maximum degree

(d—1). So,

M
D|I=| =1 2.2.25

which is a polynomial of degree < d — 1.
Consequently,

1 M D|N]

—DM| — ———— =11

N [M] N N
implies,

DN
D[M] — M% = IIN. (2.2.26)

Here D[M] and IIN are polynomials since M and N are polynomials. However, M and N

being co-prime it follows that % is a polynomial. Therefore, as far as the structure of
the unknown polynomial N goes, since % is a polynomial, we can express N in terms of
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Darboux polynomials f;.

Let .
N=T]r". (2.2.27)
=1
so that,
q
=> myLy, (2.2.28)
j=1

where m; is a positive integer. Substituting (2.2.25) in (2.2.24), we get

I+ anLfi = —(Qz + Fy),

i=1
which implies

NI = —N(Q, + P, + > n;Ly,). (2.2.29)

Using (2.2.27), (2.2.28) and (2.2.29) in (2.2.26) we have,

q q
— MY miLy =—([] ) Q.+ P, + ZnJLfl (2.2.30)
j=1 j=1

=1

Thus we then have the following algorithm:

Step 1 : Calculate the Darboux polynomials for different order of polynomials.

Step 2 : Set bounds for the unknown polynomials M and N.

Step 3 : As the structure of N is known therefore with a preset bound of N there are only
a finite number of choices for the positive integers m;.

Step 4 : With a preset bound for M and knowledge of f;’s and possible finite number of
choices of m;, find the value of n;’s and coefficients of power of M from the above equation
which involves solving a system of linear equations.

Example 2.2.2

Let us consider the differential equation

dy (x+ 1)y

e B (2.2.31)

Here P = (z+ 1)y and Q = z — xy — y* + 2° so that D = (m—xy—yQ—l—xz)%—i—(x—l—l)ya%
Step 1 : The Darboux polynomials are found to be f; = y and f; = x + y while the
corresponding co-factors are Ly, = x + 1 and Ly, = 1 + 2 — y respectively.

Step 2 : For the determination of N we assume at first NV is of degree 1. Since N = fi"* f3"
with f; and fo being of degree 1, we have just two possibilities {m; = 0,ms = 1} or
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{m1 = 1,m2 = 0}
Step 3 : In this step we set a degree for M, starting with an M of degree 1 i.e., M =
ap+ a1z + asy where a;,7 = 0, 1,2 are constants. Then D[M]| = a;Q + a» P and from (2.2.26)

with m; = 0,my = 0 we have a;(x — zy — y* + %) — (ap + amz)(z + 1) = —y(2 —y +
3x +ni(z+ 1)) +na(l +x —y). Equating now the coefficients of powers of z,y etc. we get
ag = 0,a17 = 1,n; = 0,ny = —2 and ay is arbitrary. Setting as = 0, we have N =y, M ==z

finally. Therefore the integrating factor is R = e®/V f0f,% = e*/¥(1 + x —y) 72

2.2.9 The Prelle-Singer (PS) method (1983)

The essence of the PS method is that whenever a vector field D associated with a first-order
ODE has an elementary first integral, the latter can be computed using only the invariant
algebraic curves by an almost algorithmic procedure [87]. Clearly, these first integrals may
be found by using the Darboux approach. The method is attractive because if the given
first-order ODE has a solution expressible in terms of elementary functions, then it guar-
antees that this solution can be found. The procedure depends upon the determination
of Darboux polynomials of the elementary functions occuring in the ODE. The principal
shortcoming of the PS method is that it does not specify the degree bound for the Darboux
polynomials. Consequently one has to set a degree bound for the Darboux polynomial a
priori and therefore it is a semi-algorithmic procedure. If it is possible to set a theoretical
degree bound for the Darboux polynomial in the PS method, then the method will clearly
become an algorithm.

If the first-order ODE, ¢/ = P/Q, possesses an elementary general solution then the solution
is of the form

I(z,y) = WO+ZCiani

>0

where Wy, W; are algebraic functions of (z,y).
e The one form w = Pdr — Qdy admits an integrating factor such that RF is a rational

function of (x,y) where
=17

Given an upper bound B on the Darboux polynomials one proceeds as follows:
e Step 1: Set current bound on the Darboux polynomials N = 1.
e Step 2: Search for irreducible polynomials f; such that deg f; < N and f;|D(f;)

e Step 3: If there exists constants n; not all zero, such that > " | n;A; = 0 then D[R]/R =
0 and the ODE is exact. The solution is I(z,y) = [[;~, f{"" = ¢. If no solutions for n;
exist then go the next step.
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e Step 4: if there exists constants n; not all zero, such that Y ;" n;\; = —(Q, + P,) (so
that R = [[, f/"") then return the solution I(z,y) = ¢ with

I(z,y) =/Rde—/(RQ+8y/RP)dy.

or

- / RQdy + / (RP + 0, / RQ)dz

e Step 5: Set N =N + 1. If N > B then exit with no result. Else go to Step 2

As stated earlier since no upper bound on the Darboux polynomials are known so the process
is a semi decisive one.

Example 2.2.3

The following example serves to illustrate the procedure.

dy — z(1+y)

de — y+a?+y?
Here the vector field is D = (y + 22 + 4?)d, — x(1 + y)9, and the Darboux polynomials

along with their cofactors are f; = (1+vy), M =—-z fo= <:1:2 + 3/2—2 + 45— é) , Ao = 2.

Consequently we have niA\; + nody = —(Q, + P)) = —x so that ny = ny = —1. The
integrating factor is therefore given by

_ ’ AN
R(r,y) = (1+) 1(”’72*%*%‘6)

and the solution is finally found to be the following:

1 2 1
](m,y):—ﬁln <x2+%+%—6> —In(l+y)=c

Our next example concerns the generalized Lotka-Volterra model.

Generalized Lotka-Volterra model

We focus on the following version of the Lotka-Volterra model, describing the population
dynamics of two competing species represented by = and y.
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Example 2.2.4

& =x(a; + asx + azy) and ¢ = y(by + bax + b3y) (2.2.32)

The corresponding phase-flow is given by the equation:

dy y(by + baz + b3y)

A . 2.2.33
dr  z(ay + asx + azy) ( )
Here P(z,y) = y(by + box + b3y) and Q(z,y) = z(a; + asx + azy) while
D[R] = (z(a1 + a2x + asy)0z + y(by + box + b3y)0, ) [R] = —(Qs + P)R.
Notice that
Dlx] = z(a; + asx + azy) and Dly| = y(by + box + bsy)
which implies that the Darboux polynomials are:
(1) fi=z, A= (a1+ar+ azy)
(it) fo=1wy, A= (b1 + bax + b3y).
Thus D[R DI
R= Hfm T — Zn = —(Q. + P,) (2.2.34)
where

Qz = a1 + 2a0x + azy, and P, = by + byx + 2b3y.

We are therefore left with the problem of finding rational numbers n; such that
ni(ar + aox + azy) + na(by + bax + bsy) = —[(a1 + b1) + (2a2 + be)x + (az + 2b3)y]. (2.2.35)

Equating the coefficients of the various powers on either side, leads to the following set of
equations:
nia, + n21)1 = —(a1 + bl)

n1ao + ngbg = —(2(12 + bg)
nias + ngbg = —(a3 + 2b3) (2236)

A consistent solution of this set of equations is obtained by imposing the following constraints
on the parameters:

bl = a, b2 = 3&2, bg — —das (2237)
which yield

=g and ng = —5
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With these constraints on the parameters the Lotka-Volterra equation (2.2.32) becomes:
T =z(a; + asx + azy), and ¥ = y(as + 3asx — asy) (2.2.38)

and its integrating factor is given by

Y

[SIE
N

R=ua" (2.2.39)

If I(x,y) denotes a first integral of the equation, it follows that
I, = (RP) = x’%y’%(al + 3asr — asy)

I, = —(RQ) = —x7y 2 (ay + as + agy)

It is now a matter of straight forward integration to see that the first integral is

222 (ay + ax® — asy)
Y3
We should point out that while finding the first two Darboux polynomials is relatively
obvious, one may assume a third polynomial f;3 = (ax + fy) and try to determine the values
of a, 3 such that f3 is a Darboux polynomial. The latter requires f3|D]f3], and occurs when
a = ay and 3 = —ag; with the associated eigen polynomial being A3 = (a1 + asr — azy).
Notice that A3 is precisely the factor which occurs in our expression for the first integral
(2.2.40). This is because having obtained three Darboux polynomials, we can verify that
there exists a set of rational numbers (s; = 3,85 = —3,s3 = 1) such that D[I] = 0 where
1 1
I=rf T J: 2 * I3

We will now consider the special case of homogeneous vector fields.

[(xay> =

. (2.2.40)

2.2.10 Homogeneous vector fields

Consider the planar ODE
dy _ P(z,y)
—_— = = 2.2.41
dr  Q(z,y) ( )

when P and @) are homogeneous functions. The computation of Darboux polynomials for
such cases is considerably simplified by the following lemma due to Collins (1996) [18].

Lemma 2.2.1 Let D = Q(a:,y)a% + P(a:,y)(% be a homogeneous vector field. If W =
zP(x,y) —yQ(z,y) does not vanish identically, then D[W]| = AW, so that W is a Darboux
polynomial for D and all irreducible homogeneous Darbouz polynomials of D divide W .

Proof: Suppose P(z,y) and Q(z,y) are homogeneous functions of degree n. Therefore by
Euler’s theorem op op
Tar TUG = npP
(2.2.42)
x%—g + y% =nQ.
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Therefore

DW] = DlzP(z,y) — yQ(x,y)] = D[z]P + xD[P] - D[y|Q — yD[Q)]

:PQH(Qa—PHﬂ@) _PQ—y(Q@HD@)

ox dy ox oy
oP 0Q oQ oQ oP oP
==—+= P — —P|=—=+4+y— — 4 y—
(@er@:v)(x %) <8w+y@y)+Q<x5$+yé’y>

— (G 52 (P = vQ) ~p0Q) + QUP)  [Using (22.0)

oP  0Q oP 0Q
— (= == ) (2P — Y 2
(3y+3fﬂ>(x Q) (3y+0x)w
Therefore W is a Darboux polynomial and W divides D[W].

It is interesting to note that when P(z,y) and Q(x,y) are homogenous functions of
odd degree then a necessary and sufficient condition for (2.2.41) to exhibit a closed cycle

about the origin is
> Q(1, u)
du = 0. 2.2.43
|7 s 220
This result is known as Frommer’s theorem [20]. However, a closed trajectory can also arise
in the case when P(z,y) and Q(z,y) are of even degree.

(a) Homogenous odd degree case:
We consider as our prototype example the following ODE:

d 3 2 b 2 3
Gy _ T Hary+ory oy (2.2.44)
dr  ax®+ bx?y + cxy? — 13

By lemma 2.2.1 we find that
W =2 +y* = (x+ %) (x + ey)(x + ) (x + e73) (2.2.45)

where ¢ = 7. Clearly each factor is also a Darboux polynomial and these along with their
cofactors are tabulated below:

(1) fi=x+ ey, A\ = (a+ e"e)az2 + (b— eQie)xy + (c+ e3i9)y2,

(i) fo=x+e ™y, do=(ate )2+ (b—eay+(c+e )
(iii) fz=x— ey, As= (a— e+ (b— 6_2i9)$?/ + (¢ — e7310)y?,
(iv) fai=x—e%y, A= (a—eD)a?+ (b—e)zy + (c — ¥y
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The relation (2.2.22) then yields

D[R] D[fi]
from which it follows that n; = ny = ng = ny = —1 and hence a requisite integrating factor

of the equation is
R=(z+e%) o+ e y) o — e Py) ™ (z — efy) L. (2.2.47)

It may then be verified that

=2 (1 Yo ) e L (- (- Y

1 c+a _ Y 1 c+a _ Y
+-(b— — ) tan! <—> - = (b—l— —) tan~! (—> = constant
2( \/§> V2 +y 2 V2 V21 —y

(2.2.48)
is the solution of (2.2.44).
(b)Homogeneous even degree case:
We consider the following homogenous second degree system of equations:
dx dy
— = 2qy, — =a°—y 2.2.49
which may alternatively be expressed as
dy 332 _ y2
A , 2.2.50
dx —2xy ( )
In a manner similar to that described in the previous example it is found that
1
R = (2.2.51)

(x4 iy)(z —iy)’

is an integrating factor of this equation. The corresponding logarithmic first integral is easily
obtained as

¢(z,y) = log (xg ;L y2> : (2.2.52)
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2.3 Time dependent first integrals and non-planar dy-
namical systems:

In the previous section we have basically outlined the Prelle-Singer procedure for planar
vector fields when the first integrals are not explicitly time dependent.
Here we consider a non-planar dynamical system given by

d.IZ‘
dt

= Xi(taxlax%' .- axn)> 1= 1; e, N (231)

The procedure for finding time dependent first integrals may be presented in the form of the
following algorithm [63]:

1. Step 1 Set N=1.

2. Step 2_ Find all monic 1rreducible polynomials go with degree < N such that g,
divides D[g,] where D := 243, X’B:p

3. Step 3 Let ﬁ[ga] = gaAo and decide if there are constants n,, not all zero such that
> o Nata = 7, where r € R. If such n,’s exist then e™"" [] g7 is a first integral.

The last conclusion follows from the following observation. If

R=e¢" H gn* then log R = —rt+ Z N log go (2.3.2)
then _

D[R o o

%:—TD —|—Zna Dlgl :—T—I—Zna Z : (2.3.3)

since it is assumed that g, is not explicitly time dependent. Next the assumption g,’s are
Darboux polynomials ensures that g,|D[g.] = A is a polynomial and hence

D[R]
=T > g (2.3.4)

Thus if there exists rational numbers such that ) n,A, = r then % = 0 and hence the
system is exact, so that the integrating factor R is itself a first integral.

As to the nature of the integrating factor when ) n.A, # 7, to the best of our knowledge
is not clear what the next step of the above algorithm should be.

The following example which is a variant of the Hindmarsh-rose model [93] serves to illustrate
the above algorithm.

Example 2.3.1
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The Hindmarsh-Rose model consists of a system of three autonomous differential equations,
with mild nonlinearities for modelling neurons that exhibit triggered firing. The usual form
of the equations are:
t=y+¢(x)—2z—1
y=1(x)—y (2.3.5)
Z=r(s(x —xg) — 2)
where ¢(r) = az? — 2% and ¥(x) = 1 — bx®. Here I is a control parameter, while of the

remaining five parameters s and xg are usually fixed. Let us re-write them in the following
form appending two extra parameters to the functions ¢(x) and ¥(z).

t=y—z—ax’+br* +a
y=0—di*—y
Z=pr—rz—-. (2.3.6)

We thus have a total of eight parameters given by «, 3,7, a,b,d, p and r.
A list of first integrals for specific parameter values of the system (2.3.6) is given below:
I.For p=0,1=(rz+~)e™.

II. d = 0 then [ = (y — )€’
II1. For arbitrary values of d, 3,y and a =0,b = —d,p = -2, a =+ vy and r = 1,

I=e*(z—y+2)

IV. For arbitrary values of o, v, p and b and when a = 0,d = 2b,r = —(p+1),8 = 2(% — )

we find that
ot

20 +y + "y
Unfortunately we have not been able to find a first integral with a # 0 which is the

dominant nonlinear term here. Notice may be taken of the presence of the time ¢ in all the
above first integrals.
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2.4 Fixed point and Phase-Plane Analysis

Since a lot of information concerning a differential system can be called from an analysis of
the system in the phase plane we consider an autonomous planar nonlinear system in the
standard form

where P and () are nonlinear functions of x and y. It is interesting to note that, all ODEs
arising from Newton’s second law of motion, namely & = F(x,%), where F is the forcing
term, may be put in the standard form

t=y=P y=F(z,y)=0Q. (2.4.2)

Definition 2.4.1 The points in the x — y plane (i.e. the phase plane) where & = 0 and
y =0 are called fixed points.

These points are also known as the stationary points, i.e., they represent the points of
intersect of the graphs of

P(z,y) =0, Q(z,y)=0. (2.4.3)
and are found by solving the simultaneous nonlinear equations
P(z,y) =0, Q(z,y)=0. (2.4.4)

If P(z,y) and Q(x,y) are nonlinear functions then obviously there can exist more than one
fixed point for a given system.

Example 2.4.1 Consider the autonomous ODE

T=1y
j=—(l+y)@+a?) (245)
Here P(x,y) =y and Q(x,y) = —(1 + y)(x + x?). By solving (2.4.4) with these functions
we find there are two fized points at (0,0) and (-1,0) respectively.

The behavior of the solution curve or trajectory in the neighbourhood of the fixed
points in the phase plane exhibits a number of features. Since P and () do not explicitly
depend upon the time ¢, it can be eliminated by dividing the two equations in (2.4.1) and

we have

dy _ Q(z,y

dr  P(x,y)’
which is the slope of the trajectory at an arbitrary point (z,y) in the phase plane. Since at
the fixed point P = @) = 0, we have dy/dxz = 0/0 and therefore the slope is indeterminate.
At all other points the slope has a unique value in between 0 and oco. Points other than
fixed points are called ordinary points. As time advances the solution will advance along the
trajectory determined by the initial values of x and y.

(2.4.6)
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Tangent Field:

Graphically one can see all possible trajectories of the standard ODE by sketching a tangent
field. Thus is done by forming a systematic grid in the phase plane, the ratio Q(z,vy)/P(x,y)
is then calculated at each grid point. A small arrow with slope j—z = g((;’z% is then drawn
at each grid point i.e., tangent to the trajectory at that grid point. The arrowhead should

point in the direction of increasing ¢.

Vortex point:

If the tangent field arrows form a counter clockwise whirlpool or vortex around a fixed point
then the fixed point are called vortex point.

The behavior of the tangent field arrows in the figure 2.1 imply that the only possible physical
solution are cyclical.

e e~ <~ <~ < <« <
S~~~ < <~ <«

\N\NN~~—— S S S S S

LN

\\\\N
\\ AN N
NNt

Figure 2.1: Phase portrait of the example 2.4.1

Saddle point:

If the tangent field arrows point away from the fixed point along the horizontal z-axis and
point towards it along the vertical y-axis then this type of a fixed point is called a saddle
point.
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The name arising from analogy with a saddle point at the pass between two neighbouring
mountain peaks with two valleys in the transverse direction. In the mountain situation,
increasing height plays the role of increasing time. To represent the direction of increasing
height, two arrows point away from the mountain away from the mountain saddle point to
the peaks and two arrows point towards the saddle point as one ascends the pass from the
valleys.

2.4.1 Linearization technique:

Let us now systematically identify the types of fixed points. Suppose (xg,yo) to be a fixed
point. If the fixed point (xq,yo) # (0,0), then by a translation v = x — 2o and v = y — ¥,
we have a new system with (0,0) as a fixed point. So, henceforth we shall assume (0,0) as
a fixed point. So that P(0,0) = Q(0,0) = 0. Therefore. by Taylor’s expansion about the
fixed point we can express the functions P and ) by

P(z,y) = ax + by + R(z,y), Q(z,y) = cx+dy+ S(x,y), (2.4.7)
where R(z,y) = O(r?) and S(z,y) = )asr=y/22+y?> — 0, and
oP opr 0Q 0Q
a= l0,0, b= n l0,0), ¢ = £ l0,0), d= - By l(0,0) - (2.4.8)

The linear approximation in the neighbourhood of the origin is therefore the pair of linear

ODEs.
T =azr+ by

i — ot dy (2.4.9)

Assuming a nontrivial solution of (2.4.9) of the form z = re* and y = seM, where r, s are
real constants and A is a either real or complex constant, we have upon substitution in (2.4.9)

(a—AN)r+bs=0

cr+(d—N)s=0" (2.4.10)
A non-trivial solution exists if and only if
a— A b
e d-)|7T 0, (2.4.11)
which implies a quadratic equation in A, namely
AN+ pA+q=0, (2.4.12)
where p = —(a + d) and ¢ = ad — be.
Therefore, we obtain two roots
1
Ay = —g = VP~ (2.4.13)
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Note that, if ¢ = 0, the roots A, = 0 and A\_ = —p. In this case, higher-order terms in the
Taylor expansion should be kept. For this reason, ¢ = 0 corresponds to a higher-order fixed
point. The fixed points which occurs for ¢ # 0 are called simple. A detailed examination
of the roots for this case shows that there are only four type of simple fixed points, saddle,
focal or spiral, nodal and vortex point [47].

The range of ¢, p and p? — 4q dictates the type of a fixed point and in case of the focal and
nodal points, its stability. The following table summarizes the various possibilities:

Fixed point |g=ad—bc|p=—(a+d)|p*—4q
Saddle <0 for all p >0
Higher-order =0 for all p >0
Stable focal >0 > 0 <0
Stable nodal >0 >0 >0 (2.4.14)
Vortex or focal >0 =0 <0
Unstable focal >0 <0 <0
Unstable nodal >0 <0 >0

While the above table serves to furnish a rough idea of the phase space behavior of the
system, it should be noted that, for ¢ > 0, p = 0 the fixed point is either a vortex or a focal
point. The uncertainty arises because of the neglect of higher-order terms in the Taylor
expansion which may turn a closed loop into a spiral (for the vortex). In this context the
following theorem due to Poincaré’s is useful.

Theorem 2.4.1 Poincaré’s Theorem:
If P(x,—y) = —P(x,y) and Q(z, —y) = Q(z,y) then the fixed point is a vortex and is not a
focal point.

Example 2.4.2
Consider the differential equation
itz —22*+2°=0, (2.4.15)

which may be written in the form

T=1y
o —mtomt (2.4.16)
Here P(z,y) = y and Q(z,y) = —x(1 — x)?. The fixed points are (0,0) and (1,0). For the
fixed point at the origin, a =0, b =1, ¢ = —1, d = 0, so that p = —(a +d) =0, ¢ =
ad — bc =1 > 0. Therefore, the origin is either a focal or a vortex point.
Applying Poincaré’s theorem we find that

P(r,~y) = —y = —P(z,y)
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Q(.T, _y) = —:C(l - $)2 = Q(xay)
Therefore it follows that the fixed point at the origin is a vortex point.
For the fixed point (1,0), we have a =0, b=1, ¢ =0, d =0. Then p =0 and ¢ = 0. So the
fixed point (1,0) is a higher-order fixed point.

In this section we have attempted to give a brief introduction to ODEs especially to
the notion of first integrals and there evaluation and have highlighted some of there essential
features as are relevant to the subsequent chapters. Now we will consider another important
aspect of the analysis of ODEs namely that of Lie Symmetries.
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2.5 Lie Symmetry

2.5.1 Symmetry of Nonlinear Differential Equations

Before trying to understand what we mean by a symmetry of an ODE, it is perhaps more
appropriate to introduce the notion of symmetry for simple geometric objects, for which we
have an intuitive sense.

Consider, for example, an equilateral triangle. If we rotate the triangle about its center by
27/3 in the anticlockwise sense, then after rotation the triangle is indistinguishable from
the one we started with. This look alikeness is at the heart of symmetry. Further rotations
by 47 /3 and 27 also leave the original triangle unchanged. Again if we reflect the triangle
about the medians then also it remains invariant. In fact anything which reflects invariance
under a transformation indicates that the object with that property is actually simpler than
it looks.

2.5.2 The Basic ideas

We say that a transformation is a symmetry if it satisfies the following conditions:

(a) The transformation is structure preserving.

(b) The transformation is a diffeomorphism, i.e., a smooth invertible mapping whose inverse
is also smooth.

(¢) The transformation maps the object to itself.

The last requirement is the one which we normally have in mind when discussing about
symimetry.

Consider a unit circle, 22 + y? = 1, made of any rigid material. Being of rigid nature,
the distance between any two points on the circle is fixed. However, if the circle were to be
made of any elastic material such as rubber, then we could have deformed it, in which case
the distance between points on the circle, could vary. Next consider a transformations given
by

[e:(z,y) — (Z,9) = (xcose — ysine, xsine + y cose)

for each € € (—m, m]. In terms of polar coordinates this transformation is
L. : (cosB,sinf) — (cos (6 + ¢€),sin(0 + €)).

Such a transformation preserves the structure and is smooth and invertible. It is geometri-
cally just a rotation by e about the center of the circle. (The inverse of a rotation by € is
just a rotation by —e.)

Finally 22 + §? = 2% + y?> = 1, in other words the transformation maps the unit circle to
another unit circle.

Since I, is defined for all values of € € (—m, 7], we have here an example of an infinite set of
symmetries.
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2.5.3 One parameter group of Transformation

Let us consider an appropriate change of variables from (x,y) to (Z, ) given by

This will be called a point transformation.
In the context of symmetries we have to consider point transformations which depend upon
at least one arbitrary parameter € so that

T=2(x,y;€), 7=7g(z,y;e), (2.5.2)

subject to the condition
Bz, y;0) =z, g(z,y;0) = y. (2.5.3)
It is assumed that Z(z,y;€) and g(x,y; €) are functionally independent i.e., their Jacobian

Ty Ty

J = -
Y Yy

£0. (2.5.4)

In view of this condition the transformations are invertible and therefore repeated appli-
cations yield a transformation of the same family. The transformation (2.5.2) with these
properties form a one-parameter group of point transformation.

A simple example of a one-parameter group is given by the rotation

T = xcose — ysine, g = xsine 4 ycose. (2.5.5)

However a reflection for which, 2 = —x and § = —y, does not form a one parameter group
even though it is a point transformation.

2.5.4 Group generator and the Lie equation

An infinitesimal transformation is an infinitesimal deformation from the identity and can be
represented as
T(z,y;¢) =x+e&(x,y)+--=x+eXx+--- (2.5.6)

Jr,ye) =y+en(e,y)+-- =y +eXy+---, (2.5.7)
For the case of two variables x and y the vector field X is defined by

0 0

where the functions £ and 7 are defined by

§(z,y) = o n(r,y) = a_; Y (2.5.9)
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Although we have restricted the number of variables to two for the purposes of clarity of
presentation there can be any number of variables. The € is the parameter of smallness and
it is normal to ignore higher powers in this parameter.

From (2.5.8) it follows that the components of the tangents vectors are exactly £ and 7.
The operator X is called the infinitesimal generator of the point transformation. The term
generator indicates that the repeated application of the transformation will generate the
finite transformation, which expresses the fact that the integral curves of the vector field X
are the group orbits.

Given an infinitesimal transformation (2.5.6) and (2.5.7) or the generators of the trans-
formation (2.5.8) are obtained by integrating the following system of ordinary differential
equations called the Lie equations:

i
7 =8@9), Tl =2, (2.5.10)
dy .

d—‘z =n(Z,9), Yle=o=y. (2.5.11)

Example 2.5.1

For the rotation (2.5.5) in the x — y plane, we have

0z Yy
— =—y, — = . 2.5.12
O€ le=0 Y Beleo ( )
Therefore the corresponding generator is X = —ya% + ma%. One can easily verify that the
Lie equations are satisfied since
d =
de -y, X =1,
. e (2.5.13)
=% ¥ _ =V

Example 2.5.2

The inverse problem is to find the finite transformation when the generator is given. Suppose
X = ﬁa% + xy%. The Lie equations (2.5.10) have the form

& —i? I =u,
Co e (2.5.14)
= ¥ _ =y
Solving the above system of differential equations we have, 7 = —- +101 TS 65& . Applying
the initial conditions we find that C; = —1/x and Cy = —y/z. Consequently we arrive
at the following one parameter group:
~ X - )
1 —ex Y 1—ex ( )

Next we present certain basic definitions.
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Definition 2.5.1 (Orbit of the group)

The orbit of the group through (z,y) is the set of points (x,y) which can be mapped by a
suitable choice of e. The orbit through a typical point is a smooth curve.

The points each of which are mapped to itself by the Lie symmetries are called invariant
points. An invariant point is a zero-dimensional orbit of the Lie group and are the fixed
points of the flow.

Definition 2.5.2 (Invariants)

A function I(z,y) is called an invariant of the group of transformations (2.5.2) if the following
condition holds:

I(z,9) = I(Z(2,y,€),4(7,y,¢)) = I(x,y). (2.5.16)
Theorem 2.5.1

A necessary and sufficient condition for a function I(z,y) to be an invariant is that it solves
the following partial differential equation:

oI oI

X(I) = f(x,y)a—x + na—y = 0. (2.5.17)

Proof: The necessary condition follows from the Taylor expansion of I(x,y) with respect to
€

ol

Ha,) ~ 1o+ €y en) ~ Hay) +e(€le. ), +n(0) 5 ) = 1) +eX(D). (25.15)

Since I(z,y) is invariant, we have I(Z,y) = I(x,y). Using this relation we have from the
above equation eX (/) = 0 and hence X (I) = 0. For sufficiency, if we substitute X (/) =0
in (2.5.18) we have [(Z,9) = I(z,y). So, I(z,y) is invariant.

Definition 2.5.3 (Characteristic)

If X =¢(x, y)a% +n(z, y)a% be a symmetry generator then we define Q(x,y,vy') = n(z,y) —
y'&(z,y), as the characteristic. If C' is the curve y = y(x), the tangent to C' in the direction
(1,9/(x)), is parallel to (&(x),n(z)) if and only if

Q(z,y,y') =0 on C.

Every one-parameter group of point transformation in the plane has one independent in-
variant, which can be taken to be the left hand side of any first integral ¢(z,y) = C of the
characteristic equation:

_ , (2.5.19)
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Definition 2.5.4 (Canonical coordinates)

Every one-parameter group of transformation (2.5.2) with the generator

0 0

can be reduced to the group of translation 7 = r, § = s + € with generator

- 0
X =— 2.5.21
as ) ( )
by introducing new variables r = r(x,y) and s = s(z,y). We call (2.5.21) the normal form
of the generator X. For the new coordinates, the tangent vector at the point (r,s) is (0, 1),

ie.,

or 0s

= =0, — =1 2.5.22

O€ le=0 ’ O€ le=0 ( )
Using the chain rule and (2.5.10) we obtain

E(z,y)sy +n(x,y)s, = 1.

The change of coordinates should be invertible in some neighbourhood of (z,y). So, we
impose the non-degeneracy condition

Ty Ty
Sz Sy

£0. (2.5.24)

This condition ensures that if a curve of constant s and a curve of constant r meet at a
point, they cross one another transversely. Any pair of functions r(x, y) and s(z, y) satisfying
(2.5.22) and (2.5.24) is called a pair of canonical coordinates.

2.5.5 Extension of transformations and their generators:

Next we will describe the application of point transformations (2.5.2) on a differential equa-
tion

dk
By g™y =0, y®="Yk_1..n (2.5.25)
dz*
and also explain how to extend (or prolong) the point transformation to transform the
derivatives y*), (k =1,--- ,n) appearing in the equation.
This is accomplished by defining,
dj  dj(z,ye) V(D) + (5L) dif
~/:_~: Z )y — Zj f :~/ x’ ’ /;6, ~//:_~:~// .Qj, , l) ”,6,61}0,
e T P (Z) T (Z) (@yyie) §'=—==7"(yy.y"%e

(2.5.26)
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Now, the extension of the infinitesimal generator X in (2.5.6) given by

J(z,y;6) =y +en'(z,y,y) + O(?) = ¢ + Xy + O(?), (2.5.27)

(@, yie) = y™ + en™ (2, g,y ™)+ O(F) =y + eXy™ + O(F).  (2.5.28)

(n)

where nt,n?, ..., 7™ are defined by

oy oy
t=—= = : 2.5.29
g Oe 5:0’ &l Oe le=0 ( )
Inserting the expressions (2.5.27) and (2.5.28) into (2.5.26), we obtain
dy  dy+ edn+ O(€ y’+ed—rl+0(62) d
7=+ o) =W _ e (2) _,+<_77_y,€
di  dr+edf+O0(e®) 1+ €% +0(e) dx

Similarly,

(k—1) (k—1)
7% = 4 4 eg® 1+ O(2) = dydj =y 4 e(dn — - y(k)§> +0(e),
k=2,...n (2530)

From the above equations we can find

dn s On on 0 %3
20 _ s 2 L 25) 22> 2.5.31
n dx Ydr o (63/ 83:) oy’ ( )
dn(k_l) dé
(k) — oy > k=2 .. n. 2.5.32
" dz L. el ( )
The last recursion formula can also be written as
d d
n®) = k=) _ (k) § k=12, .. (2.5.33)

dx dx’

The derivatives n®) are called the kth-order prolongations of the vector field X = €9, + N0y
and satisfy the recursion relation (2.5.33) which may also be expressed in terms of the
characteristics by the following formula

(k) _ kQ y ()
k=0,1,... 2.5.34
U] % T £, 1 ( )

With these preliminary concepts we are now ready to formally define the symmetry condition
for a ODE.

dx) +O(e),
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Definition 2.5.1 A differential equation E(x,y,y, ..., y(”)) = 0 possesses a symmetry X =
£0, + 10y, if XMWE =0 when E =0 has a nontrivial solution, where X™ denotes the n-th
prolongation of X. The latter being defined by

XM =0, + 10y + 1My + -+ 7™ . (2.5.35)
Note that the symmetry condition X™ E|z_o = 0, represents a linear partial differential
equation which has to be solved for the coefficient functions £ and 7. Moreover we have
considered the simplest case of one independent variable and one dependent variable and
point transformations. The number of dependent variables can be increased and this requires
a corresponding increase in the number of equations which should equal the number of
dependent variables.

Definition 2.5.5 (Symmetry group)

The group of transformation (2.5.2) is called a symmetry group of an ordinary differential
equation

Z—i = w(z,y) (2.5.36)
if the form of the differential equation remains invariant under the symmetry transformation
(2.5.2) so that

dy

dz
The definition being that same for higher-order equations. A symmetry group of a differential
equation is also termed as group admitted by this equation. The generator X of a group
admitted by a differential equation is also called an admitted operator of the equation.

= w(Z, §) (2.5.37)

2.5.6 ODEs and their equivalent first-order PDEs

Corresponding to an nth-order ordinary differential equation, there always exists an equiv-
alent first-order linear partial differential equation in n + 1 variables. Suppose we are given
a first order ODE % = w(z,y). If ¢(z,y) = ¢ be its solution, we must have

0 0
d¢ = (& +w(x,y)a—y) ¢ =0.

In other words the given ODE is equivalent to the partial differential equation Af = 0 where

0 0 d

To understand the nature of the equivalence in the general case, suppose our nth-order ODE
is written as
y ™ =w(z,y,y, ..., y"Y) (2.5.38)
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and let us assign to it the following partial differential equation (PDE) in n + 1 variables

) 0 0 0
Af = =— 4+ ¢/ — +¢"— + . p——— = 0. 2.5.39
f ( o tVa, tY's, woan ) (2.5.39)
Here the quantities v/, y”, ...,y 1) are treated as independent variables and have the same
status as z and y. If I = I(z,y,y/,...,y™ V) is a first integral of the ODE then
ar or ,01 ,0I ol
e _9r el = 4. =0 2.5.40
dr  Ox Ty oy Ty oy’ T w@y(”—l) ’ ( )
where we have used the fact that on the solution curves of the given ODE, y™ = w. One
can invert the relation I(z,y, 3/, ...,y™ V) = I, a constant, and solve for y™~ to obtain
y" Y = u(z,y, .y o) (2.5.41)

provided I,n-1) # 0. This shows that the existence of a first integral causes a reduction in
the order of the ODE by one. Comparison of (2.5.39) with the definition of the first integral
(2.5.40) shows that every solution f® of Af = 0 is a first integral I of the ODE y™ = w and
conversely.

Finally, every complete set of n functionally independent solutions ¢® of the PDE Af =0
corresponds to the general solution y = y(x, ¢*) of the ODE, obtained through elimination
of all the derivatives of y from the system

¢a(x’y’y/7“"y(n—l)) :¢8, o = 1,...,71.

Thus ¢ essentially represent the constants of integration.

2.5.7 Determination of a Lie point symmetry
Given a general first-order ODE

It may be recast as E(z,y,y) =y —w(z,y) = 0. If X = £0, + nd, denotes a symmetry
generator of this equation then the prolonged generator is given by X = €0, +nd, +n1d,,.

Alternatively, if we proceed in the same spirit as earlier then we find that

dy _y' + el +y'ny)
dz  1+el& +vE)

=y + el +yny) =y (& +yE)r+--

The first-order term in € may be written in the following suggestive manner,

dn ,d§
.2 7S
K dr  Vde
In other words i
Y=y te® ...
dz
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On the other hand for the function on the right hand side we have by a Taylor series expansion
w(z, §) = w(z, y) + e(&w, +nw,) + O().
However, as ' = w(x,y) it follows that

e+ w(n, — &) — w€y = Ew, + nuwy, (2.5.42)

where we have used the expanded expression for 7). In terms of the characteristic

Q:n_w£7

the expression (2.5.42) may be recast as

Qr + wQ, = w,Q. (2.5.43)
The same result is obtained by a direct application of XV to E since,
XOE = (~w,) +n(—w,) + 1V =0,
implies upon using the expanded form of n(Y) and the original ODE

Ny + w(ny - fa:) - w2€y = Ew, + nwy.

For the nth-order ODE
y" = w(z,y,y, -y ) (2.5.44)

the linearized symmetry condition (LSC) is

7(n)

- U)(.f, ga g/7 e Jg(n_l)) on y(n) =w. (2545)

First-order expansions give
y W +en™ = w(x+ e,y +eny +en oy 4entn)

or
77(n) _ fwaz + nw, + n(l)wy' 4+ .4 n(n_l)wy(n_l), (2546)

In terms of the characteristics, Q = n — y'&, this condition may be written as

A"Q — wy<n71)An_1Q — o —wy AQ — w,Q = 0. (2.5.47)
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Example 2.5.1

Consider a second-order ODE

Writing the ODE in the form

E=yy"-1=0
we have upon applying the prolonged operator X = ¢8, + 19, + nMd, + n@d,» to E the
following condition

3y"n+yn'? = 0.
Substituting y” = y~> and using the formula for ®, the expanded form of the symmetry
condition reads

3 3 1 2
EU +y _y/3€m + ylz(nyy - 269624) + y'(277xy — &ow — Efy) + (New + Eny - ;fa:) = 0.

Equating the various powers of ¥’ then gives the following system of equations:

3 3 1 2
vy Yy Y yg Y Y yg Y y2

From the first of these we obtain

§(z,y) = a(z)y + b(z)

where a(x) and b(x) are to be determined. From the second it follows, upon using the above
expression for &, that

n(z.y) = a'(2)y” + c(2)y + d(x).
Substituting these expressions for £ and 7 into the third equation leads to the equation

30" (2)y + 2 (x) — V'(z) = 3%@%.

By equating coefficients of the different powers of y we conclude that

a(z) =0 d(z)= %b"(w),

whence it follows that ¢(z) = 3b'(z) + A, where X is a constant. Therefore the general forms
of € and n are given by £ = b(z) and n = ¢(z)y+d(x). Finally, using these expressions in the
last equation leads to the conclusion that d(z) = 0 and A = 0 together with ¢’(z) = 0 which
implies ¢(x) = ax + [ where o and 3 are arbitrary constants. On the other hand from this
expression for c(z) it is easy to deduce that b(z) = awz? + 2Bz + v where v is also another

arbitrary constant. Hence

¢ =ar? + 26z +~ and n = (ax + B)y
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so that
X = (a2® + 282 + )0, + (ax + B)yd, = a X3 + Xy + X,
where in the last step we have purposely written X as a linear combination of the basic

symmetry generators X; (i = 1,2,3). Thus the given ODE admits a set of three symmetries
which are given by

X, =0, Xy=220,+yd, and X3=12°0, +xyd,.

2.5.8 An alternative formulation of the symmetry condition

We have already mentioned that an nth-order ODE, 4™ = w(x,y,%/, ...,y V), is equivalent
to the linear PDE

0 , 0 0 0

Af = — —+ '— — =0 2.5.48

and furthermore any Lie point symmetry that may exists can be determined from a knowledge

of the prolonged generator of the transformation,
0 m 9 0

) )
(n=1) _ ¢~ -
X Sor Ty T By

+oe gy
8:1/("*1)

where 7(*)’s denote the k-th prolongation of the infinitesimal generator. It is natural to
inquire about the conditions under which the prolonged generator represents a symmetry of
the PDE and, by equivalence, of the corresponding ODE. Consider a set of n independent
solutions f¢ of (2.5.48). Since a symmetry by definition has to map solutions into solutions;
it follows that if f* is a solution, then

XM= pa — Ge(f8) AT =0 = AG®, (2.5.49)

the last part follows from the fact the any function G of the solutions is also a solution. One
may now eliminate the functions G* by constructing the commutator of X (™1 and A,

(XD A] = XD A — Ax (Y

_(Af)% + [(X(nfl)y/) _ (A77>] % 44 [(X("’l)w) _ (An(n,l))} ay(i_l)
(2.5.50)

and is a linear operator like XY and A. In view of (2.5.49) this commutator vanishes,
since

[X(n_l),A} fa :X(n—l)(Afa> _A(X(n 1) f )—O

Since this must hold for all functions f¢, the equation [X (n=1), A] f = 0 has the same set
of solutions as the equation Af = 0, and therefore these operators can only differ by a non

constant factor g:
(XD A] = g(2,y, ...y )AL (2.5.51)
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When the condition (2.5.51) is satisfied by the prolonged operator X (n=1) " we say that it
defines a symmetry of Af = 0.

Example 2.5.2

It will be recalled that for the ODE, 3" = w = 1/y3, the symmetry generators were found
to be
Xy =0,, Xo=220,+vy0, X3= 20, + Y0y

Since this is a second-order ODE we need to construct only the first-order prolongations of
these generators, i.e., X ,51) =X+ n(l)ﬁy/. Simple calculations show that

XV =0, XV =220, +y0, — y0,, X{ =20, + 290, + (y — 2/)0y,

respectively. On the other hand the ODE is equivalent to
, 1
Af: 6$+y8y+ﬁay/ f:().

In order to calculate the commutator [X 1), A] we shall make use of (2.5.50). For instance in
case of X5 we have

1
=2z, n=y n®=—y sothat A =2, An=y and ApY =-—.
Yy
On the other hand X ;
1 1 1
Therefore we find that
2 ) x y Y y3 Yy .

2.5.9 Algebra of Symmetry Generators:

A key feature of the symmetry generators is that they form an algebra under the operation of
a Lie Bracket. Symmetries are differential operators and one can calculate their Lie brackets.
For any two generators X; and X, their Lie Bracket is defined by

Given X; = & (z,9)0, + m(x,y)0, and Xy = & (2, y)0, + 1n2(x, y)0,, the Lie bracket of X
and X5 is

(X1, Xo] = X1 Xy — Xo X1 = (£10, +m0,)(£205 + 120,) — (§20, 4 120,)(£10, + m0y)
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= (&1&oe + Moy — E61e — 1261y) 0z + (§1720 + M2y — {2 — M2Miy) Oy

The result of calculation of Lie Bracket is either zero or another differential operator. The
resultant differential operation of symmetries is also a symmetry of the differential equation
or differential function. The set of all symmetries form an algebra known as Lie algebra and
this is the importance of the symmetries with its other uses.

One can easily verify that the symmetry generators satisfy the following si(2, R) Lie
algebra, a representation of the special linear group in two dimension.

(X1, Xo] =2X7 [ X1, X5] =Xy [Xo, X3] =2X;.

As an example of a second-order ODE having a maximal number of symmetry gener-
ators, one can carry out a similar analysis for the equation

1
X4 = 8:87 X57 273:5 + éyaya X6 = Iz@w + {[‘yay

X7 = yaa:a X8 = mya:r: + yzay'

By explicitly calculating their Lie Brackets, it may further be verified that these eight genera-
tors form a representation of the sl(3, R) Lie algebra. It is interesting however to understand
the underlying implications of the symmetry operations associated with these generators.
One will observe that whenever the ODE is a homogeneous one, we always have the first
symmetry X;. The symmetries X, and X3 are called solution symmetries because their
coefficient functions represent solutions of the differential equation. The next three symme-
tries Xy, X5 and Xg actually form a si(2, R) algebra amongst themselves, i.e., an sl(2, R)
subalgebra is formed by these generators. The last two symmetries are called non Cartan
symmetries and the symmetry operations induced by them are distinct from the others.

There are a few algebras which occur which occur frequently and these are listed below.

1. Second order: The maximal number of the Lie point Symmetries is eight and the
algebra is denoted by SI(2, R) . Any scalar second-order equation which has eight Lie
point symmetries can be transformed to y” = 0 by means a point transformation.

2. Third order: There are maximum seven Lie point symmetries and is represented by
the equation y” = 0. there can also be four or five.

3. Fourth and Higher order: There are three possibilities and the number of symmetries
can ben+4, n+2or n+ 1.
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Algebra of Dimension Three:

There are eleven real Lie algebras of dimension three.

Algebra Nonzero commutation relations
3A,
A D Ar (X1, X3] = Xy
Az (Weyl) (X2, X3] = X
Az (X1, X3 = X1, [Xo, X3]=X1+ X,
Ass (X1, X3] = Xo,  [Xp, X3] = X5
Az 4(E(1,1)) (X1, X3 = Xy, [Xo, X5l =—-X)
Ag5(0 < a| < 1) (X1, X3] = X4, [Xo, X3] =aXs
As6E(2) (X1, X3 = —Xo, [Xo, X3l =X,
Agj(b > 0) (X1, X3] =0X7 — X, [Xo, X3] = X5 +bX,

A3s(SU(2,R)) | [ X1, Xo] =2X4, [ X1, X5] = Xo, [Xa, X3] =2X;

A379(SO(3)) [Xl,XQ] = X3 [Xl,Xg] = Xl [XQ,XQ,] = XQ

2.5.10 The Method of integrating factors for deducing a first in-

tegral
Let I =z,y,v, ...,y Y denotes the first integral of
Y

y ™ =w(z,y,y, ... y"Y)
so that
dI

i 0 when equation (2.5.52) holds.
x

As mentioned in section 2.5.6, the last equation can also be written as
Al =0, Im-1n #0

where

A=0,+ y’ay + -+ y("’2)8 (n—-3) + y("fl)ﬁymfa) + way(nq).

Y

(2.5.52)

(2.5.53)

(2.5.54)

(2.5.55)
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A nonzero function A(z,y) is an integrating factor of the ODE (2.5.52) if

(ym) _ w>A _ %, (2.5.56)

for some function ¢(z,y,%/,...,y™ ). Thus, ¢ is an first integral whenever (2.5.52) holds.
Furthermore, every first integral ¢ satisfies

d(b n n
% = Ap + (y( ) — w)¢y(nf1) = (y( ) — w)qby(nfl). (2.5.57)

Comparing (2.5.56) and (2.5.57) we see that every integrating factor has to be of the form

A(ZL’, Y, y,7 s 7y(n_1)>> = ¢y(”—1)7 (2558>

for some first integral ¢. Below we discuss how an integrating factor can be systematically
determined.
For this purpose we note the following useful identities:

A8y<k> =0, h-1nA — 8y<k71) — wy@)@y(nq), k=1,...,n—1. (2.5.59)

Y

In the above relation we assume the convention y = y(®) and d,-n = 0. Using the identity
(2.5.59) with k =n — 1, and A¢ = 0, we obtain

Apyn—1) = =@y n-2) — Wyn-1)Pyn-1).
This may also be written as
Pyin-2 = —(Adym-1) + Wym-1)Pyn-1)). (2.5.60)
Applying A to each ¢, ), we have
Py = —(Ad,w) + wWymPym-1) k=0,....,n—1. (2.5.61)
For k = 0 the equation becomes
0= —(A¢y +wy¢,m-1), (2.5.62)

so that by using (2.5.58) it is possible to write each partial derivative of ¢ in terms of A and
its derivatives and as a result (2.5.62) can be expressed as follows

AP 4 AN wynn A) — AV (wy-n A) + - 4 (=1)" w, A = 0. (2.5.63)

Equation (2.5.63) is called the adjoint of the linearized symmetry condition (2.5.47) and its
solutions are termed as adjoint symmetries of the ODE. We shall call any nonzero solution
A of (2.5.63) a co-characteristic. Having found solutions A’ we may determines the ones that
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are integrating factors of the given ODE in the following manner. For that, we first calculate
recursively the quantities:

P’rib—]. = A,
Pi = —APi—wywA, k=n—1n-2 1 (2.5.64)
From (2.5.58), (2.5.61), we see that A’ is an integrating factor if
P];L::QSZ(]Q), k:07...7n_1
Y A , 2.5.65
WP+ Xy IR = —6. (2509
The integrability condition is satisfied if and only if
P! P!
nl 0<j<n-—2 (2.5.66)

ay(J) - ay(nfl)’

Thus, R is an integrating factor if and only if the integrability condition (2.5.66) is satisfied.
The first integral ¢’ is then lastly obtained as a line integral from

= /Pg(dy —y/dx) + Pi(dy —y"dx) + -+ Pﬁ_l(dy(”_l) — wdx). (2.5.67)

Another important aspect of the analysis of ODEs is the issue of their linearization to
which we now turn our attention in the following section.
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2.6 Linearization of Ordinary Differential Equation

As emphasized in the introduction the linearization problem of nonlinear ODEs is of funda-
mental importance in their analysis. This is because of the existence of a large number of
techniques that have been accumulated, over almost two centuries, for the analysis of linear
ODEs. Keeping this in mind we will now outline the process of linearization of an ODE by
three specific classes of transformations which are explained below.

2.6.1 Point Transformation
Consider the general second-order ordinary differential equation
i+ Ag(w,t)i® 4+ Ag(z, )3 + Ay(x,t)d + Ag(a,t) =0 (2.6.1)
Under a point transformation (¢, z) — (7, X) of the form
T=0G(tx),X =F(tx), (2.6.2)
(2.6.1) may be mapped to the following equation of a free particle, viz.
d2_X
dT?
provided the coefficients A;(x,t), i = 0,...,3 are related to F(z,t) and G(xz,t) by the
following

=0 (2.6.3)

A =[G, Fry — GoaF)/A (2.6.4)
Ay =[G Fyy + 2G Fyy — 2F,G oy — FyGop) /A (2.6.5)
Ay =[Gy Fy + 2G,Fyy — 2F,Ghy — FuG] /A (2.6.6)
Ag =[G Fy — GuF)/A (2.6.7)

where

A =G, F, — G.F, #0. (2.6.8)

Given a second-order differential equation such that the implicit form of coefficients A;(x,t)
are known, upon solving the above set of equations if one can deduce the functions F(z,t)
and G(x,t) then the linearization transformation may be determined and equation (2.6.1) is
said to be linearizable to (2.6.3).

For the linearized equation (2.6.3) a first integral is obviously given by

dX  Fi+F

=2 ==t 2.6.
AT~ G,i+ G, (26.9)

1

Hence from the knowledge of linearizing transformation (2.6.2) one can easily deduce a first
integral for the original second-order equation (2.6.1).
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Regarding the issue of compatibility we note that the compatibility conditions between
the coefficients A;(z,t), ¢ = 0,...,3 such that (2.6.1) is linearizable by means of a point
transformation were first derived by Tresse et. al.[104] and are as follows:

Alx:r: — 2A2:r;t + 3A3tt + 6A3A0x + 3A0A5$ — 3A3A1t — 3A1A3t — AQAlx + A2A2t = O, (2610)

2A1, — Aoyt — 3A0zs +6A0 Az +3A3 A0 — 3AgAgy —3A2 Ao, — A1 Agy +2A1 A1, = 0. (2.6.11)

2.6.2 Non-Point Transformation

A non-point transformation may be regarded as a kind of nonlocal generalization of point
transformation. The linearization problem for second-order ODEs under a nonlocal trans-
formation of the form

X(T) = F(t,z), dT = G(t,z)dt (2.6.12)

was first studied by Duarté et al [25].

Here F and G are arbitrary smooth functions with the Jacobian J = O(T, X)/0(t,z) #
0. Note that in comparison with the point transformation (2.6.2) only one half of the
transformation (2.6.12) is of a nonlocal character, namely the transformation for the variable
T. Of course if one knows the functional form of x(¢) then the latter part of (2.6.12)
ceases to be nonlocal. But knowledge of x(t) is what we are interested in the first place.
Consequently (2.6.12) does indeed constitute a nonlocal transformation for the variable T
However, it has to be mentioned that as the term ’nonlocal’ is of a very general nature
and can mean different things depending on the context it is more appropriate to refer
to the transformation (2.6.12) as a generalized Sundman transformation (GST) in view of
its similarity to the transformation dt = rdr introduced by Sundman to study the three-
body problem in the context of celestial mechanics [103]. Here r stands for the dependent
variable (radial component). In Chapter 6 we will demonstrate that a GST is an effective
tool for deducing first integrals and parametric solutions of several nonlinear ODEs. We
shall also introduce the notion of an associated symmetry corresponding to such nonlocal
transformations.

In [25] the authors derived the most general condition under which a second-order
ordinary differential equation is transformable to the linearized equation X”(7') = 0, (here
X' = %) by means of a generalized Sundman transformation. By using the fundamental
invariants of this equation they obtained the first integrals of several second-order ordinary
differential equations, which could be linearized. The case of the general anharmonic oscil-
lator was studied by Euler and Euler in [27]. Of late there have been a number of papers
concerned with linearization of second and third-order ODEs by using the generalized Sund-
man transformations as also by other methods [11, 12, 28, 64, 71, 72, 73, 75].

Now second-order ordinary differential equation of the form

i+ Ag(z, )3 + Ay (2, )3 + Ag(z,t) =0 (2.6.13)
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is equivalent to the free particle equation

d>X

under the transformation (2.6.12) when A;(x,t),i = 0,...,2 are related with F(x,t) and
G(z,t) by the following relations

Ay(x,t) =[GF,p — FG] /A (2.6.15)
Ai(z,t) =[2GF,, — F,G, — F,G,]/A (2.6.16)
Ao(z,t) =[GFy — F,Gy] /A (2.6.17)
with
A = GF,. (2.6.18)

An invariant I for the equation (2.6.13) can be found directly from the invariant [ = dX /dT
of the equation (2.6.14):

dX F,. F
After some algebraic computation to eliminate the function F' and G and their derivatives
we find the compatibility conditions, which are analogous to the Tresse-Cartan conditions
(2.6.10) and (2.6.11). These condition lead to the following possibilities:

(2.6.19)

(1) Sl(l’,t) ::Alx - 2A2t = 0, (2620)
SQ(ZL‘, t) ::2A0xx — 2A1tx + 2AOA2x — Alel + 2AOxA2 + 2A2tt =0. (2621)

(ii) If Sy(x,t) # 0 and Sy(x,t) # 0 then

S34251499 — 257 Ay + 487 A, + 487 AgAy — 281 Sy — STAT =0, (2.6.22)
SleQ + S%Alx - 2S%A2t - 5’152:5 = O (2623)

Example 2.6.1

The equation

. 2.4 2T
r— —x +t_2

—0. (2.6.24)

This equation is linearizable by the non-point transformation
X =322 aT =t (2.6.25)

as can be easily verified and a first integral obtained by using equation (2.6.19) and is given
by

=1 <ij: + 1) | (2.6.26)

T \ 2z
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Finally we end this section by noting that there exist a third possibility in which one
can attempt to linearize a second-order ODEs by means of a transformation which is nonlocal
in both the new variables X and T, i.e., a transformation of the form

dX = A(z,t)dx + B(x,t)dt

dT' = C(x,t)dx + D(x,t)dt.

Such completely nonlocal transformation are considered in Chapter 7 and will be employed
to find first integrals of a time dependent higher-order Riccati equation.
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2.7 The Jacobi Last Multiplier

The Jacobi Last Multiplier is a useful tool originally introduced by Jacobi in the context
of integrability of a system of first-order ODEs. It plays an important role in Lagrangian
dynamics as will be explained in the Chapter 8, but prior to that we introduced here some
of its basic features.

2.7.1 Jacobi’s construction of the last multiplier

Let M = M(xy,--+ ,x,) be a non-negative C' function non-identically vanishing on any
open subset of R". Consider a set of first order equations

dx,
dt

=Wy(z1, - ,2,), r=1,..n, (2.7.1)

where the vector fields (Wy, Wy, - -+, W,,) are functions of (z1,--- ,z,,t). Let (c1,---,¢x) be
a set of constant of motions of these set of equations. The Jacobi Last Multiplier may be
regarded as the density associated with the invariant measure fﬂ M dx, where €) is any open
subset of R™. Thus the invariance of flux implies

/ Méxy - dxp, = MM501 <o 0cy, (2.7.2)
Q $:(Q) d(cr, -+, cr)

where ¢;(.) is the flow generated by the solutions z = z(t) of £ = W (x). In other words,
¢+(Q) is the transformation of the domain €2 under the flow generated by the solution. This
invariant condition yields

S e a1
W
e O T
and leads to the following equation:
% M zn; %va; _0. (2.7.4)

The equation serves as the defining equation for a Jacobi last multiplier. Note that the last
multiplier is not unique and this has a useful consequence.
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Proposition 2.7.1 The ratio of two Jacobi Last Multiplier (JLM) is a first integral.

Proof: The existence of more than one Jacobi multiplier leads to the following result.
Suppose M; and M, are the Jacobi Last multipliers for system (2.7.1), then from (2.7.4) we
have

dM,, " OW;
+ MY =0, a=1,2,

dt
a0y _,
dt \ My
i.e., the ratio of two JLM’s is a first integral. Alternatively, M; /M, satisfy the equivalent
PDE of the differential equation i.e. A(M;/My =0).

implying

Lemma 2.7.1 If a system of differential equations

dzx,
dt

=W, (r=1,...,n) (2.7.5)

is transformed by change of variables into another system

dyy
dt

=Y, (r=1,...,n) (2.7.6)

then

Z axr = Z ay, (2.7.7)

where D denotes the Jacobian
8(1’1,272, e ,l’n)

3(341,?/2, e 7yn>

Proof: Under the change of variables z — y we have

> G =Yg (g = X0 e (kg

ays 02 X, 8Yk a’ET
o Z Z Z oz, ( aysayk * Ys ayk>

r=1 s=1 k=1

In this expression the coefficient of ay’“ is " us 922 which is zero or unity according as s
r=1 Oz, Oy’
is different from, or equal to k. Also ays = Al;s’ where A,¢ denotes the minor of &;T in the
S

determinant D. Again the coefficient of Yk in the above expression is

oy, 0%z,
Z Z O, Oy, Oyr,’
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and may be written as

liiArs 821}7« _ Z I17I27" y Lp— 17aIT/ayk7$T'+17"‘7xT') _ la_-D
D AysOy D Y1, Y2- - -+ Yn) D Oy,

r=1 s=1

We have therefore

Z@Yk Z”: k1aD 1 «= 0DY;
oYy, D Oyy, D — Oy

r=1 k=1

which establishes the lemma.

The reason for calling it the 'last multiplier’ is actually contained in Jacobi’s original
criterion for the integrability of the system of n first-order ODEs. In this formulation one
requires almost complete knowledge of the system under consideration in the sense that if
n — 2 first integrals of the system are known then from the knowledge of a multiplier one
can derive an additional i.e., the (n — 1)-th first integral and thereby reduce the system to
quadrature. We outline this process below [105].

Consider a system of n ODEs of the form (2.7.1). Let
fr(xy, .. xn) =¢, (r=1,...,n—2) (2.7.8)
denote n — 2 known first integrals of the system and consider the change of variables
(T1y oy Tt @) — (C1y e ey Cre 1y Y1y Yn ) (2.7.9)

with y,_1 = 2,1 and y, = x,,. If

A:i_ a(flv--'afn—%xn—hxn) a(f17-..,fn_2)

= = 2.7.10
D a(l‘lv"'axn—%xn—laxn) a(xh”'uxn—%xn—l)? ( )

then using (2.7.9) to eliminate z1, ..., z,_o the system reduces to a planar one:

dz,_
Z'J”dt Lo W (e, s {0 )),s (2.7.11)
dz,, ,
% = Wn(l‘n—lv Tn, {CT}). (2712)
then by using lemma (2.7.1), we have
"L oW, o (W! a (W!

i A[ ( "—1) (—")] 2.7.13
; 0x; 0rp1 \ A * 0z, \ A ( )

where

A/ = A/<xn717 T, {CT})'
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Since the last multiplier is defined as a solution of
dlogM
2.7.14
Z 5 =0 (2.7.14)
it satisfies, in view of (2.7.13) the equation
dlog M o (W) _, o (W!
Mg (3) + (3] =0
i Plama\a ) T \ar)] =0
or,
o (MW _, o (MW
- ) = 2.7.1
amn_1< A’ >+8xn< A > 0, (2.7.15)
which yields the first integral
M/
Iy q,1,) = A — (W] _,dx, — Wdx, 1). (2.7.16)
Example 2.7.1 (Whittaker’s equation)
l"l = I3, jjg = T4, Ztg =T, .I"4 = T3 (2717)

It is easy to verify that
fi=r—r=0
and
fo=a0— w3 —t(ws — 1) =2

are two first integrals of the above system of equations. From these two first integrals we

obtain xy = x4 — ¢; and 9 = z3 + ¢1t + cs.

The resulting planar system has the form
j}3 = T4 — (g1, j34 = X3.
On the other hand it follows from the first integral

A = a(fl)f?)

=D
8([L‘1,ZE2)

and the simple calculation shows that the last multiplier is M = 1.

Hence by

1
I= /(ZL’gdl’g — (x4 — c1)dzy) = §(x% —z3).

So that the third first integral may be taken as
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2.7.2 Jacobi Last Multiplier for a planar vector field

Let us begin by considering a planar system

= flx,y, v=g(z,vy). (2.7.18)

For such a system a knowledge of last multiplier enable us to find a first integral and hence
the solution. Assuming M = M(z,y) to be C' (non-zero) fuction such that

M(gdx — fdy) = dI. (2.7.19)

Since gdx — fdy = 0, on all solutions we have dI = 0 and hence I(z,y) is a first integral.
Now,
dl = I, dx + I,,dy. (2.7.20)

Substituting (2.7.20) in (2.7.19), we obtain

I, = My, (2.7.21)
I, = —Mf. (2.7.22)
Therefore,
Yy
I= —/ M fdy + J(x). (2.7.23)
Where J(z) is an arbitrary function. Next (2.7.21) implies
9 v

Ta) = Mg+ - / Mfdy. (2.7.24)

From relation (2.7.21), equating the mixed derivatives I, = I,,, we have

o(M o(M

M]) | oMg) _ (2.7.25)

ox oy

The function is also called the density of the integral invariant since on any bounded closed
region D in the phase plane R? we have

L/M(x’y)dxdy:/qs(tm/M(w,y)dwd% (2.7.26)

where ¢(t)(D) is the transformation of the domain D under the flow generated by the
solution. Therefore, for the determination of the first integral I = I(z,y) of (2.7.18), we
search for a non-trivial solution of (2.7.25) for the multiplier M, whose role here is similar
to that of an integrating factor.

The formal definition of the Jacobi Last Multiplier for an n-th order ODE y™ =
w(z,y,y,...,y"1) is as follows.
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Definition 2.7.1 Given an nth order ODE or its equivalent linear PDE in (n+ 1) variables
Af =(0x+ Y0y +y"0y + - + Wiy f =0, (2.7.27)

the Jacobi last multiplier M is defined by

qu f:,{ f%(nfl)
a(f, ", ¢%...¢") Lol ol
MAf = =det| . . . =0. 2.7.2
/ Oz, y, gy Dy : o 0 (2.7.28)
o o . ol

From the above definition, it follows that the Jacobi last multiplier (JLM) can be
varied by selecting a different set of (n —1) independent solutions ¢', ¢?, ..., 9" " of (2.7.27).
If the corresponding JLM be M then

i 2 LU OLGFn) O ) O )
C Oy ym) Oy y ) O(, 92gn ) T O(@, ¢

Indeed, each JLM as defined above turns out to be a solution of the following linear PDE

" OMy®

oM
— —_— = (’I’L) = / (’I’L—l)
B + 2 By 0 on y w(z,y,y, ..y ). (2.7.29)

We verify this for the case of n = 2, i.e., for a second-order ODE, say y"” = w(x,y,y’) whose
associated PDE is
(0 + Y0y +wdy ) f = 0.

With the above definition, we find that

fm fy fy’

(MO, + My'9, + Mwdy) f =det | ¢. &, &,
2 2 2

¢x Y ¢y’

Expanding the determinant on the right hand side and equating the coefficients of the partial
derivatives of f, we get

M = ¢,¢2 — b, 07,
My = ¢y — drdy,
Muw(z,y,y') = br¢; — by 05 (2.7.30)

Using these expressions, it is easy to verify that

oM N I(My') N O(Mw) dlogM  Ow

ox Oy oy’ =0, or dx + oy =0.
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Example 2.7.2

—a + \i?

= r—

(A2 4 1)2

Writing this equation as a system of first-order ODEs we have

a, A €e€R

T=1
—a + \y?

BT+ 17 (2.7.31)

y=uw

It follows that )
2 \zx

d
8 Mt e

=0
dt ’

whence
1

T2 1

2.7.3 First Integrals from Symmetries and JLM

It is evident that the classical definition of the JLM is overtly restrictive, requiring as it does
almost complete knowledge of the system. However, being dependent on first integrals, it is
natural to expect that it should be connected in some way to the symmetries of the equation
under investigation. This connection was unravelled by Lie and its formulation in terms of
the generators of the Lie symmetry algebra is outlined below.
In order to investigate the connection between the Jacobi last multiplier and infinitesimal
transformations we consider an autonomous system of first-order ordinary differential equa-
tions of the form

T = ag(T1, .., Tp), k=1,...,n. (2.7.32)

As already explained in the previous section such a system of ODEs may be associated with
the equivalent first-order partial differential equation

Af = Zakxl,..., s;; 0 (2.7.33)

Assume now that the system admits n — 1 infinitesimal generators of symmetry given by

a .
X; = Zg]k Ty, (%k j=1,.,n—1 (2.7.34)
Define
al a2 . e an
Acdet| S fo (2.7.35)

én—l,l 571—1,2 fn—l,n
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It may now be proved following Bianchi ? [3] that A" is a multiplier. For this purpose let
Wi, ..., Wy_1 be (n — 1) linearly independent solutions of the PDE Af = 0. Since the last
multiplier is defined, in this case, by

_ a(f, Wiy .nny wn,l)

=0
('9(:1:1, Ty ey Jj'n)

MAf
it follows by setting f = x; that

8(1:1, Wiy enny wn_l) . E)(wl, ceey wn_l)

May = = 2.7.36
! (1, X2, ..., Tp) (2, .., y) ( )
Similarly setting f = x5 we find
O(wy, Wa..., Wy_
May = (1) (s, ws 1), (2.7.37)
O(x1, T3, .., Ty)
so that finally with f = x,, we obtain
O(wy, Wa..., Wy,
Ma,, = (—1)"*! (w1, s 2 (2.7.38)
8(371, T2y .o, I‘nfl)
Let us assume the rhs of the last relation is non zero and consider the product
owy  OQwy . OWn-a
ai a2 e anp, o0x1 oxr1 ox1
o(wn, wa..., Wy_ 11 2 0 & : : :
Ax a( L2 U _ det : : R S -
(1,9, ooy Tp_1) : : : % % gxn——l
fn—1,1 En—12 - §n—1,n Wwi ij cen #;1
flwl AUJQ s Awn_l Ay
Xiwy Xjwg - X1wWp—1 §1n
= det . : . . .
Xpoqwy Xpqwe - Xy W, fnfl,n

where use has been made of the properties of determinant multiplication. However as wi(k =
1,...,n — 1) are solutions of Af = 0 it follows that

Xjwy Xjwy -+ XiwWn_1
A x 8(’(1}1,...,'11}”,1) .

= (=1)""a, det (2.7.39)

(9(.1'1 To, ... .Tn,1) ’
e Xpoqwy Xpqwe - Xy qwn—

Since we have assumed that X; are symmetry generators it follows from definition that

[Xj7 A]f = )‘Af

2T would like to thank Prof. M.C. Nucci for drawing my attention to [3]

_ o O O
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Hence as wy, are solutions of Af = 0 we have A(ijk) = 0 implying thereby that X,wy, is
also a solution for each j,k = 1,...,n — 1. Therefore,

Xqw; Xqwy -+ XqWy—1
det : : :
Xpqwy Xpqwy -0 Xy Wy
is a solution of Af = 0. Let
Xiwn Xqw; T XqWp—1
) = det :
Xpowy Xpqwe -0 Xy qwp_g

Therefore (2.7.39) can be written as

AM = Q, (2.7.40)
where M is given by (2.7.38). Which can be written as
M
Clearly
d ( M dQ

Therefore from Proposition 2.7.1 it follows that A~! is a multiplier.

Alternatively for the n-th order ODE the above result is as follows:

Given an n-th order ODE y™ = w(z,y, v/, ...,y™ ) or its equivalent linear PDE
oty fy+y fy + Fwfymn =0
if we know n — 1 symmetries of the ODE/PDE say
X, = &0, + 10, i=1,.n—1
with prolongations
XV =680, +mdy + N0y + - 40" V00 i=1,.m—1

then Jacobi’s last multiplier is given by M = A~!, provided that A # 0 [3], where

1 Y Yo w
(€5 (n—1)

Acdet| & Mo n (2.7.43)
gnfl Tn—1 777(11_)1 ce 777(171_71)
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This provides us with a very straightforward tool to search for the Last Multiplier. In ad-
dition since the ratio of two Last Multipliers is a first integral, hence the search for first
integrals is greatly simplified and involves simple algebra. The following example provides
an illustration.

Example 2.7.3

3 12 /
I
Y x

This equation is found to admit an eight dimensional Lie symmetry algebra generated by

the following operators

such that .
Xl = ya@ﬁ X2 = ?/3831, XS = $8x, X4 = _ax
X
2.3 1 z 1 3 2
X5:ZL‘ ) 8y7 X6: 281‘7 X7:_28z__ayu XgZZL' a:c_x ygy'
xry Yy Yy

One can calculate all the 14 possible determinants of the form A;; using prolongations of
the symmetry generators X; and X; up to the first-order. The ratio of these determinants
actually give rise to the first integrals. Note that while several expressions for such ratios
can be written, one has to check whether these expressions are functionally independent.
Only the functionally independent expressions arising from the ratio of the determinants
(or equivalently from the ratios of the Last Multipliers) determine the first integrals. For
instance in the present case
My Ag ry +y

M AN Y3 '

In this chapter we have attempted to give a brief overview of some of the techniques
relevant to our work. After a few preliminary definitions concerning ordinary differential
equations we have focused on four principle features namely the issue of integrability of an
ODE, techniques for finding their Lie symmetries, the linearization problem for ODEs and
have finally ended with a description of Jacobi’s last multiplier. Since the issue of integrabil-
ity is closely associated with the existence of first integrals we have described in some detail
the essential features of Darboux’s classical method and the Prelle-Singer semi algorithm.
The subject of Lie symmetries of ordinary and partial differential equations is itself a vast
topic and we have purposely limited our description here to the barest minimum touching
upon only those points which are relevant to our subsequent work.

In the following chapters we shall give a more detailed account of some of our work
with the hope that they will illustrate more clearly the tools and techniques outlined in this
chapter.
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Chapter 3
The Extended Prelle-Singer method

3.1 Introduction

The problem of finding integrating factors and first integrals is fundamental to any analysis
of ordinary differential equations. In this chapter we address these features in case of two
classes of ODEs, namely the equation

1
T+ 52/133:'62 + i + B(t,x) =0

which is sometimes known as the Jacobi equation and the more well known Liénard equation
which has the generic form

&+ f(z)d +g(x) =0. (3.1.1)

The former is interesting because it includes many equations of Painlevé-Gambier classifica-
tion as given in Ince’s book [44]. The Liénard equation is famous in the other hand because
it includes a number of important physical systems such as those listed below.

1. f(z)=k, glx)=wir, = i+ki+wizx=0 damped harmonic oscillator.
2. f(x)=az, g(x)=p2% = i+azxi+Px>=0 Modified Emden equation.

3. f(z) = a+ B2*, g(x) = —yz +2° = I+ (a+ f2*)i— (o + %) =0
Duffing Van der Pol oscillator.

4. f(z) = (k127 + ko), g(x) = kzx®™ + kyz?™ + \jx, where ¢ € R

The last case includes many systems like the anharmonic oscillator, force free Helmholtz
and Duffing oscillator as special cases. In [10], the authors have studied this system for ¢ =
arbitrary and deduced a number of new completely integrable cases.

In subsection 2.2.9 we described the Prelle-Singer method for deducing integrating
factor for a first-order ODEs when it has an elementary first integral. Here we describe an
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extension of their procedure applicable to second-order ODEs [8, 9, 10].

It is clear that a second-order ODE is written in the form:
&= ¢(x, ),
may be written either as a system of first-order equations
&=y, §=¢,y)
or as a pair of differential one forms 6;, ¢ = 1, 2:

0, =dr—ydt =0, 0y=dy— ¢dt=0.

Multiplying ¢; with an unknown function S(z,y) and adding it to to #2 we have

(Sy + ¢)dt = Sdx + dy.

Assuming R to be an integrating factor of this equation we have upon multiplication

(3.1.2)

(3.1.3)

(3.1.4)

R(Sy + ¢)dt — RSdx — Rdy = 0, (3.1.5)
which implies that if (¢, z,y) be the corresponding first integral such that
Lidt + I,dv + I,dy = 0
we must have
I; = R(Sy+¢), I, =—RS, I,=—R. (3.1.6)
The compatibility of these equations requires
[xy = Iyxvjtx = Ixt and Ity = Lyz- (317)
From these conditions it is straightforward to derive the following equations
DIR) = —((RS) + ¢, R), (3.1.8)
DIRS] = —¢.R, (3.1.9)
where
D = y0, + ¢0,,.
Two subcases may be distinguished.
A: When [; = 0, that is when the system is conservative and
B: when [; # 0 for a non conservative system.
In case of the former, it is easy to see that S = —¢/y. Therefore one needs to determine only

the unknown function R, which is the required integrating factor. We shall analyze case A
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first, since it is somewhat simpler, and postpone a discussion of the latter.
For case A, (3.1.8) simplifies to

D[R] = (g — ¢y)R, (3.1.10)
Substituting the ansatz
)
R=—7"—, 3.1.11
Tw.1) L
causes (3.1.10) to simplify further and it reduces to
DT =yT, + ¢T, = ¢,T. (3.1.12)

Let us consider an example to illustrate the method developed thus far.

Example 3.1.1
Consider the equation
i+ %%a’:Z + i + B(t,xz) = 0.
This is equivalent to the system of equations
=y
§ = 0(t,2,9) = — | 5ud + 0 + Bt )
so that
¢y = —(Yoy +¢y) = —D[Y].
Thus (3.1.12) becomes
DllogT + 4] =0
which implies T' = K exp(—1). Hence

R = EGXP(?@ = _[y

K
implies
oy J@)
K2 K’
where K is a numerical constant. On the other hand I, = —RS implies

J'(x) = e’ (=ty — B(t, x))
. Clearly one must have 1y = 0 and B(t,z) = B(z) for a time independent first integral. In
that case we obtain

1 2 T
I(z,y) = X% {ew% +/ e’l’Bda:] . (3.1.13)

Such a first integral occurs, therefore for all equations having the generic form
1
i+ 5%:‘52 + B(z) =0, (3.1.14)

and may be a treated as a formula for deriving an time independent first integral for them.
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3.1.1 First integrals of Painlevé-Gambier equations

It will be evident that the above method may be applied, in principle to a number of equations
of the Painlevé-Gambier classification. We shall introduce a slight change of notation wherein
x will denote the independent variable and illustrate this below.

Painlevé-Gambier equation XII

Let us consider the Painlevé-Gambier XII equation

1 5
Y Y

Comparison with (3.1.14) above indicates that 3¢, = —1/y and hence e¥ = y~2, while

B(z,y) = — [agf’ + By? + v+ % . Then (3.1.13) yields the following first integral

y? = ay' +28y° — 2yy — 6 + K1y’

where we have set K1 = —2K1(y,y'). We have checked that all the known - independent
first integrals of the Painlevé-Gambier classification [44], can be obtained from (3.1.13).

Clearly it is of interest to know whether there exists other first integrals depending
perhaps on the independent variable x, for equations having a first integral given by the
above formula. This brings us actually to a discussion of case B, i.e. (I; # 0) of the previous
section.

Painlevé-Gambier equation XXII

We illustrate next, the existence of an = dependent first integral for equation XXII of the
Painlevé-Gambier classification,
d2y B 3y12
dr? 4y

A known first integral of this equation is

y/2 _ 4y

1. (3.1.15)

which may be obtained from (3.1.13).
From (3.1.8) and (3.1.9), we have

D[R] = —(S+ ¢y)R (3.1.17)

D[RS] = —¢,R, (3.1.18)
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as a result of our change in notation. Here D = 0, + 40, + ¢0,, with

2
331/ —1=¢o(y)y” — 1, ¢o(y) = %- (3.1.19)

o(z,y,y) =

Closer inspection of equations (3.1.17) and (3.1.18) reveals that they are a pair of coupled
first-order equations in the variables R and RS respectively. In [8, 9, 10] the authors have
deduced first integrals of oscillator type systems under very general conditions using the
above formulation. Regarding the issue of finding solutions of R and S they have assumed
certain specific rational forms depends on 3’ and have refered to their procedure as an
extension of the Prelle-Singer method to second-order ODEs. Following their prescription
we assume the unknown quantities R and S admit rational solutions of the form
f h h

R== and RS=—- = S=—, (3.1.20)
g g f

so that (3.1.17) and (3.1.18) have the following appearance
gDIf] = fDlgl = =(h + by [)g (3.1.21)

gD[h] = hDlg] = =, fg. (3.1.22)

However, as we will show in the next chapter the so called extended Prelle-Singer method
of the authors of [8, 9, 10] is nothing but a decomposition of the existing adjoint symmetry
equation into a first-order system and therefore falls within the domain of Lie’s symmetry
analysis.

For the time being however, from a leading order analysis of the above equations, assuming
f~y'® h~y7and g ~ 3 and with ¢ as in (3.1.19), it follows that v = o+ 1 with 3 being
arbitrary. This suggests the following ansatz for the 3’ dependence of the functions f, g and
h namely:

Fw.y) = fo+ [y + f21%,
h(y,y') = ho + b1y + hay® + sy,
9. y') = g0+ 91/ + 929 + 939" + gy (3.1.23)

Substituting these into (3.1.21) and equating different powers of 3/’ leads to the following set
of equations:

—g0f1 + fog1 = —hogo, (3.1.24)
9ol — foG1 = —{(h1 + 200 fo)go + hog1 }, (3.1.25)
— g fi+ 1 Fi+ 9oL+ fog1 — [1G1— foGa = —{(ha+2¢0 f1)go+ (h1 4200 fo) g1 +hog2}, (3.1.26)
—g3f1+ g2F1 + g1Fs + goFs — f2G1 — [1Ga — oG
= —{(hs + 2¢0f2)g0 + (ha + 200 f1)g1 + (h1 + 200f0)g2 + hoga}, (3.1.27)
—gaf1 + g3F1 + g2 Fo + g1 F3 — folGa — f1Gs — foGy = —{(h3 + 20 f2) g1+



74 The Extended Prelle-Singer method

(hQ + 2¢0f1)92 + (hl + 2¢of0>93 + hog4}, (3.1.28)
9aF1 4 gsFo+go I — foGs— f1Gy— foGs = —{(h3+2¢0 f2) g2+ (ha +2¢0 f1) g3+ (h1 +2¢0 fo) ga},
(3.1.29)
9als + g3F3 — foGy — f1Gs = —{(h3 + 2¢0 f2) g3 + (h2 + 200 f1)94}, (3.1.30)
9afoy — f2gay = —h3ga. (3.1.31)

Here we have defined
By = foy —2f2, Fo = fiy + ¢of1, Fs = fay + dof2 (3.1.32)

and

G1 = Goy — 292, G2 = g1y + Gog1 — 393, (3.1.33)
G3 = gay + 20092 — 491, G4 = g3y + 30093, G5 = Gay + 4P0ga- (3.1.34)

On the other hand from (3.1.22) we obtain the following equations:

—hog1 + goh1 =0, (3.1.35)
hoG1 — goH1 = 0, (3.1.36)
—hag1 + hiG1 + hoGa + gahy — g1 H1 — goHa = 9oy fogo (3.1.37)

—hsg1 + heG1 + hiGa + hoGs + gshy — goHy — g1 Hs — goHs = ¢oy(f190 + fog1), (3.1.38)
h3G1 + hoGa + hGs + hoGy + gahy — gsHy — g2Ho — g1 Hs — goHy = ¢oy(f290 + f1o1 + fog2),

3.1.39

h3Go+ hoGs+hGy+hoGs — gaHy — g3Ho — 9o Hs — g1 Hy = ¢oy(fog1 + fr92+ fogs), 23-1-403
h3Gs + hoGy + G5 — gaHo — gsHs — goHy = ¢oy(fo92 + f193 + fog4), (3.1.41)

hsGy + hoGs — gaHs — gsHy = ¢oy(fogs + f194), (3.1.42)

h3Gs — gaHy = ¢oy f294, (3.1.43)

where
Hl - hOy — 2]12,

Hy = hiy + ¢ohi — 3hs,
Hs3 = hgy + 2¢0hs
Hy = hgy + 3¢ohs. (3.1.44)

To solve the system of first order coupled PDEs given by (3.1.24)-(3.1.31) and (3.1.35)-
(3.1.43) we observe that, one can satisfy one half of each set identically, by making a second
ansatz, namely

fodd = Godd = heven =0. (3145)

It then follows that
Hy = H3; =Gy =Gy =0,
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and from (3.1.35) we find

Taking this in to account we are now left with the following equations from the set (3.1.24)-
(3.1.31):

9o(foy — 2f2) — fo(goy — 292) = —2¢0 fogo, (3.1.47)
92(foy—2f2)+g0(fay+200 f2) = f2(goy —292) — fo(gay+200g2 —494) = {(h3+2¢0 f2)g0+200 foga}
(3.1.48)

91(foy—=21f2)+92(fay+200 f2) = fo(g2y+20092—494) — fo(gay+4b0ga) = {(h3+2¢0f2)92+2(¢0f094)}
3.1.49

9afoy — fogay = h3ga. (3.1.50)

On the other hand from the set of equations (3.1.35)-(3.1.43), with Ay = 0 we obtain the
following four equations:

3hs = oy fo, (3.1.51)
h3(goy + g2 — 3¢0g0) — gohsy = doy(f290 + fog2), (3.1.52)
h3(gay — ga — Gog2) — g2hsy = Goy(f292 + foga), (3.1.53)
h3(gay + Goga) — gahsy = doyfa9a. (3.1.54)
Since ¢y = % it follows ¢g, = —% and upon rearranging (3.1.54), we have
h3gay — gahsy = —Poga(hs + %)

Making the assumption that the coefficients of the highest powers of 4/ in the expressions for
g, h are constants, say g4 = p and hy = v so that g4, = h3, = 0, one obtains the following
relation determining the coefficient of the y'? in f:

hs + % =0= fo =—vy. (3.1.55)
While from (3.1.51) we obtain
fo = —4vy?. (3.1.56)

The remaining equations (3.1.52) and (3.1.53) determine the coefficients gy and g2, from
solutions of the following coupled linear equations:

3
gOy — ;go = 292, (3157)
g —ig =4p (3.1.58)
2y 2y ) . .

These conditions are consistent with the set of equations (3.1.47)-(3.1.50), as may be verified.
Furthermore, the solutions of (3.1.57) and (3.1.58) are easy to construct and are given by

g2 = —8uy and go = 16uy>.
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Hence we finally get

o 4 /2 13
fomyly+y™) g vt (3.1.59)

R="71 = .
g p(y?—4y)? [ —vy(dy +y?)

It is now straightforward to obtain the corresponding first integral as

v dyy’
I(z,y,y) = m <x v 4y> : (3.1.60)

This is a new first integral not listed in Ince’s book [44].

3.1.2 Equations of the Liénard type

The Liénard equation
Z+ f(x)i +g(x) =0, (3.1.61)

and frequently occurs in physical applications. Instead of writing this as a system of first-
order equations in the usual form

=y, §=9o(x,y)

where ¢ = —(f(x)y + g(x)), let us write it as

9(x)
T=v-—r 3.1.62
@)’ (3162
0= —%f(x)v, (3.1.63)
subject to the condition
d% (%) - % (1 - %) fz), r#£0,1. (3.1.64)

Here r is a parameter. In order to determine a first integral for the system (3.1.62) and
(3.1.63), we follow the same formulation as outlined in section (3.1) and demand that the
one form

R[S(v — r%) - %fv]dt — RSdx — Rdv = 0, (3.1.65)

be exact. This means there exists a function, I(¢,x,v), such that

I,=—RS and I,=—R. (3.1.66)
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If we are interested in a time independent first integral, so that I, = 0, we immediately
obtain
fo

From the compatibility of (3.1.66), using the above expression for S, we have the following
equation for determining the integrating factor R, viz

S = (3.1.67)

Roe Ao po_ 9 p (3.1.68)
(#=0)  (ra-v)

Let us now make the ansatz

(5-)
R=—-+. 3.1.69
T(x,v) ( )
Inserting this into (3.1.68), we obtain the following equation for determining 7'(x,v),
g oT  fvoT
DT|:=(r=— — 4+ ———=fT. 3.1.70
7] (rf U)ax—'—ré?v / ( )

As Chandrasekar et al have shown, it is not necessary to obtain the general solution of
(3.1.70). Any particular solution of it is sufficient to determine a first integral, when it exists.
In principle this leads to a considerable simplification, which cannot be underestimated.
For the problem of determining a particular solution of 7', we shall use the technique of
Darboux polynomials. Notice that if f(x) be a polynomial, then in view of (3.1.64), we
conclude that ¢g/f must also be a polynomial. For the vector field D as defined by (3.1.70)
we find that f

e =1 ] _ -1
g _ (r= r-
Dlhy] =D |5 — = hs. 3.1.72
=D |§ - o] = L7
In other words,
r—1
hi1 = vandhsy = % — r((r — 2>)v
are Darboux polynomials of the vector field D with cofactors
—1
M= Landrn, = T2
r r

respectively. Consequently, for T'(z,v) = hi'hy?, we can find rational numbers such that
D|T]| = fT namely ny = ny = 1. Thus we have the following particular solution of (3.1.70):

T(@,v) = v (% - T(g;__% v) | (3.1.73)
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This completes the determination of the integrating factor R as

rg/f —v f
I,=—R=— and [, = —RS = )
v/r(rg/f—(r—1v/(r - 2)) rg/f—(r—1v/(r—2)
(3.1.74)
The corresponding first integral is now given by
(,r.g - %U) r—1
I(z,v) =log fv+ , r#0,1,2, (3.1.75)
which essentially means that
=)
C(J)‘,U) == T > T 7é 0,].,2 (3176)

is a constant of motion.

Of course one could have obtained this first integral in a much more simpler way, by observing
that (3.1.70) admits a solution 7" = v". This in turn gives R = (rg/f —v)/v" and RS =
— fo'=" /r from which one gets the first integral (3.1.76).

A Liénard type nonlinear oscillator — the second order Riccati equation
We illustrate the above method with a well known example of the modified Emden equation
&+ axd + pz® = 0. (3.1.77)

Here f(x) = ax and g(z) = B2®. The condition (3.1.64) gives a quadratic equation for the
parameter r, with solution

1 1 5

sz[u: 1 8ﬂ/a].

If we choose a particular value of r, then these solutions determines a relation between the
parameters o and (3 of the equation; conversely, given the parameters it fixes the value of r.
For example, the choice r = 3 yields § = %2. Thus setting o = 3k we have 3 = k? and the
equation becomes

&+ 3kxd + k%2 = 0. (3.1.78)

This particular form is often called the second Riccati equation (and is also the Painlevé-
Gambier equation VI with ¢(Z) = 0 of [44]). Its first integral from (3.1.76) is therefore

kx? — 2v

12

Ci(z,v) = (3.1.79)

The phase flow for the equation, under these circumstances, as determined from (3.1.62) and

(3.1.63) is
dv 2kxv

dr ~ kx2 — 20’
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which may be separated by using the above expression for C; wviz

dv  2kx 1

— =" = -k’ =K

de Civ 2! 2
where K5 is an integration constant.
If we desire to express C(x,v) in terms of x and the actual velocity &, then we simply
eliminate v using (3.1.62) to get

2@ + ka?

Cy(z,2) = (it ha?)?

which coincides with the results in [5]. In fact it has been shown by Carinena et al [5] that
this first integral plays the role of the Hamiltonian for (3.1.78).

3.1.3 A generalized 2D- Kepler system

In [8], the authors considered a system of second-order ODE’s of the generic form

.. Pl .. P2
r=—= and §j = —=¢
O ¢1 ) 0, 2
where it is assumed that ¢;(i = 1,2) depend on ¢, x,%,y,y in general. They illustrate the
general procedure and finish off with the following example of the two-dimensional Kepler
problem.

L R P —— (3.1.80)
(2? +9)2 (22 +1?)>
Their analysis yielded the following first integrals:
1 1
] _ = .9 2y 4
Iy =yz —xy
I = i(yd — ag) — ——t (3.1.81)

Va2 y?
corresponding to the Hamiltonian, the angular momentum and the Runge Lenz vector re-
spectively.
We shall consider a system which is similar to this, but of the form:
Cz(a?+b)  zgi(z,y)
(a2 +y?)2

(22 + y2)?

_y(3x2 +2y° +b)

i _ _yoa() (3.1.82)
(22 +y?)2 (2% +y?)

3
2

Y=
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where
gi(z,y) = (2* +b), and go(z,y) = (32° + 25> + b). (3.1.83)

Assuming [ to be a first integral of the coupled system such that
dl = Ldt + I,dx + I, dy + I;dz + I,dy = 0,
let us write the coupled system of equations as:
(p1 + Siz) dt — Sidx — di = 0, (3.1.84)

(¢2 + Say) dt — Sody — dy = 0, (3.1.85)

then we must have
I = Ry(¢1 + S12) + Ra(ga + S29),

I, = —R. S,

I, = —RyS,,

I, = —Ry,

Iy =—R,. (3.1.86)

Here R; and R, represent the respective integrating factors of the system of equations
(3.1.84)-( 3.1.85). Compatibility of the set of equations (3.1.86) then yields the following:

D[Si] = —¢1, — ¢2m S1¢2m + S1¢14 + S3,

DI[S5] = — ¢y ¢1y 52¢1y + Satoy + S3,
D[R:] = (Ri¢1: + Rapoz + R151),
D[Ry] = —(Ryoy + Ri¢p1y + R2S3),
S1Ryy = Ri1S1y + SaRoy + R2So,,

0 0
Ry, = %(Rlsl)a Ryy = 8_Q(RQS2)’
Riy = 2 (RoS), B = 2 (RyS)), Ryy = R
ly—a:t 292/, 2x_ay 11 1y — 12z,
Where D represents the vector field

0 0 .0 0 0
D_E—i_ a—+y8—y+¢1%+¢28—y
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The problem is therefore reduced to finding solutions (particular) satisfying these equations.
For the system (3.1.82) we find a particular solution to be the following:

z(2? +b) _ y(3x* + 2y 4 b)
B2y T g )t

Rlzfty RQZ?% Sl:

With these values of R;,S; (i = 1,2) we obtain the following first integral:

. 1., . 242y — b
I<x7y7x7y):— é(:p2+y2)+W (3.1.87)

In fact it is easy to verify that this integral is actually the Hamiltonian. However, we
have not been able to deduce the analogs of the angular momentum or the Lenz vector for
this case.

We shall next consider a nonplanar system of ODEs corresponding to a generalized
version of the Raychaudhuri equation to give further illustration of the method outlined
above.
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3.2 The Generalized Raychaudhuri equation in a two
dimensional deformable media and its first inte-
grals

The Raychaudhuri equations constitute a coupled first-order system of nonlinear ODEs which
were originally introduced in the context of cosmology in 1955 [54]. Basically these equations
represent largely geometric/mathematical statements about the nature of geodesics in a
Riemannian/pseudo-Riemannian geometry. They describe the kinematics of flows (i.e., the
integral curves) generated by a vector field. The flows may be geodesic or non-geodesic in
nature. The kinematic nature of these equations means that one does not ask how the flow
is generated but is only interested in the characteristics of such flows. In order to understand
which quantities may characterize a flow suppose A denotes the parameter labeling points on
the curves in the flow, then, the gradient of the velocity field, which is a second rank tensor,
can be split up into a symmetric traceless part, an anti symmetric part and lastly the trace.
These three quantities define the shear, rotation and the expansion of the flow and are the
variables of interest.

In [19, 49], the authors considered geodesic flows on the surface of a deformable media
and deduced how the expansion, shear and rotation of such flows evolve with time. The
deformations of the media (at least locally) may be characterized in terms of time evolution
of a deformation vector (0, o, w), where 6,0 and w represent the expansion(E), shear(S) and
rotation(R) respectively. The kinematics can be quantified in terms of these (ESR) variables;
and leads to the Raychaudhuri equation for a two dimensional curved surface of constant
curvature. When the exact solutions of the geodesic equations are used in them, one is led to
the following system, after suitable relabelling of the variables involved (see eq.(2.20)-(2.23)
of [19]):

1
:t~|—§:r2+a:£—l—2(y2+zz — ) +28=0 (3.2.1)
g+ (a+z)y+7=0 (3.2.2)
Z4+(a+2x)z24+6=0 (3.2.3)
i+ (a+az)t=0 (3.2.4)

One must not interpret ¢ here as the time, it is simply at par with variables x, y, z. However
Z, ... etc., stand for the derivative of these variables with respect to the appropriate ‘temporal
variable’ relevant to the model. Thus from a mathematical point of view the above equations
form a non-planar dynamical system. Note that «, 3,7 and J are suitable parameters of the
model.

The vector field D is in this case given by

-D = (%x2+0z1‘+2(y2+z2—t2)+26)aa—x+((a+x)y+7)(%—l—((oz—i—x)z—i—é)%—l—((a—i—x)t)%
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It can be easily verified that with f; = —%y + z we have,

D[fi] = D[—%y + z] = —(a + x) f1, so that \; = —(a + z) (3.2.5)

Similarly we find, fo = t, to be another Darboux polynomial whose associated eigenpolyno-
mial is again Ay = —(a + ) = A;. Consequently the exactness condition, D[R] = 0, which
implies, ZZZ n;A; = 0, leads to (a+x)(ny +ny) = 0 or ng = —ny. Making the choice ny = —1
we obtain the first integral given by

t
)

3.2.1 Additional new first integrals

[1($,y,2’,t) = (326)

On the other hand for the specific choice of the parameters, v = § = 0, one finds the following
Darboux polynomials:

Dig;] = —(a+x)g; (i=1,2,3) with g1 =y,90 = 2,93 = t, (3.2.7)

and
Dlgy] := D[2* +#* + 2t] = —2(a + 2) (2> + * + 2t). (3.2.8)

Hence, the exactness condition D[R] = 0 implies

an‘)\z‘ =0= (n1+n2+ns+2ny)(a+z)=0. (3.2.9)
Choosing n; =no, =1 and n3 = —1,n4 = —% we get another first integral of the form
I= vz . (3.2.10)

(22 4 12 + 2t)2

It will be noticed that all the above first integrals are independent of the variable . To
get a first integral explicitly dependent on x,vy, z,t we notice that when all the parameters
a = [ =~ =40§ =0 then the following Darboux polynomial depending on z is obtainable

1 1
—D|g1] == —Dy* + 2* —t* — sz] =a(y’ + 22—t — 1x2) (3.2.11)
with associated eigenpolynomial given by A\; = —z. In addition the following are Darboux
polynomials of degree two:
—Dlgo] := —D]zt] =2xgy = Ay = —2uz,

—Dlgs] := —Dlyz] = 2293 = A3 = —2z,
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—Dlgi] == —Dlyt] = 2291 = M\ = —27. (3.2.12)

The exactness condition

Zni)"' =0 implies — z[n; + 2(ny + n3 + nq)] =0,

which may then be satisfied by the following choice ny = ng = ny = —% and n; = 3, leading
to the rational first integral

4

(yz 4222 1x2)3

I(x,y,z,t) = (3.2.13)

Yzt

In this chapter the method devised by Prelle and Singer for first order ODEs using
Darboux polynomials has been extended and adopted to two generic classes of second-order
equations namely the Jacobi equation and the Liénard equation. The former includes many
of the Painlevé-Gambier (PG) equations listed in the Ince’s book while the latter includes
many physical problems of interest. We have derived a general formula for a time indepen-
dent first integral corresponding to the reduction, v, = B; = 0, of the Jacobi equation. In
particular we consider two specific equations PG-XII and PG-XXII and for the latter we
have obtained a new time dependent rational first integral. For the Liénard class of equa-
tions we have illustrated how the extended Prelle-Singer technique allows us to obtain the
integrating factor and associated first integral when the function f and ¢ are polynomials.
Explicit results are presented for the second Riccati equation. Further generalization to a
coupled second-order system describing a 2D Kepler system are also presented. Finally after
a brief introduction to the Raychaudhuri equation we have deduced first integrals for specific
parameter values of generalized system of this equation using Darboux theory.

In the following chapter we shall show how the extended Prelle-Singer technique may
be encapsulated within the general theory of Lie symmetries thereby illustrating the power
and depth of Lie’s seminal work.



Chapter 4

Adjoint Symmetry Equations,
Integrating Factors and Solutions

4.1 Introduction

In this chapter we consider the role of the adjoint symmetry equation in determining explicit
integrating factors of nonlinear ODEs. We also review briefly the so called extended Prelle-
Singer method developed by the authors [8, 9, 10] and show that it is actually a reformulation
of the adjoint symmetry equation as a first-order system.

As is well known symmetries play a crucial role in the solutions of differential equations.
In fact much of the existing literature on symmetries of ODEs is devoted to what are known
as Lie point symmetries. We begin by considering an n-th order ODE or its equivalent PDE
in (n+ 1) variables as given by (2.5.38)/(2.5.39). Such an ODE/PDE is said to admit a Lie

point symmetry with generator

) d (i—1) d
X = &(@, )00 + (@, 9)dy + 1My + -+ M8, where ¥ = ?7d - y“)d—g,
x x
if
X, A] =gA (4.1.1)
holds. Here g = g(x,y,1/,...,y™ V) is some function and 1?’s denote the prolongations

of the vector field (infinitesimal generators) XO = ¢ (,9)0; + n(z,y)0,. For an n-th order

ODE (2.5.38) the infinitesimal symmetry generators, when they exist, are determined from
the linearized symmetry condition (2.5.46)

0" = €w, + 1wy + 0wy gDy

when (2.5.38) holds [41]. In terms of the characteristic, @ := n — v, this condition is given
by (2.5.47), namely

AMQ — wym nAPIVQ — - —wy AQ — w,Q = 0.

85
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For example when y” = w(x,y,1’), the linearized symmetry condition is a second order linear
PDE
A?Q — wy AQ — w,Q =0, (4.1.2)

with the vector field given by

A=0,+y'0,+w(x,y,y)0,.

4.2 Adjoint symmetries and Integrating factors

The following equation is known as the adjoint of the linearized symmetry condition (4.1.2),
and its solutions are called the adjoint symmetries

A"A + A" Hwym-nA) — A" (wym-nA) + -+ (=1)"Mw, A = 0. (4.2.1)

It must be stressed however,that these solutions are neither symmetries nor generators of
symmetries, and it is more appropriate to call a solution as a cocharacteristic[41]. Normally
a systematic procedure for finding the solutions of (4.2.1) is by making an ansatz for A; for
example, to assume that they are independent of ¥y~ or to even assume a suitable rational
structure. In order to illustrate the connection between the methods used by authors of
8, 9, 10] and the adjoint symmetry equation consider the equation

y(n) = w('r7 y? y/7 A 7y(n71)>7 (4'2'2>

together with the base one-forms dz, (dy — y'dx),. .., (dy™ " — wdz). The null form ob-
tained by multiplying, all but the first one-form by functions S;(x, 5,3/, ...,y ") where
1=0,...,n— 1 and demanding that after addition the resultant one-form be exact is

—(Soy'+S1y" +-- -—I—Sn_gy(”_l) +Sp_qw)dx + (Sody + Sidy’ +- - -+Sn_2dy("_2) —I—Sn_ldy("_l))

=dl(z,y,y,...,y"Y)=0. (4.2.3)

This implies
L = —(Soy’ + S1y" + -+ + B2y + wS, 1) (4.2.4)
I, =80, Iy =81, Ljos) = Sp_1. (4.2.5)

Clearly [ is a first integral of the equation (4.2.2), provided it satisfies the integrability
criteria

Ly = Le Jj=0,...,n—1, (4.2.6)
Loyw = Tywym, 0<j<k<n-—1 (4.2.7)
The vector field associated with (4.2.2) is
0 0 0
A= —+y—+-+w (4.2.8)

Ox oy Oyn—1)’
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in terms of which the integrability conditions (4.2.6) may be expressed as follows:

—A[Sn_l} = (wymfl)Sn_l + Sn_z), (4.2.9)
—A[Sn,ﬂ = (wy(n72)sn,1 + Snfg), (4210)
—A[S1] = (wySp—1 + o), (4.2.11)
—A[Sp] = wySp_1. (4.2.12)

The remaining integrability conditions (4.2.7) are all satisfied if

0S,-1 08 ,
Gy Gy 0<j<n-—2. (4.2.13)

Our primary interest is to know S,,_;, since the remaining ones can be determined alge-
braically from eqns. (4.2.9)-(4.2.12) in a recursive manner. Eliminating the S;’s by succes-
sively applying the vector field A to eqn.(4.2.9) and using the remaining ones, we obtain
finally

An[Snfl] + A"il[wy(nﬂ)Sn,l] — AniZ [wy(na)Sn,l] + -+ (—1)"71wy5n,1 = 0. (4214)

But this is precisely the adjoint equation corresponding to the linearized symmetry equation
(4.2.1). Thus the integrating factors of eqn. (3.1.5) are just the solutions of (4.2.14), which
fulfil the integrability criteria stated in eqn.(4.2.13). Consequently, determination of the
integrating factor S,,_; of (4.2.2) is basically equivalent to finding a solution of this equation.
(The connection to the notation used in [10] is given by the following substitutions: S; —
RS;1,¥V j=0,...,n—3and S,y — R). The usual procedure to tackle such PDEs
is to make a ansatz for S,_;, for example assuming it to be a polynomial in 4™~ of some
suitable degree, and then obtaining its coefficients in a recursive manner. In their work,
Chandrasekhar et al have assumed a rational form for S,,_;. As a consequence, instead
of solving the adjoint equation directly, they solved the set (4.2.9)-(4.2.12), of first order
equations by making appropriate ansitze for the S;’s. Suppose A’ be the solution(s) of the
adjoint equation. Setting, S,_; = A, one can calculate the remaining S;’s, in a recursive
manner and check if (4.2.13) holds. In the event such a integrating factor exists and satisfies
the integrability condition, its associated first integral may be obtained from the relation

I'= /Sé(dy —y/dx) + Si(dy' —y"dx) +--- St (dy™ Y — wdx). (4.2.15)

Essentially therefore, one can choose to either solve the adjoint equation directly and obtain
Sp_1 through some suitable ansatz, or make suitable ansétze for the S;’s and solve a set of
n first order PDEs. In general the former involves solving a single higher-order equation,
while the latter involves solving a system of first-order linear PDEs.
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4.2.1 Some illustrative examples
Example 4.2.1 ¢ = w(z,y,y) = % +L
Here the system of coupled first-order PDEs, for the unknown functions Sy, S; are:
A[S1] = —(wySh + S) (4.2.16)
A[So] = —w,Sh (4.2.17)
where A = 0, + y'0, + w0y ; the integrability condition is simply
S1y = Soy- (4.2.18)
and the adjoint equation is
A?[Sy] + Alwy Sy — w, Sy = 0. (4.2.19)

Assuming A = Sy to be a solution of (4.2.19) independent of 3, we have upon equating the
coefficients of different powers of 1 the following set of equations:

15A + 9yA, + y°A,, =0

3A + 3zA, +yAy +2yAy, =0
—A + zA, + 22\, = 0.
Their structure suggests an ansatz of the form A = z%y”. One can verify that this leads to
four solutions, namely:

T 1 1
AI(ZL"y) = ?Fv Ag(x7y) = E A3(J},y) = E and A4(ZL‘,’y) -

However, only A, A% are acceptable, as the others do not satisfy the integrability criterion
(4.2.13). The results are summarized below, along with the respective first integrals:

_ T z 2 3y . Ty +y
(i) Alell:E, SéZ—E(E+7)7 with I'(z,y,9) = A
) 1 3y Y

2 Q2 _ 2 2 A
(i) A*=S; =g So= g with [ (ar,y,y)—xyg-

The first integral I? was obtained by Duarte et al in [23]. However, I', was not obtained by
them.
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Example 4.2.2
y' =w(z,y,y) = —(kyy' + \y)

Here k£ and A\ are constants and the equation represents a damped harmonic oscillator. As
before one has to solve the adjoint symmetry equation (4.2.1), for n = 2, namely,
(Way + Y Wy + wwyry — wy) A +wy Ay + (0 + y'wy, )Ny + (W, + 2wwy + y'wy ) Ay + Agy

+2y Aoy + Y2 Ay + 2wAy + 20y Ny + WAy =0

Solving this PDE is a rather daunting task even when w(z,y,y’) ia a fairly simple. It is
therefore natural to make certain simplifying assumptions regarding the functional depen-
dence of A. For instance one can begin by assuming A to be independent of a particular
variable, say x, and see that if that leads to a more manageable form of the adjoint equation.
Alternatively, one may at the very outset assume that A depends on only one of the three
variables x,y or 3/. The choice of procedure to be adopted is one of sheer convenience. We
illustrate this by first making the following assumption, A, = 0, which leads to

(Way + Y Wy + Wwyry — wy)A + (w4 y'wy Ay + (W + 2wwy + y'w,) Ay
+y2 Ay, + 2wy Ay + w? Ay =0
This is a linear parabolic PDE. Since w = —(kyy’ + \y) we have
Wy = Wy =0, wy = —ky, wy, =—(ky'+ ), and wy, = —k.

As solving this PDE is still rather formidable, let us further assume A, = 0. In other words
A is just a function of 3’ and our equation simplifies further to

(Way + YWy + Wwyry — wy)A + (wy + 2wwy + y'wy )Ny + wQAy/y/ = 0.

Plugging in the expressions for partial derivatives of w and equating the coefficients of
different powers of y, then leads to the following set of equations:

(ky" + Ny Ay = AA
2kA, + (ky' + N)A,y = 0.
These equations admit the particular solution A!(y') = —£— and one finds with S! = Al =

(ky'+A)
y'/(ky' + A) that S} = y. The integrability condition Slly = Séy, is trivially satisfied and the

corresponding first integral is

1 A
N,y y) =y + §ky2 — 7 log(ky' + ).

Note that this first integral is independent of x by construction. For such first integrals, the
method devised by Chandrasekhar et al[10] allows us to determine the form of Sy a priori.
We dwell on this aspect in the following subsection.
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4.2.2 First integrals independent of a particular coordinate

An interesting feature occurs when the first integral, I, is independent of a particular variable,
say x, i.e., I, = 0. Then in general, (4.2.4) implies

1
So = Y (V'S4 4 Saoy™ D + Sqw)

which enables us to eliminate Sy, and causes a reduction in the order of the equations for
determining the integrating factor. For instance in case of a second-order ODE, we have
Soy’ + wS; = 0, leading to Sy = —?%Sl. As a result, one is left with a first-order PDE for

determining S; namely
w

A[S)] = —(wy — 5)51. (4.2.20)

On the other hand for a third-order equation, we have

//S S
Sy = Lt
Y
Elimination of Sy, from the system of equations (4.2.9)-(4.2.12) with n = 3, then requires us
to solve for S; and S from the coupled system:

A[Sg] = —(wy//SQ + Sl)

w y//
A[Sl] = — <(wy/ — ?>SQ - ?SI) 9

which are equivalent to the following second-order equation for the integrating factor Ss:

7

A28, + A(wySs) — %ASQ —{wy — )+ %wy,,}sz —0. (4.2.21)

/

Thus the absence of one 'coordinate’ in a first integral causes only marginal simplification,
namely a reduction, by one, in the order of the equation to be solved for the integrating
factor. Nevertheless this is extremely useful for second-order equations, " = w(z,y,v'),
since one is then required to solve a single first-order linear PDE for the integrating factor
Sy. This fact was exploited to the hilt in [8, 9]. Although in general for n > 3, the
existence of an x independent first integral, may not always lead to substantial reduction of
computational labor, nevertheless it is instructive to look into the method of the authors of
8, 9, 10] more carefully, as it has proved to be quite successful in determining first integrals
of many highly nonlinear oscillator type systems. Generally, for equations of the generic
form y" = —f1(y)y' — fo(y), eqn (4.2.20) reduces to

A[S)] = _fo;/y)SL
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The solution S of example 4.2.2, suggests the ansatz S; = h(g—/y,), with the consequence that

A[S)] = M _ y—/Ah _ fo(y)'

h h h

The problem now therefore reduces to a determination of the function h(y,y’) from the
following relation (since A(y') = w), viz,

y' Alh] = (w + fo)h = — fi(y)y'h,

Alh] = = f1(y)h. (4.2.22)
The resulting PDE for h is explicitly given by

y'hy + (=f1y' = fo)hy = = fry'h.
For f; = ky and fy, = Ay, assuming furthermore that h is independent of y we obtain
h(y') = C(ky' + ). Thus once again we get the solutions (after setting constant C' = 1),

/

&:L and Sy =,

(ky' + A)

which satisfy the integrability criterion.
As pointed out in [10], it is often more convenient to modify the ansatz for S; to, S; = W,
to handle more complicated situations.

For generic equations of the form (Liénard type)

y'=—H)y — foly)

with this ansatz for Sy, (4.2.22) is modified to
rA[h] = —fi(y)h. (4.2.23)

Assuming, h(y,y') = A'(y)+B(y)y'+C(y)y™, substitution into (4.2.23) leads to the following
set of equations for determining the unknown functions A, B and C upon equating coefficients
of different powers of 3/, namely

Cy,=0, rB, = (2rfo— f1)C, TA’y =(rfo— f1)B—2rCf; and rfoB = fiA". (4.2.24)

Suppose now
foly) = \y* and  fi(y) = py",

where A\ and p are parameters and £ and 7 are constants. We obtain then the following
solutions for C, B and A:
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(2r —1) g

C(y) =7, rBly) =y P

2\ry (2r — Dpy 6
Al Py & o | —1) | =77 2(n+1) G /= |
rdly) =gy el )[27’(7]+1)2 o n? T

where «, # and v are constants of integration. From the last condition in eqn. (4.2.24), i.e
rfoB = f1A’, it follows, assuming & # 7, that o = § = 0 and leads to the following relation,

=1 2 | e 2 -DE D) g
(n+1) (§+1)} = GRS (4.2.25)

One can then identify two possible cases.

(a) When, =1, we have £ = 2n +1, Ally) = (n’\Jl)y 1+ and B(y) = (nﬂ)y("“). The
corresponding integrating factor is given by
/ M,,! A 2n+1
o1 = (n+1) gw (n+1) 7 and So = 2y +/ ! St
[ vt + sy y 4y Y

(b) For, r # 1, assuming the exponents of y in (4.2.25) to be equal we find once again
¢ = 2n+1. Upon equating their coefficients we obtain a quadratic equation for the exponent
r occurring in the denominator of the integrating factor with solution

2
1 4\
= ——— |14/l - — 1
BEEYURSY /~L2(n+ )
Therefore, in this case S = £ ~ where

o (r=1)(2r — 1)] 201+1) 4 yp(2r — 1) n+1, s

/ 7 12
h — T I\ :
(v,9) TS { + 2720 1+ 1) i VY + vy

4.3 Coupled second-order equations

In this section we consider an application of the adjoint equation to a coupled system of
equations of the form

&= ¢1(x,y) and § = ¢a(x,y). (4.3.1)

As before, consider the following base one forms (dz—zdt), (dy—ydt), (di—¢1dt), (dy— podt)
Let Si, S5 and Ry, Ry be functions such that

Si(dx — &dt) 4+ Sa(dy — ydt) + Ry(di — ¢1dt) + Ro(dy — ¢odt) = dI(t,x,y,4,y) = 0. (4.3.2)

Hence

—(S12 + Sy + Rir + Rada), (4.3.3)
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=25, I,=%, I;=Ry, I, =R, (4.3.4)

The functions R; and R, are the integrating factors. Compatibility of the set of equations.
(4.3.3) and (4.3.4) namely:

[tx: xts Ity: yt» Itﬂb: Tt [ty: Ut

[zy = [yxa Iy = Lip, [my = [yxa Iygb = [abyy [yy = [yya (435)
requires that the following hold:
D[R] = —(S1 + Ri¢1: + Ragas), (4.3.6)
D[Rg] = —(S2 + Ri¢1y + Ragay), (4.3.7)
D[Si] = —(Rid1s + Raas), (4.3.8)
D[Sy = —(Rid1y + Ragay), (4.3.9)

where D = 0, + 20, + 90, + $10; + ¢20;. It is evident that once R; and Ry are known the
remaining S; and Sy can be determined algebraically from (4.3.6) and (4.3.7). Since our

basic aim is to determine the integrating factors, we can eliminate, say Si, by differentiating
(4.3.6) and using (4.3.8) to get

D?[Ry] + D[Ri¢1i + Ragoi] — (Ri¢1e + Raothas) = 0 (4.3.10)
Similarly eliminating Sy yields
D?[Ry] + D[Ry ¢y + Rotbey] — (Rigry + Racbe,) = 0. (4.3.11)

Equations (4.3.10)-(4.3.11) constitute the coupled version of the adjoint equation (4.2.1)
when n = 2.

One needs to check, of course, that the solutions of the coupled adjoint equations indeed
satisfy the compatibility conditions (4.3.5). In general one employs an ansatz for R; and
Ry in order to solve the system of PDEs (4.3.10)-(4.3.11). From a knowledge of R, Ry and
Sy, Ss it is straightforward to obtain the first integral from

I— / Sy(da — ddt) + Sy(dy — gdit) + R (dit — dudt) + Ro(dj — dadt). (4.3.12)
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Example 4.3.1

Consider the following system of second-order equations:
y (4.3.13)

Here a,3,\ and p are parameters and f and g are arbitrary functions. Writing these
equations in the form ¥ = ¢y (z,y) and § = ¢o(x, y), we identify

« A 1]

Oi(ey) = ——g(u) + 55 and dalay) =~ f(u) + 5

y3

Note here that ¢, and ¢y are velocity independent and for a time independent first integral,
I, = 0, we may take D = 20, + 90, + ¢10; + ¢20;. In that event with the following ansatz
for R; and Ry namely

Ry = aq(z,y)t + asx(x,y)y and Ry = by(z,y)x + ba(z,y)y, (4.3.14)
(4.3.10) and (4.3.11) yield the following equations:
i'3a1x:v+:t2y(a2mac+2alacy)+l"y2(2a2xy+a1yy)+a2yyy3+i{(¢la1+¢2a2)m+2alx¢l+(a2m+afly)¢2}

+9{(Pra1 + @2a2)y + 2a2y$2 + (a2z + a1y )01} = #(P12a1 + P2:01) + §( D122 + P2:02), (4.3.15)
i'gbl:m: +x2y(b2m: +2blzy) +$92(2521y +b1yy) +b2yy?)3 +x{(¢lbl _'_(beQ)x +2blw¢1 + <b2x +b1y)¢2}
+y{<¢1bl + ¢Qb2)y + 2b2y¢2 + (b2m + bly)¢1} - 55(¢1y@1 + ¢2yb1) + y((ﬁlyag + ngybg). (4316)

Equating coefficients of different powers of the velocities we get the following system of
equations:

Al pye = O, Aopq + 2a1xy = O, alyy + 2a2xy = 0, CLgyy = 0, (4317)
(Pra1 + P2a2), + 2a1,¢1 + (a2 + 1y) P2 = (P1201 + P2:b1), (4.3.18)
(Pra1 + Pa2a2)y + 2a2y02 + (a2s + a1y)P1 = (P1202 + P2,b2) (4.3.19)

blmx == 0, bex + 2blzy == 0, blyy + 2b2xy = 0, A2yy = O, (4320)
(161 + P2ba)s + 2b1,01 + (bae + by) P2 = (Prya1 + Paybi), (4.3.21)
(D101 + P2ba)y + 202y + (baz + biy) D1 = (P1ya2 + Paybo). (4.3.22)
1

Observes that the choice ar = constant and by = constant k& = 1,2 satisfies (4.3.17) and
(4.3.20), while there remaining equations then simplify to

¢2x(b1 - az) =0, ¢1y(a2 - 51) =0,

D1z — GP2yQ2 — D101 + P2z00 = 0,
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gblyal + (¢2y - ¢1x)b1 - ¢2xb2 =0.

The first two equations imply, as = by, which renders the second and the third equations
identical, namely

(D1z — P2y)a2 — P1ya1 + Pagba = 0. (4.3.23)

Clearly if the system (4.3.13) is derivable from a potential then it is necessary that ¢, = ¢g,.
With this in mind (4.3.23) can be satisfied by making the choice ay = b; = 0 whilst a; and
by are arbitrary. Therefore the choice a; = by = 1 and ay = by = 0 leads to the following
solutions:

Ri=i Ry,=7y. (4.3.24)
On the other hand the solution of S; and Sy from (4.3.6) and (4.3.7) are then found to be

A

o
S1=—¢1= EQ(U) T3

B %

52:—¢2:p (U)—Ey u=

SHESS

—~

Using the above values of R; and S;(i = 1,2) we obtain from (4.3.12) the first integral

o 1. . A 1
I(z,y,2,9) =§($2+?J2)+2—xz+2—y2+N(9&?/),

where
Ny = [ Sowds+ [ 2 sy
The condition, ¢, = ¢9,, translates to
ag'(u) + 26 f(u) + Buf'(u) = 0. (4.3.25)

Using this condition, N(x,y), may be evaluated and we find that

Nie.w) = =2 (Sotw) + uf(w).
Hence a first integral for the system of second-order equation is given by
.. 1 .9 .9 A 1% B (e

Let us now look for another solution set of the coupled adjoint equations for Ry and Ry. It
is easily verified that

ay(z,y) =y, as(x,y) = —zy = by(x,y) and by(z,y) = 2* (4.3.27)
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satisfy (4.3.17) and (4.3.20) while (4.3.18) and (4.3.22) are identically satisfied. The remain-
ing equations (4.3.19) and (4.3.21) become identical and reduce to the following equation:

3(yd1 — w¢2) = (Pay — dra) Ty — Pryy” + doa’. (4.3.28)

Substituting the values of ¢;(i = 1,2) and their derivatives leads to the following condition
on the function f and g, namely:

aug(u) — Bf(u) =0, wu= v (4.3.29)
x
From (4.3.27) we derive the following solution for R;(i = 1,2):
Ry = —y(zy —yt) and Ry = z(xy — y). (4.3.30)
The corresponding values of S;(i = 1,2) are
N S o y a2’
S1 =y(zy — y) — /\E + ME and Sy = —i@(xy — yi) + )\ﬁ — NE’ (4.3.31)

where use has been made of the condition (4.3.29). Hence from (4.3.12) we obtain another
first integral given by

1
I'=3 (yi — z9)* +

Ayt pa?

2t o) (4.3.32)

The two first integrals given by (4.3.26) and (4.3.32) will be valid simultaneously provided
we can find functions f and g which satisfy (4.3.25) and (4.3.29). It is easily verified that
these require the functions f and g to be given by

1 Q u

and f(u) =—

1+ )32

respectively. Under the circumstances the system of second-order equations (4.3.13) reduces
to the following well known system

ax A ay [

e Ay TR Y
+ (22 +y2)3/2 a3 y+ (22 +2)3/2 43 ’

with first integrals

1 A 14 @
] _ -2 -2 A -
1 Q(x +y)+2$2+2y2 ey
1 Ayr o opa?
I, = — ) R R By g

A more interesting situation from the physical point of view arises when the functions f and
g satisfy condition (4.3.25) but not condition (4.3.29). In that event the system of equations
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(4.3.13) admits just one first integral given by (4.3.26), with f and g satisfying (4.3.25).
In [98] the authors obtained a system of equations similar in structure to (4.3.13), in the
context of the dynamics of stellar systems, with

fu) = 2(1 —ug(u)).
Condition (4.3.25) then leads the following differential equation determining g(u):
(1 = 2u*)g'(u) = 2(3ug(u) - 2)

and the first integral from (4.3.26) assumes the form (setting all the parameters equal to

unity) , , , )
_ -2 -2 2 _
I=3(@+39 )+—2$2+—2y2+§(2u+(1—2u )g(u)), u=

In fact this first integral serves as Hamiltonian.

y
=

In this chapter we have showed that the RS-pair method used by Chandrasekhar et al
to derive first integrals of second-order ODEs can actually be reformulated in terms of the
adjoint symmetry equation of classical Lie symmetry analysis. This illustrates once again
the immense power of symmetries in the analysis of ODEs. In the following chapter we
extend the very notion of a symmetry as defined by (4.1.1) to include what are known as
A-symmetries and illustrate their use for second and third-order ODEs.
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Chapter 5

A-Symmetries and Integrating Factors
of Nonlinear ODEs

5.1 Introduction

In this chapter we discuss A-symmetries of some second-order equations of the Painlevé-
Gambier type and study their relationship with the standard adjoint symmetry equation
used for determining the integrating factor of a second-order ordinary differential equation
(ODE). This is followed by a brief study of the A-symmetries of certain special types of
third-order ODEs.

Lie symmetry analysis of differential equations provides a powerful and fundamental
framework for the exploitation of systematic procedures leading to the integration by quadra-
ture of ordinary differential equations [41, 82, 100]. This was the main motivation of Sophus
Lie when he created the theory of Lie groups and Lie algebras. In the last few years special
attention has been devoted to a new class of symmetries introduced by Muriel and Romero
(65, 66, 67, 68, 70, 74]. These symmetries are neither Lie point nor Lie-Backlund symmetries
and are called A-symmetries since they are vector fields which depend upon a function A. If
a system does not have a Lie point symmetry, then Muriel and Romero have demonstrated
that many of the processes of reduction of order can be explained via the invariance of the
equation under A-symmetries. In other words the new technique of A-prolongations together
with certain conditions of invariance enables us to introduce the concept of a A-symmetry
and yields a new method of reduction for ordinary differential equations. A generalization
of the concept of variational symmetry, based on A-prolongations, has been studied in [70].
This allows us to construct new methods of reduction for Euler-Lagrange equations.

Pucci and Saccomandi [88] have, on the other hand, identified the most general class
of transformation sharing the important properties of standard symmetries concerning re-
duction of a scalar ODE. The approach to this reduction is based upon differential invariants
of telescopic vector fields. Like classical Lie symmetries, if an equation is invariant under a
A-symmetry, one can obtain a complete set of functionally independent invariants and re-
duce the order of the equation by one. Many applications and extensions of this notion have

99
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been proposed in the last ten years: these include extensions to systems of ODEs, to partial
differential equations (PDEs) (cf. [32]), applications to variational principles and theorems
of Noether type.

In order to introduce the notion of A\-symmetries let us briefly recollect some of the basic
facts about contact forms and the adjoint symmetry equation.

5.2 Contact forms and first integrals

We confine ourselves to the smooth category of manifolds and maps. Let 7 : Y — X be a
smooth vector bundle over a k-dimensional base manifold, with [-dimensional fibres. Suppose
that x = (x1,--- ,zx) and y = (y1,- -+ ,y;) are the local coordinates on X and Y, respectively,
so that sections of Y are prescribed by smooth functions y = s(x). Let 7 : J¥(7) — X
be the k-order jet bundle associated to w. Any local section s : X — Y of m generate the
section of J"mw. We denote j"(s) : X — J"m as n-jet, which forms a section of the nth-order
jet bundle. Let 4" be a graph of section j™(s) and let r, = (¥, YisYh, s Ybrokn) € V2
be a special coordinate system. Consider all graphs 7 passing through x,. Let C,, be
the subspace of T, J"m spanned by all subspaces T}, 7 of these graphs. The space C,, is
spanned by the vectors

0

D Yk

i 0
Dy Tt ym~~-kn—1km'

The distribution C,, : k, — C,, is called the Cartan distribution on J"7. This distribution is
defined by a space of differential 1-forms, which are called the Cartan forms. Before going to
define this form let us switch to multi-index notation. The induced natural coordinates on
J'r are given by (z,y™) = (---2;---yX --.), where derivative coordinates y% are written
in multi-index form.

A differential form 6 on the jet space J" is called a Cartan form if it is annihilated by
all jets (j™(s))*@ = 0. In local coordinates every contact one-form on J"7 can be expressed
as

k
05 =dys - > y5da’,  a=1.--,1, 0<J<n
i=1
In other words, x € T},7" belongs to C,, if and only if x is a solution of the linear

homogeneous equations in multi-index notation (dyg — Zle yf}‘ldx’) x = 0, interested readers
are referred to [53, 82, 83, 92].

Because we are only concerned with the case of one independent and one dependent
variable, the basic contact forms are

O = (dy —y/dx), 6= (dy —y"dx), - 0,1 = (dy™Y —wdx).

A local diffeomorphism ¢ : J"1 — J"7 defines a contact transformation of order n if
it preserves the contact ideal, i.e., if § is any contact form on J"7, then ¢*@ is also a contact
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form. Point transformations are those contact transformations that preserve the fibres of
the projection J"r — R? for the case of one independent and one dependent variable.
Consider an nth-order ODE

Geometrically £ is interpreted as an hyper surface in the space J"(m) of n-jets of mappings
from R — R and any solution of the system is a section of m the nth-order prolongation of
which is an integral manifold of the restriction C"|¢ of the contact distribution to £.

The contact distribution on £ can also be described as the annihilator space of the
contact ideal C generated by the 1-forms

dz, (dy —y'dz), (dy —vy'"dz), ..., (dy" Y — wdz).

It is apparent that these contact forms are null over the solution. One can associate with
(5.2.1) the following differential operator (total derivative operator)

A=0,+ y’é?y + -+ wé?y(nfl). (5.2.2)

which annihilates all the contact forms 6; = (dy — y(+Ydx).
Now the statements contained in (4.2.2)-(4.2.13) may be summarized into the following
proposition.

Proposition 5.2.1 Consider an nth-order ODE y™ = w(x,y,--- ,y™ V). Given the con-
tact forms 0, = (dy — y'dx), 0y = (dy' — y"dx),--- ,0, = (dy™ " — w(x)dz), if there exists
functions S; (i=0,1,---(n—1)) such that dI = Z;:Ol S;0; is exact, then I is a first integral
of the ODE provided the S; satisfy the following set of coupled PDEs

—A[Sk] = (wy(@Sn,l —+ Skfl), k=n— 1, ceey 0. (523)
and 05 05
n—1 i . .
oy0) Gy 0<j<n-—2. (5.2.4)
INlustration

For n = 1 we have a single PDE A[S;] = —w, Sy which determines the integrating factor S.
The case of rational w may be treated by the Prelle-Singer (semi-)algorithm [26, 87].

In the case of n = 2 with the ODE of the form

1

y" = w(z,y.y),
and A = 0, +y'0, + wd,, we have from (5.2.3)

A[S1] = —(wyS1 + So) (5.2.5)
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and

A[So] = —’LUySl (526)

together with the integrability condition: S, = Sp,s. Clearly, if we can solve for Sy and Sy,
then the first integral may be determined from the relation

I(z,y) = /[Sody + Sidy’ — (Soy’ + Syw)dz]. (5.2.7)

Equations (5.2.5) and (5.2.6) may be solved in a number of ways. As mentioned in the
previous chapter one possibility is to make suitable ansétze for Sy and S; (the most commonly
employed method is to assume that they are polynomials in 3’) or we could try to decouple
them to get the corresponding adjoint symmetry equation [41]

A?[S1] + A(wy S1) — w, Sy = 0. (5.2.8)

By solving this equation we can find S and determine Sy algebraically from (5.2.5) and
hence the first integral from (5.2.7).
On the other hand, if we define the ratio A := —S—(l’ = —I[—y/, then it follows that
I+ A, =0 (5.2.9)
while application of the vector field A to A as defined above gives

A = _Agfo] . Aggl] s

Upon using (5.2.5) and (5.2.6) this yields the following equation
AN+ N = w, + wy . (5.2.10)

The last two equations are connected to the existence of \-symmetries as we explain below
and has been examined in [69] also. This feature also prompts us to study more closely the
case of second and third-order ODEs and to see if one can exploit the notion of integrating
factors to generate A-symmetries and wvice versa.

5.3 A-symmetries
A vector field X on Y is given by
0 0
X = 9 9
&, y) o +nlz, y)ay
This can be uniquely prolonged to a vector field X*! in J*(7) by requiring it to preserve the

contact structure. A (system of) differential equation(s) A(x,y™, -+, y™) = 0, admits X
as an exact symmetry if the condition, X (A)[a—¢ = 0, is satisfied.
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Like exact symmetries, A-symmetries also provide a powerful technique for finding in-
variant solutions. Let A be a smooth function on J'(7). Then we say that the A-prolongation
to J*(7) of a vector field X = €0, +nd, on Y is the vector field

XPOL = €0, + 10,

with
a0 = 1, k)] = Da (77[)\,(19—1)]) — Do (&)yr + A b-1)) — 5%)-

Here

d
D,=—
dx
We say that a vector field XM ®) is a A-symmetry of £ if and only if X*®) is tangent to &.

Formally the A-prolongation of a vector field X can be identified as the ordinary prolongation
of a nonlocal exponential vector field (see Olver [82], exercise 2.31)

X = ef’\dep"(”)}, where X =el ey,

In general for an nth-order ODE given by A(z,y™) = 0, if we suppose Sy(z,y™ V)
to be an integrating factor of (5.2.1) so that

So(A(z,y™)) = A(I(z,y" ")),

then I(z,y™ V) is a first integral and leads to a reduction in order of the given ODE to
I(x,y™Y) = ¢, where A is deﬁned by (5.2.2). Note that for brevity here we are denoting
Iz, g,y ...,y V) as I[(x,y™ ). Let A € C°(M®), 0 <k <n—1 be any solution of the
following PDE

XM=l —

(assuming that we know a first integral I'), where

n—1
, 0
X[A’(n_l)] = A+ M) (1 =,
>4+ W5

denotes the (n — 1)th-order A-prolongation of the symmetry generator which has the form
X = 0,, so that the characteristic ) =n — &y’ = 1.
On the other hand the symmetry condition is given by

This leads to the linearized symmetry condition:

n—1
3w
(A+1)"( ZOA+A 5" (5.3.2)
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When n = 2, this condition assumes the form
A+ A = w, + Mwy (5.3.3)

which is identical to (5.2.10). Therefore we can conclude that in case of second-order ODEs
A is always given by —Sy/S1 where Sy and Sy are the solutions of the coupled system, (5.2.5)
and (5.2.6).

For n = 3 the explicit form of the corresponding equation determining A is
AN 4 3AA[N] + NP = wy, + Mwy + (AN + AD)w,. (5.3.4)

When a first integral is not known, one can use (5.3.4) to determine A.

5.3.1 A-symmetries and the second-order Painlevé-Gambier equa-
tions

In this subsection we consider a few of the second-order equations of the Painlevé-Gambier
classification and observe certain interesting features of these equations in the context of
A-symmetries. It is seen that when the equations admit at least a single Lie point symmetry
the corresponding functional form of A appears to be a rational function of y’ while, when
the equation does not admit a single Lie symmetry generator, the corresponding expression
for A is found to be polynomial. Let us consider equation XXVII of the Painlevé-Gambier
classification [44], namely

mf? m(f' = f9) 1
m+2)2y3+ s y2+¢y—¢—m—y.

m—1 m— 2
y”:—y/2+ (fy+¢_—>y/_
m my (

Here f, ¢ and 1 are definite rational functions of two analytic functions ¢(y) and r(y) and
of their derivatives. In the particular case of m = 2 with f = —2,¢ = 0 and ¢(z) = F(x),
the canonical equation is

, . y/2 , y3 1
_ Y o - LRy — & 5.3.5
y' = w(z,y,y) s, TS + F(x)y % (5.3.5)

When we used Maple, we could not find any Lie point symmetries for this equation. The
vector field X = 0, is a A-symmetry of (5.3.5) if and only if A(x,y,y’) is a solution of the
determining equation (5.3.3) so that one has, since A = 0, + y'0, + wd,,

2 3

1 |
Aoty A+ (5%—2yy'—%+ﬁ’(x)y—%> A2 = —

y_/Q_Qy’_g_yQ

22 2

+F(x)+L+A(%—2y).

242
(5.3.6)
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In order to find some solution of (5.3.6), we assume an ansatz which is linear in ¥/, viz,
A =a(z,y)y + B(x,y). Then o and [ must satisfy the following equations:

ay+%+a2=—2—;+g, (5.3.7)
8, + 20 — g fay— -2, (5.3.8)

y? o 9 3, 1
ﬁr—ga—l—F(m)ya—Z—kﬁ :F(x)—§y —|—2—y2—2yﬁ. (5.3.9)

It is clear that a(z,y) = i is a particular solution of (5.3.7). With this value of «, equation
(5.3.8) becomes

5+ - o (5.3.10)
Y
The general solution of (5.3.10) is given by
r(z
Blz,y) = % — (5.3.11)

where r(z) is an arbitrary function of x. When we substitute these values of o and § into
(5.3.9), we have

/ 2
1
Yy Yy Y
which implies r(x) = £1. Thus there are two A\-symmetries:
| "1
M=l _yand =L -2y (5.3.13)
y vy y oy

Next we calculate a first integral I(z,y,y’) for the given ODE when it admits \;-symmetry
with generator X = 0,. This is accomplished in essentially two steps with a procedure based
upon the following theorem due to Muriel and Romero [69].

Theorem 5.3.1 (Muriel-Romero) (a) If I(x,y,y') is a first integral of y' = w(z,y,y'),
then the vector field X = 0, is a A-symmetry of the equation for X = —1I,/1,, and XMW =
0.

(b) Conversely, if X = 0, is a A\-symmetry of this equation for some function X x,y,y’),
then there exists a first integral I(x,y,y') such that XM = 0.

Note that in this case we have
XMl = Oy + A\Jy and [X[’\’(l)], A} =\ x»OI

As an application of this theorem we note that the latter part of the theorem provides
a procedure for determining the first integral, given that the ODE admits a A-symmetry.
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Suppose that X = 9, be a A— symmetry for some A(z,y,y') € C*(MW). Let I(x,y,y')
denote a nontrivial first integral of ¥ = w(z,y, ).

Part(b) of the above theorem, implies XMW (z,y ) = I, + A, = 0, since XMW =
Oy + A0y. Also h(z,y,y’) = x is another first integral because

Xy = (9, + A9, )z = 0.
Therefore any first integral of X! is necessarily of the form
J(x,y,y) = G2, 1(2,y,9)). (5.3.14)

Consequently we must look for a common first integral of the vector fields X! and A. In
other words one needs to solve the equation

A(J) = G, + A(I).Gy = 0. (5.3.15)

Since here
[X[’\’(l)],A} =\ XL
it is easy to see that

XMl —o implies xXPWlAr) = 0.

So A(I) functionally depends upon z and the first integral I(x,y,7’), i.e., there exists a
function H(x,I) such that A(I) = H(x,I). This allows us to interpret (5.3.15) as as first-
order PDE, namely

G, + H(z,I)G; = 0. (5.3.16)
If G(z,I) be its solution, then J = G(z, I(z,y,y)) satisfies
A(J) = 0. (5.3.17)

We illustrate the procedure with the previous example for which we had two A\-symmetries.
In either case we note that a particular solution of

X =L, + Ny =0 i=1,2, (5.3.18)
may be taken in the form
/
1
n=24241y (5.3.19)
y oy
/
1
L=%_"4y (5.3.20)
y oy

Next we calculate A(I;). This gives

A(L) = Hy(z, 1)) == F(z) + 1 — %If, (5.3.21)
A(Ly) = Hy(z, L) = F(z) — 1 — 1122. (5.3.22)

2
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Consequently the first integral for the example (5.3.5) is of the form J; = G;(x, I;) with G;
being a solution of the PDE,
1
Giw + (F(x)£1— ilf)Gui =0, i=12. (5.3.23)
Here the upper(lower) sign corresponds to i = 1(2) respectively. We consider the case of
1 = 1. The Lagrange characteristic is given by

dx dl,

N
1 F(z)+1—+

and implies the following Riccati differential equation

dl, I}
—+==F 1. 5.3.24
L =P+ (5321)
Let W; be a particular integral of this equation and write
1
Uy

Substitution of this into (5.3.24) gives the equation

1 du1 1 dW1 1 9
S (Rt B — =F 1.
2 ( I +2+u1W1)+( I +2W1) (x) +

Because W is a particular integral, it follows that

du1 1
— —u W, = - 5.3.26
dr LT g ( )
As this is a first-order equation, its integrating factor is, g(z) = e~/ Widz and its solution
can be obtained by two quadratures in the form
uy = Jiso(z) + s1(z), (5.3.27)
where . |
so(z) = — = e/ M 5 () = /g(a: dz, (5.3.28
STE 0= 2902y ) 9 )
and J; is a constant. Hence from (5.3.25) we have
gle) 1 /
J = N d 5.3.29
=2 g, (5:3:29
with g(x) and W; being the solutions of
g (z) + Wig(z) =0, (5.3.30)
awy, 1.,
- =F 1 .3.31
L W= F() 1, (5331)



108 A-Symmetries and Integrating Factors of Nonlinear ODEs

respectively. Thus corresponding to i = 1 the original ODE (5.3.5) admits the first integral,

I = 9(@) l/m@m. (5.3.32)

v 1 _ N
y—i—y—i—y W1 2

In a similar manner corresponding to ¢ = 2 one has another independent first integral of
(5.3.5) given by

h 1
Jy = ,1<@ _—/ﬁ@m% (5.3.33)

%—Z—Fy—WQ 2

where
b (x) + Wah(z) = 0, (5.3.34)
aw, 1.,
“W2=F(z) - 1. 3.

ot Wy =F(x) (5.3.35)

Equations with one Lie point symmetry

In the case of ODEs possessing one Lie point symmetry we observe that the calculation of
A-symmetries follows a certain pattern and that the first integrals are comparatively easier
to evaluate. We summarize our findings in the Table below.

Table-I Representative list of ODEs from the Painlevé-Gambier classification and their
A-symmetries, integrating factors and first integrals.

Painlevé-Gambier ODE A-symmetry Integrating factor First integral
MLy =62+ 1 w4 2y y? — 4y —y
3 4 2
VIL -y =2+ By + %}w y 3y”? = (% + 6% +y)
/2 / 2 / /2
XIX. y”:%—y+4y2+2y g—erélyyiﬂy % yQ—y—2y2—2y
n_ y? y3 Y/ 3%“‘192*2@_% Y y? 2 72
XXX, y' =4, +3%5+ 3+ 7 Y S 5 T 2ay” =20y — 3

+day? + 28y — %

One notices that in each case, if the ODE is written as ¢y’ = w(x,y,y’), then the
corresponding A-symmetry is given by A(z,y,y’) = w/y’. Furthermore the first integrals of
the vector field A associated with the ODE and the vector field X»M! are identical. This

is actually a consequence of the fact that all the equations from the Painlevé-Gambier
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classification in Table I admit 0, as the Lie point symmetry so that the characteristic
Q :=n— &' = —y'. Consequently it may be proved that X = 0, is a A-symmetry for
My o) = AQ) _Al) _ wy.y)
’ Q Y Y
In fact such equations then always admit a first integral, which does not depend upon the
independent variable z, i.e., I(z,y,vy’) = I(y,%), and which is also a first integral of XM,
A similar feature is also encountered in the case of third-order equations below.

5.3.2 A-symmetries for some third-order ODEs

In this section we describe the A\-symmetries of certain third-order ODES. One recalls that
to determine the A-symmetries of any third-order ODE, one has to solve the equation
(5.3.4). This is in general a nontrivial exercise and one customarily employs an ansatz for
A. We illustrate this with the following example.

Example 5.3.1

" 3

y + g_;y/y,/ _ 3y// _ §y/2 + 2?/ =0
Here w = —(%y’y” — 3y’ — %y’Z + 2y). We assume that A = a(z,y,y")y” + b(z,y,y").
Insertion of the above expression for A into the lhs of (5.3.4) reveals that it is a cubic

expression in y”, with the coefficient of y”* given by a* + 3aa, + a,,,. On the other hand
the rhs of (5.3.4) turns out to be quadratic in y” so that we have

a® + 3aa, + ayy = 0. (5.3.36)

A particular solution of this equation is obviously given by

1
CL([IZ’,y, y/) = ?
With a being thus determined, upon equating the coefficients of y”? in (5.3.4) we find that
b,
byy + 3y—y, =0. (5.3.37)
This admits the following solution
£z, y
b(z,y,y') = <y,2 ) +n(z,y).

However, equation of the coefficients of the next lower power, i.e., y”, reveals that
&(x,y) = 0 so that b(z,y,y") = n(x,y). Finally from the coefficient of the term independent
of y” we find 7 to be a solution of the following equation

Am) +nn+1)=n.+yn, +nn+1) =0. (5.3.38)
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Clearly n must be independent of y so that finally

!

Y
)\(ZE, Y, yla y”) = ? + n(x)a
where 7n(z) is the solution of the equation

N +n(n+1) =0.

It is obvious that particular solutions of this are given by n = 0, —1, respectively, so that
the given equation admits two A symmetries:

1/
/\1:%

Y

It was shown in [8] that this equation admits a first integral of the form

Iz, 9,9, y") = (Y + gy’ — yy)e "

This first integral actually corresponds to the choice A = A\, as we illustrate below. Note
that, if a first integral is known, then the problem of finding the A-symmetries reduces to a
determination of the solutions of the PDE

(AN) + M)y + Ay + I, =0, (5.3.39)

where the vector field is given by A = 0, +y'9, + y"0, + w0, If we assume a linear ansatz
in 3" for A of the form A = a(z,y,y")y” + b(z,y,y’), we find after substituting this into
(5.3.39) and equating the coefficients of the different powers of y” that

ay +a®> =0, (5.3.40)
/ y @y 1
(az +y'ay) + 3a(l — E) + by + 2ab + ;(2@/ —y)+ e 0, (5.3.41)
3 2 2 ! _ /
af Z — %) + (by + y'by) + b+ b(L—Y) — % ~ 0. (5.3.42)
Clearly from the first equation of the above set we have a = y’++(my) Substitution of this

into the remaining equations and equation of the different powers of 1/ leads to the
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following set of equations:

by =0, (5.3.43)
¢, — (2+ = +2b) =0, (5.3.44)
Y
o —c(2+ 5 +2b) =0, (5.3.45)
2 2
b, +—-b+—-=0, 5.3.46
AL ( )
—2 4 by + by + (b2 — b) + 5(21) —1) =0, (5.3.47)
cby + c(b* — b) = 0. (5.3.48)
One may easily check that b = —1 and ¢ = 0 satisfy the above equations and hence
!
y=2L 1
Y

On the other hand for A; = ¢’ /y’ it may be verified that a particular solution of
X =1, 4+ XNy + (A + M) =0 (5.3.49)

is given by
Iy, y,y") =yy" +y° = 3yy + ¢ (5.3.50)

Furthermore one may easily check that it is also a first integral of the vector field
A=0,+y0,+y"dy +wdy associated with the ODE, i.e., A(I) = 0. In other words a
solution I(y,y’,y") of (5.3.49) is itself a first integral of the ODE under consideration. This
is a consequence of the fact that the ODE admits a translational symmetry, i.e., 0, is a Lie
point symmetry and A(\;) + A2 = w/y’. Next we present an example from [27] in which
use was made of the generalised Sundman transformation to linearize a third-order
differential equation [28].

Example 5.3.2

mo_ (yy" 4 3y
y < y + 2 y2

This equation admits a similar feature to the previous example because upon solving (3.4)
with the ansatz A = a(z,y,y)y” + b(z,y,y’) one finds that A = 3”/y’. To find the first
integral we solve (3.39) to get the following particular solutions:

y// y/2

=+ — 5.3.51
R (5.3.51)
2,1

3
I, = y*y" — §yyl2. (5.3.52)

I, =
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In either case it is observed that A(l;) =0, k= 1,2, so that these are also first integrals
of the original ODE. Our final example in this section is taken from [8] and exhibits an
interesting feature similar in some respect with the previous result for a second-order ODE.

Example 5.3.3

//2 1o 0!
m_— (¥ Yy
y - < y/ + y )
Here on the assumption that A is linear in y”, i.e., A = a(z,y,y')y" + b(z,y,y’), one finds

after a tedious but straightforward calculation that A\ = ¢ /y/.
For a third-order equation the PDEs of the system given by (5.2.3) are

—A[Sg] == U}y”SQ + Sl,

—A[Sﬂ = wy/SQ + So,
—A[So] = wySg.

Here Sy plays the role of the integrating factor since Sy = I,». If one knows the integrating
factor S, then defining A = —57 /55 we find that

A= (M + wyu> . (5.3.53)

The integrating factor Sy can be found from the adjoint symmetry equation following the
elimination of S; and Sy from the above set of PDEs. Indeed for the present example one
finds that Sy = 1/(yy’) and it follows once again from (5.3.53) that A\ = y”/y/. However, we
wish to point out that, unlike the case of second-order ODEs, this formula for A is not true
in general.

In this chapter we have introduced the notion of A-symmetries which may be considered as
a sort of generalisation of the Lie point symmetries and have used them to derive first
integrals of second and third-order equations.

In the following chapter we shall pursue further generalisations of the notion of the
symmetries of ODEs by considering nonlocal transformations which are also known as
Sundman transformations.



Chapter 6

Generalized Sundman transformation
and Symmetry

6.1 Introduction

In this chapter we introduce the notion of a generalized Sundman transformation and
employ it to obtain certain first integrals of autonomous second-order ordinary differential
equations belonging to the Painlevé-Gambier classification [84, 85] and the list of
Painlevé-Gambier equation contained in [44]. In particular, this method yields
systematically both known and unknown first integrals of a large number of the
Painlevé-Gambier equations.

We begin by considering an nth-order ordinary differential equation of the form

™ =w(t,z, @&, ..., 2" (6.1.1)

where z = (t) and 2*) = d*z/dt*, Formally we define a generalized Sundman
transformation for (6.1.1) as follows.

Definition 6.1.1 (Sundman transformation) A coordinate transformation of the form
OF

X(T)=F(t.x), dT =G(t,z)dt, Z-#0, G#0 (6.1.2)
x

is said to be a generalized Sundman transformation of equation (6.1.1) if differentiable
functions F' and G are determined such that (6.1.1) is transformed to the autonomous

equation
XM = (X, X', ..., XDy, (6.1.3)

where X' = dX /dT etc.

This notion of the generalized Sundman transformation, as a kind of nonlocal extension of
invertible point transformation was made by Duarte et al. Its nonlocal character is
apparent from the fact that T = [ G(t,xz(t)) dt. If (6.1.3) happens to be a linear ODE,

113
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then we say that the original ODE, (6.1.1), is linearizable. In the event wy = 0 we say that
(6.1.1) has been mapped to the free particle equation.

Closely related to the concept of a generalized Sundman transformation is the notion of an
associated Sundman symmetry. This is similar in spirit to the existence of a Lie symmetry
under point transformations.

Suppose we have a generalized Sundman transformation (GST)

X(T)=F(t,2), dT = G(t,7)dt
which maps the equation
i = w(t, 7, ... ,f(”_l)) — X = wo(X, X', .. 'X(n—l))_

If there exists a transformation of the differentiable functions F(t,%) and G(£, &),
considered as functions of F'(t,z) and G(t,z), such that our original differential equation
(6.1.1) remains invariant under the transformation, then the transformation defines a
Sundman symmetry. Formally it is defined as follows.

Definition 6.1.2 (Sundman symmetry) A Sundman symmetry for equation (6.1.1) is
a transformation of the form

F(i,7) = M(F(t,z),G(z,1)), G @)di = N(F(t,z),G(t,x))dt, (6.1.4)

where M and N are some differentiable functions such that the transformation keeps
(6.1.1) invariant. In other words (6.1.1) is transformed to

i =w(t; &z, z,...,5"7D). (6.1.5)
If M(F,G) = F and N(F,G) = G, then of course, the symmetry is trivial. The set of
conditions on the differentiable functions F' and G when the differential equation (6.1.1) is

mapped to the autonomous differential equation (6.1.3) are referred to as the Sundman
determining equations.

A Sundman symmetry (6.1.4) is obtained by choosing M and N in such a way that the
Sundman determining equations remain invariant. If

X =F(t,7), dT =G(t,)dt
transforms (6.1.5) to (6.1.3) and
X =M(F(t,z),G(t,x)), dI'=N(F(t,z),G(t x))dt

also transforms (6.1.1) to (6.1.3), then the composition of these two GSTs leads to the
Sundman symmetry (6.1.4) of (6.1.1).
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6.2 GST for the Jacobi equation

We begin this section by considering the well-known Jacobi equation. The reason for this is
that many of the second-order equations of the Painlevé-Gambier classification may then
be regarded as special cases of this rather general equation, as we illustrate below.

The Jacobi equation [46, 79|
1
i+ 5%3’:2 + ¢t + B(t,z) =0, (6.2.1)
may be transformed to X” = 0 by the transformation (6.1.4) provided the coefficients

involved in the transformation satisfy the Sundman determining equations, which are given
by the following relations:

2F, F
B(F,G;t,x) = % - %? (6.2.4)

Further it admits a Sundman symmetry of the form (6.1.4) if and only if M and N are
given by
M(F,G) = M(F(t,x)) and N(F,G)= G(t,x)(F). (6.2.5)

The Sundman symmetry of (6.2.1) is of the form

F(,8) = M(F(a, 1)), (6.2.6)

AM(F(t,z))
dF

with no further condition on the differentiable function M. This follows from the following
observation. Suppose for the sake of notational convenience we denote

G(t,7) = G(t,x) dt, (6.2.7)

~ A ~

F(t,#)=F and G(t,%)=G.

The invariance of the Sundman determining equations requires each expression occurring in
(6.2.2)-(6.2.4) to be invariant. From (6.2.4) we observe, making use of (6.2.5), that

Fe GE B GR (MU0
J M'(F)  @(F)) Fy

The left hand side is clearly an invariant provided

MUF) (PN
(Mf(F) ¢<F>)‘O (6.28)
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which in turn implies

Y(F) = ok (6.2.9)

where we have chosen the constant of integration to be unity. It may be verified that
(6.2.2) and (6.2.3) are also invariant under (6.2.5) provided condition (6.2.9) holds, i.e.,

Case I: When ¢, = 0 and B(z,t) = 0 we are lead to the following special case of the Jacobi
equation

1
i+ 5@532 =0.
The determination of the functions /' and G will now be explained.

Step I: This involves finding G in term of F
Since B(t,z) = 0, from (6.2.4) we can set

G = a(z)Fy, (6.2.10)

where a is an arbitrary function of x.
Step II: We express F' and its derivatives in terms of the coefficient a(x)
Since ¢;=0, from (6.2.3) and (6.2.10) we have

— ————=——==0
F, a(x) F, F, ’
ie.,
0 (Fx> _ ag()
Ot\F,)  alx)’
Integrating this with respect to ¢t we find
F, a,
— =—t+b 6.2.11
== i), (6:2.11)

where b is an arbitrary function of z. Finally from (6.2.2) we get

¢
2

— =c(t)e2 = c(t)K(z), (6.2.12)

where ¢ is an arbitrary function of ¢t and

e?? = K(z). (6.2.13)
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Since ¢; = 0, the r.h.s. is independent of ¢.
Step III: Determination the of coefficients
Using (6.2.10) and (6.2.11) one can show that (6.2.12) can be reduced to
a,,  b(x)
—t+ —= =c(t)K(z). 6.2.14
e M o) () (6.214)
There are two possibilities (a) ¢(t) = ¢g (constant), in this case a is also constant; (b)
c(t) = t. The latter case is more interesting. Equating the coefficient of ¢ from (6.2.14) we
get

Ay
i K(x), (6.2.15)
which implies
1
a(r) = ——— 6.2.16
(z) K@) T 7 ( )
where
Ki(x) = / K (x)dz (6.2.17)
and f is an arbitrary constant. Assuming f = 0 one finds
(1) =~ (6218)
a(r) = — : 2.
Kl (.Z')

Step IV: Finding F' and G
Using (6.2.18) in (6.2.11) and with b(x) = 0 we find that

F, Kz

t. (6.2.19)

Using the method of characteristics the general solution of F'(¢, ) can be expressed in the
form

F(t,z)=J <K1—<x)> : (6.2.20)

t

where J(A) is any arbitrary function of the characteristic coordinate A = K;(x)/t. Hence
from (6.2.10) using (6.2.18) with F' given by (6.2.20), we easily find that

Gt z) tl?J’(/\). (6.2.21)

It is interesting to note that, when J(A) = A, the nonlocal character of the transformation
vanishes for we have

K 1 1 1
X =F(tx)= 1t($) and G(t,xz) = — so that dT = t_zdt leading to 7' = -7 (6.2.22)
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Step V: Finding first integrals from F' and G
As the standard first integrals of the linear ODE, X” = 0, are given by

dX
IlzX’:d—T and I =X —-TX'

respectively, as a result of the GST they make the following forms:

F,. F .
I, = ek + reln tK(z)i — Ky(z) (6.2.23)
and
L=X-TX'=F(tz)— (tK(z)t — Ki(2)) /G(t,x)dt. (6.2.24)

In particular, when F’ and G are given by (6.2.22), I assumes the following simple form
I, = &K (z). (6.2.25)

It is important to note that in the following examples we repeatedly use this expression in
order to compare the results of our calculations with the known time-independent first
integrals given in Ince’s book [44].

Secondly, in view of the fact that we have at our disposal two first integrals, it is a
straightforward matter to obtain the general solution by eliminating & from these
expression.

6.2.1 Examples from the Painlevé-Gambier class of equations

Apart from the six Painlevé equations, the remaining 44 second-order ODEs of the
Painlevé-Gambier classification scheme possess solutions that can be expressed in terms of
elementary functions. These solutions fall into two classes — (a) solutions which are
rational in the independent variable and (b) solutions which are expressed in terms of the
classical special functions. Since the latter are the solutions of linear equations, the second
class of solutions is referred to as the ‘linearizable’ case, obviously these exist only for
special values of the parameters.

In this subsection we focus on equations which do not belong to the six Painlevé
transcendents. It may be recalled that Painlevé, Gambier and their pupils found fifty
second-order ODEs of canonical form, the solutions of which do not have any movable
critical singularities, i.e., they possess the Painlevé property. Using the generalized
Sundman transformations we have obtained certain new first integrals for the equations XI,
XVII, XXXVII, XXXXI and XXXXIII of the Painlevé-Gambier classification, as given in
Ince’s classic text [44]. The results are presented below.
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Example 6.2.1 (Painlevé-Gambier equation XI)

The first system we examine is equation number XI of the Painlevé-Gambier classification:

1
iP——i*=0 (6.2.26)
T

Comparison with the Jacobi equation (6.2.1) reveals that

1 1
Sy = ——. 6.2.27
Lo =L (6.2.27)
Hence from (6.2.13) we have
K(z)=e? =~ (6.2.28)
x
and from (6.2.17)
Ki(z) =Inz (6.2.29)
Therefore making use of (6.2.22) we find that
1 2 21
F= (%) and G(t,z) = ;;5” (6.2.30)
while from (6.2.23) and (6.2.24) the first integrals for this equation are
t
L =—-t—Inzx (6.2.31)
x
and )
=2 (6.2.32)
2 2 L.

Notice that whereas the time independent first integral 5 is mentioned in [44] the
remaining first integral I; is time dependent and is not stated therein. This is a trivial
example in the sense that one could have deduced these results even otherwise. Moreover
G(t,x) being a function of ¢ only actually produces a point transformation. But the
Sundman symmetry of this simple example is quite interesting.

The Sundman symmetry

To deduce the Sundman symmetry for this equation, it is convenient to assume that,
J(X) = A? for the rest of this subsection so that from (6.2.20) we have

F(t,z) = (Klt(x))z - (me>2 (6.2.33)

Since the Sundman symmetry of (6.2.26) is of the form (6.2.6), we assume that

F=F(i,#) = M(F(t,z)).
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Consequently with F' given as in (6.2.33) one finds that

% = exp (WW) . (6.2.34)

On the other hand from (6.2.7), using (6.2.21) to calculate G which now is given by
G(t,z) = 2Inx/t3, we have
dM(F) ln:z: - InxdM

dt = —dt = ————dLt.

Gdi =G P

Upon using (6.2.34) to eliminate Z from the L.h.s of the above expression, we obtain the
following transformation for the time variable:

+/ Inx dM(F)dt

VAR dF

Here ¢ is a constant of integration. Substituting this expression into (6.2.34) we get the
transformation for the spatial variable, viz

t=— (6.2.35)

M(F)

(6.2.36)

S
I
©]
o]
o

c+ [ tth M) gt
Here M(F) is an arbitrary function of F' and c is a constant of integration. Equations
(6.2.35) and (6.2.36) constitute a Sundman symmetry for the Painlevé-Gambier XI
equation.

The above procedure for finding Sundman symmetries may easily be applied to some of the
other equations of the Painlevé-Gambier classification. The results for this and some of the

other equations of the Painlevé-Gambier classification are summarized in the following
Table-1
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Table-1
Summary of results of Sundman transformations and symmetries

Painlevé-Gambier Equation No. Sundman Transformation Sundman Symmetry
A v g2 . gz -1
XI. T — T =0 F(a,t) = (1o52) t=—[c+ft3llgw(F) dl‘g}F)dt]
G(e,t) = 23= T = exp T logi\.‘/[(F)dM(F) dt)
EME)  OF
-, m—1 .2 mazl/m 2 _ 1/m -1
XVIL rT— =T =0 F(ﬂ?,t): B t:c—{mff?’im%dt}
_ omzl/™ v m
G(I,t) =2 3 ZZ(%)
- 1 1 -2 1 zt/2-1 2 _ 1/2_4 -1
XXXVIL €r — ﬂ_l_ﬁ ¢ =0 F(:L‘,t): ?logml/—g_i_1 t:cf[flog(zl/iiJ \/%%dt]
— 2 g /21 _ VAT |2
G(Q?, t) 3 log z1/241 = (ifef M(F))
XLI T 3{:c —I——w_l}l' =0 F($,t) ="
2K1(x
G(’x?t) = t3( )
Ky(x) = =3(=2)"/% 2 F1(1/3,2/3;4/3; 2)
XLIIL T 4{95 + 5 }.I‘ =0 F(ZE, t) =0
2K (z
G(z,t) = tg( )
Ki(2) = —4(=2)'/* 2 F1(3/4,1/4;5/4; z)

In the above table o F}(a, b, ¢; x) is the hypergeometric series which converges for
—1 <z < 1. For Equations XLI and XLIII it is difficult to obtain explicit expressions for
the corresponding symmetries and we do not display them here.

In Table 2 we summarize the results for the time-independent and time-dependent first
integrals of the above equations.
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Table-2
Summary of First Integrals

Painlevé-Gambier Equation Time-dependent F.I Time-independent F.I
XV, i meli? = to wtd — mam o
XXXVIL T — <i + ﬁ)lﬂ =0 mx - log ﬁ;—z; _mi
XLI 7 — %(% + ﬁ)ﬁ =0 i +3(—2) /3 3 Fy(1/3,2/3;4/3;0) m
XLIIL. T — %(% + :C1T1>$2 =0 m%(;’i’l)% +4(—2)1 /% 5 F1(3/4,1/4;5/4; 2) W

Case B: When ¢, =0 = B,
The prototype equation for this case has the generic form

1
i+ 5@:&2 + B(z) = 0. (6.2.37)

Once again there are a number of equations of the Painlevé-Gambier classification which
belong to this category.

6.3 Generalized Sundman Transformation of ODE for
the mapping to X’ + a¢(X) =0

In this case we attempt to construct a generalized Sundman transformation (6.1.2) (GST)
such that (6.2.37) is mapped to the following equation

X"+ ag(X) =0, (6.3.1)

where X' = dX /dT. The exact form of ao(X) will be specified below. This is possible
provided the following conditions hold good (i.e. the Sundman determining equations) for
the coefficients of (6.2.37).

. Fxt G:t Ft Gt
V=25~ G r G (6.3.3)
2
By =te_ &b & (6.3.4)
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From (6.3.2) we have
1
InF, —InG = / §¢xdx — Inb(t).

Here b(t) is an arbitrary constant of integration. It follows that
G(t,x) = b(t)e *?F,. (6.3.5)
Substituting G from (6.3.5) to (6.3.4) we have

o Zettt ;_ + ao(F)b(t)*e F, = B(x). (6.3.6)

If we set b(t) = (3, i.e., a constant independent of ¢ and assume

d [ F,
= <E) —0, (6.3.7)
then (6.3.6) implies
ag(F)3*e ?F, = B(x). (6.3.8)

Instead of trying to determine the form of F' first, it is more convenient to stipulate aq(F)
and see whether we can satisfy the remaining equations with such a choice of ao(F'). To
this end we suppose

ao(F) = +F. (6.3.9)
Then (6.3.8) yields
2
F? = :l:@/B(x)e‘bdx. (6.3.10)

Thus F' is a function of = only and as a result it is obvious that (6.3.7) is trivially satisfied.
It remains to verify whether such an expression for F is consistent with (6.3.3). Since
b(t) = [ is a constant, we have from (6.3.5),

B(z)e?/?
(j:ZfB(x)ébdx)l/Q’

G(t,z) = Be *?’F, = (6.3.11)

which is clearly independent of ¢t and hence G; = 0. Consequently, since F' and G are only
functions of x, it follows that (6.3.3) is clearly satisfied. In summary we therefore have the
following form of the GST mapping (6.2.37) to the equation X" + X = 0, viz

(e — 3 1) 1/2 B B(x)e¢/2
X = F(z) = (j:ﬁQ/B( )0l ) AT = (isz(x)ecbdm)l/?dt' (6.3.12)

The latter is obviously a nonlocal transformation.
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The Sundman symmetry

The Sundman symmetry associated with (6.2.37) is not difficult to deduce. As above, for
notational convenience we denote

F=F( &) and G =G 7).

To ensure invariance of the Sundman determining equations, namely (6.3.2)-(6.3.4), we
assume

F=M(F) and G = G(t,z)¢(F). (6.3.13)

The functional forms of M and 1 are determined by demanding invariance of the Sundman
determining equations. Invariance of (6.3.2) leads to

dM(F)
dF

where K is a constant of integration, which may be set to unity, so that

W(F) = M'(F). (6.3.14)

Y(F) = K

Invariance of (6.3.4) then leads to the equation

dM o ao(F)
dF ~ ao(M)

whence it follows, with ao(F) = +F, that
M=+VF? 1o, (6.3.15)

where ¢ is a constant of integration. Note that, if ¢ = 0, then we get a trivial symmetry.
The functional form of v is therefore given by

F
F)=+t———. 6.3.16
With M and v given by (6.3.15) and (6.3.16) respectively, one can easily verify that the
final Sundman determining equation, namely (6.3.3), is identically satisfied. Thus in
summary we have the following Sundman symmetry for (6.2.37)

. < F
F(t,2) = £/ F?(t,x) + ¢ and G(t,z)dt = £G(t, r)——=dt. 6.3.17
(t,7) (t,7) (t,7) (t,7) NizET (6.3.17)
In the following we consider only the case in which the GST maps equations of the
Painlevé-Gambier classification belonging to the class of (6.2.37) to a harmonic oscillator

equation
X"+X =0. (6.3.18)

Note that a first integral for (6.3.18) is obviously
X?+X?=1,. (6.3.19)
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Example 6.3.1 (Painlevé-Gambier equation XXI)

3
i — EﬂbQ —32? =0. (6.3.20)

Here %gbx = —% implying ¢ = In 23/ and 3B(gr;) = —322. As a result from (6.3.12) taking
the positive square root we find F(x) = %xi and it turns out that G = ¥/z. Hence the
Sundman transformation has the explicit form
2i 3i

X = F(z) = E’x T = 5’@ dt. (6.3.21)
When the first integral (6.3.19) is evaluated in terms of the preceding transformation, it
reproduces the result in [44].
Table 3 contains a summary of the Sundman symmetry for some of the Painléve-Gambier
equations falling under Case-B

Table-3
Summary of Sundman Symmetry

Painlevé-Gambier Equation Sundman Symmetry

S~ 1 2 _ 4,2
T =54/ —4du

. . ~ ix)3/2
XVIIL :L‘—%ZEQ—4ZE2=O t:A—f_f(cﬁ(LLWdt

7= (%)4/3(Cﬁ2 _ 4373/2)2/3

. . 7 1)5/325/4
XXI. x—%xz—gl’Q:O t:A_Ff%dt
XXIL d}—%j:%rl:() sz_"f%dt

=144 H4a+1—cB?

2
A+ V2z(2x+1) dt
f \/4132+4m+lfcﬁz\/\/412+4x+1705271

X

XIX. T — iiz — (41’2 + 21’) =0 ll:
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6.4 Parametric Solutions

As remarked earlier, when we have two first integrals for a second order ODE, then its
general solution may be obtained simply by eliminating the first derivatives from the two
first integrals. However, the problem of finding a sufficient number of first integrals is itself
a non trivial exercise. In most instances, one is lucky if there exists even a single first
integral. In such cases a parametric solution of the ODE can often be constructed by
integrating the first integral in terms of a parameter. using the technique first developed by
euler et. al. [27, 28] we shall now present parametric solutions of some Painléve-Gambier
equations.

To explain the procedure let us consider a first-order equation of the form

F <x( ), CZ) 0. (6.4.1)

Let z(t) = f(7),% = g(7) and 7 = 7(t) where f and g satisfy the relation
F(f(7),g(r)) = 0 with 7 being a parameter. Since
de _ df dr
dt — drdt
S0
(r) = df dr
N~ e
, l.e.,

1
/ it — / i, (6.4.2)

where C' is an integrating constant. The general solution (parametric) of (6.4.1) is then
given by

x(7) = f(7), (6.4.3)
(a1,

t(T)_/dTg( dr +C. (6.4.4)

F(f(7),9(1)) = 0. (6.4.5)

Using this method we can integrate (6.3.19) with respect to the parameter 7 to obtain the
general solution of (6.3.18) in the form

X(1r)=+v1 — 12 (6.4.6)

T(r) = Cy — arcsin (é) , (6.4.7)

with I; and C] being the arbitrary constants of integration.
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The general solution of (6.3.20) is then obtained by using the transformation (6.3.21)

together with the parametric solutions (6.4.6) and (6.4.7) and is given by
4/3
o) = ()"0 =2,
4 1 BN\1/3 dr
) =-2(5) | s + O

where I; and Cy are arbitrary constants.

(6.4.8)

(6.4.9)

In the Table 4 we present the parametric solutions for some of the other equations of the
Painlevé-Gambier classification scheme, obtained by using the above method.

Table-4

Summary of parametric solutions

Painlevé-Gambier Eqn.  Sundman Transformation

Parametric solution

F(-14VB272 +1-621)

dr

F(z,t) = Z(a? + 2)!/? a(r) =
XIX. & — %x (495 + 21’) 0 ar = %dt t(r) =
F(z,t) = %fm
XVIIL T — %jﬁ — 422 =0 dT = Qi\/gdt t(T) =
F(x,t) = %:p*IM
XXII. T — %.{EQ +1=0 dTl = —%.T_1/2dt

il ((82724+1-p211)\/ 8272 41—p21, —1)1/2

z(r) = 21, =72

21
1
75 | aa + C

r(r) =81

W¢r§

t( )_024‘81]‘(]1 72)3/2

+ C2

In this chapter we introduce the concept of nonlocal transformations defined by means of
the generalized Sundman transformation. We have also introduced the notion of Sundman
symmetries which may be viewed as the counterpart of the Lie symmetries in the context of
such nonlocal transformations. Furthermore we have derived certain parametric solutions
for some of the Painlevé-Gambier equations by exploiting the Sundman transformation.

In the next chapter we will further generalize the nonlocal character of these

transformations assuming that the transformation (z,t) —
variables.

(X, T) is nonlocal in both the
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Chapter 7

First integral for time-dependent
higher-order Riccati equation by
nonholonomic or a nonlocal
transformation

7.1 Introduction

The time-independent second-order Riccati equation (SORE), also sometimes known as the
Painlevé-Ince equation, plays an important role in dynamical systems. This equation was
studied from a geometric perspective in [5] and shown to admit two alternative Lagrangian
formulations, with both Lagrangians belonging to a nonnatural class. The Lie point
symmetries of the SORE are known to have an algebra identical to that of the
eight-parameter group SL(3,R) [61]. Since the free particle also possesses a similar
symmetry algebra it is therefore not surprising that under an appropriate transformation
the SORE may be transformed into that of the free particle.

In [6], the authors studied the second, third and fourth-order cases of the hierarchy of
Riccati equations and have shown the existence of Darboux functions and generators of
time-dependent constants of motion.
In this chapter we present a time-dependent generalization of the second-order Riccati
equation

i+ 3Bxi+ [ =0. (7.1.1)

which is taken in the form
i+ 3h(t)xi + h2x® + h(t) 22 = 0. (7.1.2)

Clearly when the coefficient h is a constant (7.1.2) reduces to the usual second-order
Riccati equation (7.1.1). Before pursuing the issue of deriv ing a first integral of the
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time-dependent second-order Riccati equation TDSORE in (7.1.2) it is pertinent to note
the following features of the equation. Unlike its time independent counterpart of (7.1.1)
the TDSORE is not a bi-Lagrangian system. Furthermore it is actually a truncated version
of the Gambier equation [31].

Gambier in course of his classification of integrable second-order differential equations
solved the following equation, which is listed as Equation XXVII of the Painlevé-Gambier
series as given in Ince’s book [44] and occurs as Equation 15 in Gambier’s minimal list of
24 second-order equations with the Painlevé property. The Gambier equation (see [4] for a
relatively recent update) is given by

n—112 n+2 n—2% a? 2a o?

—+a a:':t:—l—b:c———a——:c +(a—ab)x®+(cn——o)r—bo——, (7.1.3)
n T n n T n nx

T =

Here a,b and ¢ are functions of the independent variable, ¢ is a constant which can be
scaled to 1 unless it happens to be 0 and n is an integer. If we set b = ¢ = 0 and assume
that n =1 and o = 0, then Gambier 1 reduces to a time-dependent second-order Riccati
equation which can be mapped to Gambier 14 of the Gambier’s minimal list.

Moreover the TDSORE can be shown to arise from a Riccati sequence which may be
introduced as bellow.

Let h(t) be an arbitrary differentiable function and Dg denote the following differential
operator

d
Dp = — + h(t
RI= g (t)

to be called the ‘Riccati differential operator’. Next consider the sequence obtained by
applying such a differential operator to the function z in an iterative way. For example
when

n=1, ]D)Rx—(d—l—h() )x:x'—l—h(t)xQ
n =2, D4z = ( ) x =i 4 3h(t) zd + h2(t) 2° + h(t) 22
n =3, Dz = ( + h(t ) xr =T + 4h(t) xi + 6h%(t) %% + 3h(t) 22 + h3(t) z*
+5h(t) zi + 3h( ) h(t) 2 + h(t) 2
n=4 ( x =% 4 5h(t) 2T + 10h(t) 23 + 15h*(t) x i + 10h?(t)2?%

+10R3(t) 2 + h4( ) 2° + h(t) (9zi + 8i2) + 26h(t) h(t) x%& + Th(t) zi: + 3h*(t)z*
+4h(t )h(t)x + h(t) z + 6R3(t )h( )t
(7.1.4)
and analogous expressions for higher values of n which turn out to be quite lengthy.
The equation

R®(z,... . 2®)y=Dbr =0, k=0,1,... (7.1.5)
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defines a Riccati equation with variable coefficients of order k. Note that R(®)(z) = z, and
the particular Riccati equation R (x,4) = 0 obtained for k = 1 is the standard Riccati
equation but with a variable coefficient h(t),

i+ h(t)2* = 0. (7.1.6)

It is thus obvious that the TDSORE corresponds to the second member of the above
sequence.

To return to the issue of deriving a first integral for the TDSORE we shall make use of
nonlocal transformation [50, 51, 52, 55, 86] to linearize the equation and there after
identify an appropriate first integral. In this process we wish to illustrate the effectiveness
of such transformations. In fact their efficacy will be even more evident when we take up
the case of third-order ODEs. In addition we will also consider a generalization of the
TDSORE and examine its relation with Sugai equation [102].

7.2 Nonholonomic transformations and first integrals
of time dependent second-order Riccati equation

In the previous chapter it was shown that Sundman transformations are often quite useful
for the determination of first integrals of second and higher-order ordinary differential
equations (ODEs), [25, 27, 28]. Such transformations, it will be recalled, are partially
nonlocal in character. Here we shall further generalize the nonlocal character of the
transformation by assuming both the new variables X and T are given by nonlocal
expressions. In this sense they are the complete opposite of point transformations.
Consider a second-order ordinary differential equation

¥=w(t,x, i), (7.2.1)
where w(t, z, ) is linear in & then formally it may be recast as
¥+ f(x,t)d + g(z,t) =0, (7.2.2)

which may be viewed as a kind of time dependent version of the Liénard equation.
suppose we seek a nonlocal transformation of (¢, x) — (7, X) of the form

dX = A(z,t)dx + B(z,t)dt, (7.2.3)

dl' = C(z,t)dx + D(z,t)dt. (7.2.4)
such that the ODE (7.2.2) is transformed to the autonomous linear equation [86]

d>X
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Our first objective is to determine the differentiable functions A, B, C' and D which enable
such a linearization to be made for the particular case of (7.1.2). The nonlocal nature of
the above transformation may be ensured by demanding that

A, #B,, C,+#D,. (7.2.6)

It is obvious that if such a transformation exists then in terms of the new variables we
immediately obtain a first integral

—— = constant. 7.2.7
¥ Ta (7.2.7)
However from (7.2.7) it follows that such a first integral is clearly dependent on time since
when expressed in terms of the original variables z and ¢, it is given by

Az, t) + B(z,t)

I(t,z,7) = C(x,t) + D(x,t)

(7.2.8)

clearly defines a time-dependent first integral of (7.2.2).

The crucial question is whether one can derive a nonlocal transformation which enables
such a first integral to be identified for a given second-order equation. In answer to this
question, we note that if (7.2.8) is indeed a first integral of (7.2.2) then we must have
dl/dt = 0. This in turn leads to the following condition:

Az, t)i + (CA, — AC,)3* + (C(A; + B,) — A(Cy + D,) + DA, — BC,)i*+

where

A(z,t) == Az, t)D(z,t) — B(z,t)C(z,1).

Comparison with (7.2.2) shows that first of all we must have
CA, = AC, which implies C(z,t) = a(t)A(z, 1), (7.2.10)
since there is no term proportional to 43; while the vanishing of the coefficient of 42 implies
C(Ay+ B,) — A(Cy+ D)+ DA, — BC, = 0. (7.2.11)
In view of (7.2.10) we may rewrite A(z,t) as
A(x,t) = A(x,t)(D(x,t) — a(t)B(z,t)).
Next we make a simplifying assumption viz,

D(x,t) == a(t)B(x,t) + b(x,t)A(z,t), sothat A(x,t) = A*(z,t)b(x,t). (7.2.12)
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Here a(t) and b(x,t) are functions to be determined. Under these circumstances (7.2.3) and
(7.2.4) reduce to the following

dX = A(z,t)[dx + S(z, t)dt], (7.2.13)

dT = a(t)A(z,t)[dz + (S(x,t) + g)dt], (7.2.14)

where

S(z,t) :== B(z,t)/A(x,t)
. In view of (7.2.10) and (7.2.12) the condition (7.2.11) simplifies to

i+ b, =0. (7.2.15)
Returning now to (7.2.9) we require the coefficients of & in (7.2.2) to satisfy
Flat) = % (OB, — BC,+ DA, — AD, + DB, — BD,], (7.2.16)
and )
g(a,t) = < [DB,— BDy]. (7.2.17)
Using (7.2.10) and (7.2.12) one can rewrite (7.2.16) as
flz,t) =8, — <2azbf”) S—%, (7.2.18)
while (7.2.17) becomes
gz, t) = S, — (as: bt) s. (7.2.19)

Thus when there exists a function S(x,t) such that (7.2.18) and (7.2.19) are satisfied then
it follows from (7.2.13) and (7.2.14) that there exists a first integral of the form

T+ S

I(t,.ﬁlﬁ,x) = m

(7.2.20)

Before presenting our main result, let us quickly see whether the above procedure works for
the following modified Emden type equation [5, 11].

Example 7.2.1

Notice that if we choose S(z,t) = fz?%, b(x,t) = —kz and a(t) = kt then substitution into
(7.2.18) and (7.2.19) leads to the equation

&+ 3pxi + %2 = 0.
Its associated first integral, by the formula stated in (7.2.20), is
i + B’
T+ fx? —x/t)

I(t,x,i):kt(
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7.2.1 Generalized time-dependent Riccati equation

Since the TDSORE emerges as a truncated version of the Gambier equation we consider
(7.1.3) with minor changes of notation.

— 147 2 —2i  o? 2 2

i= x_+an+ xx'+ﬂx’—n fa—a—x3+(d—aﬁ)$2+(7n——aa)x—ﬁa—U—,

n n n n n nx

. (7.2.21)
Wherefyzg—%z.

If we assume o = 0 and n = 1 then the above system reduces to the generalized
time-dependent Riccati equation or Sugai equation [102]. It is evident that the Sugai
equation includes as special cases the TDSORE for the particular choice § = 0 while the
Gambier V equation, namely

i = =311 + B(t)r — 2* + B(t)z?, (7.2.22)

corresponds to the specific choice n = 1,0 =0, a(t) = —1 and 7 = 0. One of the main
results of this chapter is the following proposition.

Proposition 7.2.1 A time-dependent first integral of the variable coefficient second-order
equation
r2(t) ()

o T) =0 (7.2.23)

i — [3h(t)x 4+ r(t)] + h2 () — [h(t) — h(t)r(t)]z® + M)z + (

is given by the function
T+ S

e d) = TG 19 —an

(7.2.24)

where S(z,t) = (2 —r(t)) £ — h(t)z? and X(t) is given by the Schwarzian derivative
1[a 3a?
A =5 {; - 5—}

Proof: The proof essentially revolves around finding the function S(x,t). Using (7.2.15) to
simplify (7.2.18) it follows that S must satisfy the following:

flz,t) = =(Bh(t)x +1r(t) = S, — (%) S — % (7.2.25)
gz, t) = S, — (QS: bt) s (7.2.26)

where g(z,t) = h2(t)z® — [h(t) — h(t)r(t)]z® + \(t)z + <# — @) x. A particular solution
of (7.2.15) is clearly given by
b(z,t) = —ax, (7.2.27)
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where we have set the constant of integration to be zero. Next we make the following
ansatz for S(z,t), viz
S(x,t) = Sy(t)z® + Si(t)x + So(t).

Upon substitution of this into the right side of (7.2.25) and after equating the coefficients
of the different powers of = we get

So(t) =0, Si(t) = 3 (g - r(t)) and Sy(t) = —h(#),
so that )
S(z,t) = (g - r(t)) g — h(t)a. (7.2.28)

It is easy to verify that this expression for S gives the required form of the function g(z,t)
when substituted in (7.2.26).

Proposition 7.2.1 A time-dependent first integral of the variable coefficient second-order
equation _
i+ 3h(t)zi + h*(t)2® + A(t)z + h(t)z* = 0 (7.2.29)

15 given by the function
T+ S

Ited) = TG 19 —an

(7.2.30)

where S(z,t) = h(t)x* + £x and A(t) is given by the Schwarzian derivative

Proof: The proof follows from the previous proposition by setting r(¢) = 0 and replacing
h(t) — —h(t).

Proposition 7.2.2 If a(t) be such that the function R(t) := d/a satisfies a first-order
Riccati equation then the equation (7.2.29) can be mapped to a standard variable coefficient
second-order Riccati equation.

Proof: The second-order variable coefficient Riccati equation is given by
i 4 3h(t)zi 4+ h2(t)z® + h(t)x? = 0

It is easy to see that when A(f) = 0 then (7.2.29) reduces to a second-order Riccati
equation with variable coefficients. The vanishing of A(t) leads to the first-order Riccati
equation, namely

1
R; — 5R2 =0. (7.2.31)
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In a similar manner it can be shown that a first integral for the Gambier V equation
(7.2.22) is given by

i+ 2
B)(& +a?) — xp(t)*/2
when (3(t) is a solution of the first-order Riccati equation (7.2.31).
It is evident that once a first integral is obtained one can easily read off the nonlocal
transformation from its numerator and denominator respectively in view of (7.2.8).

I(x,2,t) =

In the following section we further illustrate the above procedure by considering the case of
third-order ODEs.

7.3 Nonholonomic Transformations for Third-Order
Differential Equations

The linearization problem in case of third-order ODEs has been studied from the
perspective of point and contact transformations in [30]. However, continuing in the same
spirit as above, we consider here a general third-order differential equation (TODE) of the
form

T+ ag(z,t)i + go(w, )3 + g1 (2, 1)3 + go(w,t) = 0, (7.3.1)

and search for a nonlocal transformation such that it is mapped to the following equation
X"(T) =0, (7.3.2)

(here X’ = 2%, by the nonlocal transformation

dX = A(z,t)dx + B(z,t)dt, dT = H(z,t)dt. (7.3.3)

Note that here we have retained the flavour of the sundman transformation for the
‘time-part’ of the transformation to ensure relative simplification. It is a matter of
straightforward computation to show that the TODE (7.3.1) is mapped to (7.3.2) by the
transformation (7.3.3) provided its coefficients satisfy the following equations:

22t a " am i @, (7.3.4)
A, H,
[ 4_ f— . .
3 — 457 =0, (7.3.5)
Aye  Hy _H, A, H,\?
- —3 43 () =0, (7.3.6)

Azt Hg:t + Bmm Hmz
A H A H
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7—7—1—2 P —2Z q —3ﬁz+ —3F7+627ﬁ—3ﬁngl(l’7t>7

Aw Hy Bs BHy HiA B(Ht)2 HB,  BH,H  H;B
H

B, H.B H,B, B /(H\>
jLnﬁz_gjj432<ﬁ>:%@ﬁ. (7.3.9)

Thus given a TODE so that the explicit form of the coefficients ag(z,t) and ¢; i =0, ..., 2
are known, the set of equations (7.3.4 -7.3.9) constitute an over determined set for the
three unknown functions A, B and H. Therefore, if upon solving the above set of equations
(7.3.4 -7.3.9) one can deduce the functions A, B and H then the linearizing transformation
can be determined and consequently equations of the form (7.3.1) may be linearized to the
free particle equation.

It is obvious that a first integral of (7.3.2) is given by

L(t,x,%,%) = X" = constant. (7.3.10)

The explicit form of the first integral can be immediately worked out from the
transformation (7.3.3) and has the following appearance,

X" HAi+ (HA, — AH,)i* + (HA, — AH,) + (HB, — BH,)) & + (HB, — BH,)] ,

1
==

which may be written as

X" = % [%x + (g)xfc? + <(%)t + <§)I) T+ <§>j = constant. (7.3.11)

Having explained the general idea behind the construction of a linearizing transformation
for an equation of the form (7.3.1), we proceed to the determination of the unknown
functions A, B and H. From (7.3.5), we have

H(x,t) = aft)A¥4, (7.3.12)

where «(t) is an arbitrary function of t. Eliminating H from (7.3.6) leads to the following
equation determining the function A(z,t), namely

A:ca: 3 Ax ?
5 (7) =0, (7.3.13)
which admits the solution 0
~
Alr,t) = ——m——. 7.3.14
S e TO)E (7:3.14)

Here 3 and 7 are arbitrary functions of ¢. Next eliminating H from (7.3.4) we have

BY 1A, (B _14 a0
A) TaAa\4A) 1A ™
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which has the formal solution,

B(x,t) = A3*(z,t) U AV4 (ﬁ + 3% - ao) dx + 5(t)} . (7.3.15)

4A
Note that since «, 3,y and ¢ are arbitrary functions of ¢ we may choose them to be
constants in order to simplify the calculations. Secondly, having completed the
determination of the unknown functions A, B and H involved in our nonlocal
transformation, it remains to examine their compatibility with equations (7.3.7-7.3.9). In
the following we consider the case when the functions «, 3,y and § assume the following
specific values.
Case (i) a=0F=~v=1and =0
With these values one finds that

1 1 B 1

Az, t) = CIaER H(z,t) = @—2p2 A AU

/ AV aq(s, t)ds. (7.3.16)

Consequently from (7.3.7-7.3.9) we arrive at the following relations:

1 A, 3 (A, 1 *
g2<l’,t) = Qop — 5&0 (7) — Z_l (7) |:A1/4 / A1/4a0(3,t)ds} s (7317)
3 (A, 1 r
g1(z,t) = 2ap; — 7 <7> [A1/4/ A1/4a0t(s,t)ds] : (7.3.18)
1 T
go(g;’t) = [m/ A1/4a0tt(s,t)ds] . (7319)

In general requiring the right hand sides of the above equations to match the given values
of g;(x,t),i=0,...,2, may be too stringent a requirement so that alternatively we could
choose to define the g; by these very relations and thereby derive suitable third-order
ODEs admitting the first integrals of the form (7.3.11). Furthermore if we assume

ag(w,t) = h(t) f(z)

and define a function

so that

then the expressions for g; become
go(z,t) = h(t)F(z), (7.3.20)

3F (x)

oIk (7.3.21)

g1, ) = h(t) |2f (x) —
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g2(x,t) = h(t) [f’(:::) -7 2f (_xl S+ 2(32F_(?)2 . (7.3.22)

Note that the explicit form of F'(x) in view of (7.3.16), is given by

Fz) = (2 — 2)1/2 / %d&

Therefore a third-order equation of the form
T+ h(t)f(2)i + [go(z, ) + gi(x, t) + go(x,t)] =0
with go, g1 and go given by the equations (7.3.20-7.3.22) may be linearized to X" = 0 by
the nonholonomic transformation
1

[dz + h(t)F(z)dt], dT = ——dt (7.3.23)

dX = .
2 —x)32

1
PEDE

Its associated first integral may be obtained from (7.3.11) and is then given by the
following expression

I(z,t,2,%) = (2 —2)T + %x'Q + h(t) ((2 —z)F'(x) + @) i+ (2 — 2)F(z)h = constant.

(7.3.24)
Case (i) a=1,y=4and f=56=0
This case is considerably simply because when § = 0 and v = 4 it follows that
A(z,t) = H(z,t) = 1 while from (7.3.15) we have B = [“ ag(s,t)ds = h(t) [* f(s)ds
(assuming ag = h(t) f(x)). Moreover the expressions for g;, as stated above, reduce to the
following:

go(,t) = agy = h(t) f'(x), g1(z,t) = 2hf(x), golx,t) = h/x f(s)ds == hFy(x). (7.3.25)

The explicit nature of the transformation in this case is interesting, since it does not
involve any change in the time coordinate,

dX =dzx + h(t)Fy(z)dt, dT = dt. (7.3.26)
The corresponding first integral is now given by

L(x,t, &, i) = |+ h(t)Fl(x)Z + h(t)Fi(x)| = constant. (7.3.27)
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In this chapter we have computed the first integrals of the time-dependent second-order
Riccati equation and its generalization by using the method of nonholonomic
transformations. It appears that unlike Sundman transformation this method leads to
considerable computational simplification. In the latter half of the chapter we have
calculated the first integral in certain particular cases of suitably defined third-order
nonlinear equation which may be viewed as a kind of generalization of the second-order
Liénard type equation, & + f(x)% 4 g(x) = 0. Although the general class of third-order
equations may not always be amiable to such an analysis the utility of looking for nonlocal
transformations to unearth first integrals can be an interesting and fruitful exercise

In the next chapter we will consider the Jacobi Last Multiplier which was introduced in
Chapter 2 and examine its role in the context of Lagrangian and Hamiltonian dynamics.



Chapter 8

The Jacobi Last Multiplier,
Integrating Factors and the
Lagrangian formulation of differential
equations of the Painlevé-(Gambier
Classification

In section 2.7 we introduced the Jacobi Last Multiplier (JLM) and dwelt on some of its
essential properties. In this chapter we shall describe certain applications of the JLM to
second-order ODEs in the context of Lagrangian dynamics.

In a series of recent papers Leach, Nucci and Tamizhmani (for example, [76, 77, 78, 79] and
references therein) have investigated the relation between integrating factors and the
Hessian. It appears that this connection has a long history, which can be traced to Jacobi’s
attempts to obtain the last multiplier [45, 46]. In 1874 Lie [56, 57] showed that point
symmetries could be used to determine Jacobi’s last multiplier (JLM). The explicit nature
of the relation between the JLM and Hessian was clarified by Rao in a article [60] and is
also mentioned in Whittaker’s book on analytical dynamics [105]. Unlike the Hamiltonian
structure of the six Painlevé equations, which have received much attention [81], the
Lagrangian formulation has not been sufficiently nurtured. In a recent paper Wolf and
Brand [106] proposed Lagrangian for Painlevé VI.

8.1 Lagrangians and the last Multiplier

For a second-order ODE

/"

y' =w(z,y,y), (8.1.1)
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which admits a Lagrangian function L(z,y,y’). The Euler-Lagrange equation states that

d /0L oL
—(=— ) ——=—=0. 8.1.2
dx <8y’ > dy ( )
Expanding the total derivative operator we get
O0?L , 0L 0?’L  OL

_— - — = 1.
Ox0y’ tY Oyoy’ +w8y’2 oy 0 (8.13)

where we have made use of the equation (8.1.1). If we have take a partial derivative with
respect to 3’ then we obtain

KA OAci Rt i O L A ) i By
az\oy?) T ayay TV ay\ay?) T oy ay® T Voy \oy?) T aydy
which implies
0 (0L 0 (0L 0 (0L Ow 0?L
%@@W@%)+@%mepw
Or,
d (0*L ow O*L
~ (= —— 0. 1.4
dx <8y’2> oy oy’* 0 (8.1.4)
A comparison with the equation
M My M
oM, oMy, oMw _, (8.1.5)

ox oy Y’

which is the equation defining the last multiplier M of the equation (8.1.1), then shows
that last multiplier is given by

(8.1.6)

On the other hand, given a system of first order equations

= fk(xvy)v Y= (yby?a yn)7

the JLM is a solution of the equation

dlog M Z O fr
OYr,

It follows that, if a solution of this equation is obtained, then from a knowledge of the JLM
one can construct the Lagrangian function as

Ma%wzj(/M@)+ﬁ@wy+ﬁww. (5.1.7)
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8.2 Lagrangians for the Painlevé-Gambier Equations

A large number of second-order ODEs in the Painlevé-Gambier classification system belong
to the following class of equations, namely

1
i+ 5%:;;2 + ¢yt + B(t,z) = 0. (8.2.1)
Writing this equation in the form
1
i=F(t,x,d)=— 5@@2 + ¢ + B(t,x) ],

the Jacobi Last Multiplier M for (8.2.1) is given by the solution of

d oF

—logM = ———. 8.2.2

T 0 (8.2.2)
In the present case we have

0?L

=52 = OXP [o(t, )] . (8.2.3)
By (8.1.7) we then obtain the Lagrangian as

1

L(t,z, &) = §e¢(t,w)5c2 + fi(t,x)d + fa(t, x). (8.2.4)

To determine the unknown functions, f; and f,, we substitute this Lagrangian into the
Euler-Lagrange equation of motion
d (0L oL
( ) - (8.2.5)

dt \oi) ox
and use (8.2.1) to get
flt - f21’ = €¢B(t7$)

Then making a gauge transformation f; = G, and fo = Gy + f3(t, x) allows us to satisfy
the last equation when

fa(t,x) = —/e¢B(t,x)dw. (8.2.6)
Consequently the final Lagrangian for (8.2.1) assumes the form
2 dG
L(t,z, &) = ed’(t’x)% — /e¢B(t,x)dx + o (8.2.7)

The total derivative term obviously is of little consequence and may safely be discarded.
The conjugate momentum is defined by

oL

p= i e?i and implies & = e ?p.
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This leads to the Hamiltonian

2

H = e_d’% + /€¢B(t,$)d$,

by the usual Legendre transformation. It is clear that the Lagrangian obtained in the
above manner is a non standard one.
One can attempt to bring it closer to the standard form by means of the transformation

y=e"?i or y(t,z) = /e‘f’(t’x)/de. (8.2.8)
We illustrate this by a specific example in the sequel.

Example 8.2.1

The Painlevé-Gambier equation XXI
This equation has the form

i— %ﬁ —32% = 0. (8.2.9)

The Jacobi Last Multiplier is given by M = 2%/ and the corresponding Lagrangian is
ZtQ
Loy = x*3/23 + 2232, (8.2.10)

The associated Hamiltonian Hs; provides a first integral, (i.e.,‘”j% = 0) namely

=2
Hy = x*3/2°% — 9432, (8.2.11)

It is interesting to note that Ls; and Ha; both have a ‘wrong relative sign’. Consider the

transformation

3/4

z—y =4xt/* so that § =23/ (8.2.12)

Under such a transformation the Lagrangian Ls; assumes the more familiar form

Loy (t,y,9) = Bf + (2(y/4)6)} :

but continues to have a 'wrong relative sign’.

8.2.1 Lagrangians of the Painlevé Transcendents

The most interesting of the fifty Painlevé-Gambier equations are those which are not
replaceable by a simpler equation or combination of simpler equations i.e. irreducible and
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serve to define new transcendents. These irreducible six equations are those numbered IV,
IX, XIII, XXXI, XXXIX, and L [44]. It is convenient to tabulate and renumber them,

Pr: & =62+t (8.2.13)
P[] X = 233’3 + xt + «, (8214)
==+ - — —(ax — vzt —— = 2.

111 . ; 7 g T )

Pry: & — - §:U3+4t:c2—|—2(t2—oz)x+é =0 (8.2.16)
A 2 x ’ o
. 1 1 5 1. (x —1)2 B, vz dx(x+1)
Py:i— (= 24 i R
V@ (Qx—l—x_l)w +od { v (a:z:+$)~|—t+ o ;

(8.2.17)

1 /1 1 1 1 1 1
Pyr:i——- |- — ) i? -+ — ' 2.1
vis & 2(x+x—1+x—t)x+(t+t—1+x—t)x (8.2.18)

C@=DE - -1 [ pr at=1)  ott - 1)} _o (8.2.19)

R P} R P
In the following we derive their Lagrangians and Hamiltonians by making use of the Jacobi
Last Multiplier.

The Painlevé I equation

The P; equation may be written as

i —6r* —t=0. (8.2.20)

Comparison with (8.2.1) shows that ¢, = 0 and ¢; = 0 which yields for the last multiplier
M =exp¢ = 1. Then from (8.2.7) we obtain

-2

L= % +22° + at (8.2.21)
and the Hamiltonian as )
Hy = % — 2% — at. (8.2.22)

The Painlevé II equation
The P;; equation may be written as
i —2x% —at—~y=0. (8.2.23)

Comparison with (8.2.1) shows that ¢, = 0 and ¢; = 0 which yields for the last multiplier
M = exp¢ = 1. Then from (8.2.7) we obtain

2t ta?
L= —+ — 4+ — . 8.2.24
I 5 + 5 + 5 + vz ( )
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and the Hamiltonian as

p T tx
H =2 _2 _ = _ 0 2.2
I=9 "9 T T (8:2.25)
The Painlevé III equation
The Pj;; equation may be written as
.o 1., 1
¥— -1+ 7% + B(t,z) =0, (8.2.26)
x

where B(t,z) = —[}(aa? + ) + y2* + 2]. Comparison with (8.2.1) shows that ¢, = —2/z
and ¢, = 1/t which yields for the last multiplier M = exp ¢ = ¢/x?. Then from (8.2.7) we

obtain
t a2 15} y? )
Lir=—— —— 4t = - — 2.2
I = 2 2 + ax - + ( 2 21:2 (8 7)
and the Hamiltonian as
x? p? 15} t [0 9
Hypr = D) + (P - aa:) + 3 (P —x ) : (8.2.28)

The Painlevé IV equation

The Ppy equation may be written as

1
i — gj:Q + B(t,z) =0, (8.2.29)

where

3
B(t,z) = — [5963 + 4tz + 2(t* — o)z + é] :
x

Unlike the previous two Painlevé equations, here we have ¢; = 0 so that the last multiplier
is now time independent. Indeed for the Py equation we have M = 1/z while the
corresponding Lagrangian is

1£.C2 2 2 4 3 3 4
Ly = Y + [fln|z| + (* — a)z” + gtx + rEaE (8.2.30)
x

The associated Hamiltonian is

4 3
Hiy =2 |l + (2 - e + g1 + 2. (3:2:31)
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The Painlevé V equation

The Py equation may be written as

. 1 1 o 1,
— | = - B(t,z) =0 8.2.32
i (2x+$_1>x +odt (t,z) =0, ( )
where ( ¢ ( )
x—1 6. yxr dx(r+1
B(t,z) = — )+ -+ —
(t,x) [ 2 (a;v—l—x)—l—t +—
Following the same procedure as before we obtain for the Jacobi Last Multiplier
t
M=———
x(zr —1)2
and the Lagrangian
t w2 1 6 v tw
Ly=————+ - e -9 . 8.2.33
v x(:c—l)22+t(a$ x) r—1 (x —1)2 ( )
The corresponding Hamiltonian is
r(z—1)72%p* 1 g vy tx
H=——"——— — = ) ) 8.2.34
v t > T\ +x—1+ (x —1)2 ( )

The Painlevé VI equation

The Py equation is perhaps one of the most well-studied equations of the Painlevé class.
It may be written as

1/1 1 1 11 1
iy (bt )2 (F g o) e Bl =0 239
Z

2\ x—-1 z-—t

where
(x—=1)(x—1)

—Blt,e) = 2(t—1)

N | —~

x —1t) gt yt—1) ot(t—1)
[“+P+<x—1>2+ <x—t>2]

In this case we have

1 1 1 1 1 1
%——(;u_ﬁm) and ¢t—(;+t_—1+x_t)

so that the last multiplier is given by

Mot = =1 (8.2.36)
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The Lagrangian for the Py ; equation is found to be

_ tt—1)  z? t(t—1) dG
biltwd) = e —p 2+ / P 3 e A R
Lo i) - —0=D & v 8 v 9 G,

zz—1)(x—-t)2 tt—-1) zit—-1) txz-1) z—t dt
Let p be the conjugate momentum. With
oL t(t—1)
0 z(@—D(@—1t)

p:

the corresponding Hamiltonian is

tt—1)  p? ax g ~y J
A= e e 2 =0 T at=10 a1 a—t (8.2.38)

8.3 Equations of the Liénard type

In a series of interesting papers Chandrasekhar et al have studied many nonlinear
equations of the oscillator type, using an extension of the Prelle-Singer method [8, 9, 10].
We investigate below one such generic equation of the Liénard type,

T+ f(x)t+g(z) =0 (8.3.1)

from the perspective of the Jacobi Last Multiplier.

8.3.1 Lagrangian for second-order equations of Liénard type

From (8.2.2) the last multiplier for the equation (8.3.1) is given by M = exp( [ f(x)dt).
Following [78] we introduce a new variable v by setting

/f =log (v™) (8.3.2)

which implies

v+ af(x)v =0, (8.3.3)

with a being a non zero scalar to be determined. As a result we have

M=v"" (8.3.4)
Indeed, if we can map the original equation, (8.3.1), to the first-order equation (8.3.3) in
terms of the variable v, then a suitable Lagrangian can be easily deduced. It is obvious
that v must be linear in #. In fact it is shown in [78] that such a map exists and is given by

v=i+ L (8.3.5)

af
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provided f and g satisfy the condition

S
From (8.3.4), since M = §?L/01?, we find that

< (2) —a(l-a)f. (8.3.6)

b s a—l)l(l " vt R (8.3.7)

Substituting this into the Euler-Lagrange equation leads to the condition

_d g
flt_me—E (fla_f)7

which may be satisfied by setting f; = G, and f, = G + f3 yielding

_ d g _ g
f3e = %(Gxaf)j f3= Gzaf'
The simple choice G, = 0, i.e., f; =0 gives, f3 =0 and fy = dG/dt. Thus
1 g \7Y" 4G 1
L= - — 0, -, 1. 8.3.8
2—a(l—al) (“w) T 270y (8:3.8)

We can rescale the Lagrangian to get rid of the inconsequential scalar factors and also drop
the total time derivative term to get it into the neater form

g 2—1/«
L= (x + @) . (8.3.9)

This Lagrangian, being invariant under time translation, admits a Noether symmetry with
corresponding conserved quantity or first integral (disregarding overall scalar factors)

1-1/c .
[= (:1: + O%,) %. (8.3.10)
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Example 8.3.1
We consider a generic equation of nonlinear oscillator type given by
i+ (ki + k)@ + (ksz®™ + kyx?™ + ksz) = 0. (8.3.11)

This includes many subcases depending upon the choice of the k;, which are parameters.
The case ¢ = 0 corresponds to a damped harmonic oscillator, while ¢ = 1 corresponds to
the force-free Helmholtz oscillator. Substituting f and g from (8.3.11) into the condition
(8.3.6), we obtain the following equations from the different coefficients of x.

k
a(l—a)=(g+ 1)k—§ (8.3.12)
1
k
a(l—a) = (8.3.13)
k2
kiks(1 — q) + koka(1 + q) = 3a(1 — @)k k3. (8.3.15)
Equating (8.3.12) and (8.3.13) we find that
K2k
=12 8.3.16

Using this value of ¢ in the remaining eqns. (8.3.14) and (8.3.15) while eliminating « by
means of (8.3.13), we get

k
ks = k—Z(kzll@l — koks). (8.3.17)
i
The constant « is determined from the quadratic equation (8.3.13) and is given by
1 Aks
=—|1£4/1—— 8.3.18

where k5 is given in (8.3.17). Given ¢ there exists another relation between the
k; (i=1,...,5) derivable from (8.3.16) and (8.3.17), viz

ey kg
Mg+ 3.1
el s (8.3.19)

Thus of the five parameters k; (i = 1,...,5) only three are independent and to summarize

we have the following relations :
 koks

ky = —= 2

4 o (q+2)
k2K

ks = 23(q+1)
1
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Special cases

When ¢ = 0, we have kiky = 2koks and ks = k3ks/ki. Consequently o = 3 (1 +.,/1— %)

1
and the equation & + (k1 + ko) + (k3 + k4 + ks)z = 0, which is simply the damped
harmonic oscillator, has Lagrangian

2—1/a
I — (:L‘ <k3+l€4+k5)l’) .
Oé(k‘l + kQ)

When ¢ = 1, we have kiky = 3koks and ks = 2k3ks/k? while @ = (1 £ /1 — 8ks/k}). The
Lagrangian for the equation, & + (kyz + ko) + k3(2® + 3ko/kyx? + 2k3 /k?2) = 0 is

k3 2—1/«

From this Lagrangian one can easily compute the conjugate momentum to obtain the
corresponding Hamiltonian.

8.4 A system of second-order coupled equations

The extension of the above technique to a system of second-order ODEs is also possible
under certain conditions. We describe below the formulation as presented in [80]. In the
case of a system of n degrees of freedom the Lagrangian L = L(t,q, ), where

q={q, - ,q.} and ¢ ={qi1, - , ¢} define the generalized coordinates and corresponding
velocities, we may define the ijth Jacobi Last Multiplier by
0*L
’ 94,04, (

It is assumed that the equations of motion:
Gr = wr(t,q,q), k=1,...,n (8.4.2)

are derivable from the Euler-Lagrange equations
d (0L oL
— = |—-—=—=0, j=1,...,n. (8.4.3)
dt 8(]j 8%’

It is evident that the conjugate momenta are

oL
D; 90 pi(t,q.4), J

1,...,n

which implies

dp; _ Op; N~ (.0 Op\ _ OL
i~ o T2 % g T %4, ) " o
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This means

o (0L " (. 0L op; ) oL .
+ - + w - =, :1,...,n. 844
ot (8 > ,; <Qk 0g0g; " Fogoq;)  og S

Differentiating (8.4.4) with respect to ¢; and using the definition of the Last Multiplier
given in (8.4.1) we find

OMij ~~( 0 . 0 = [ Owy, dwy, O*L  O*L
ot —|—; (a—qk(quz]) + a—q.k(wkMZ])> +; <6_%Mk] — a—q,kMZ]> +8qi0cjj — aqzaq] = 0.

(8.4.5)

Interchanging i and j in (8.4.5) we get

oM & (a | 9 > " <8wk D, ) )
+ (@ Mji) + (i My;) |+ My — ——Mj; |+ - = = 0.
gt 2 \ g, M)+ g (M) )+ )\ Mo = oM )+ 5 5~ o

] (8.4.6)

Adding (8.4.5) and (8.4.6) and making use of the fact that M;; = M;; we have

— (g M;; M) M, —M;; | — ——M;; | =0.
> +k§<aqk(qk ”)+aq wi, My )+Z< ( bt o0 k) 5. ”> 0

(8.4.7)
It is evident that M;; satisfies the defining relation (2.7.29) for the JLM whenever
owy, 8wk 3wk
Z ( 20, My + —— 94, ) QZ MZJ for each k£ =1,. (8.4.8)

k=1

A trivial way to ensure this condition is satisfied is to assume the wy’s to be velocity
independent, i.e.,

Ok _ 0 for all kl=1,.
36]1

On the other hand, when i = j, the last two terms in (8.4.5) cancel leaving

k=1 k=1

Here also M;; satisfies (2.7.29) when the last sum of (8.4.9) vanishes, which may be ensured
by choosing the wy’s to be velocity independent. Under these circumstances all the M;;’s
satisfy the equation

OM;; - o . 0
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as they should, provided Owy/0¢; = 0 for all k,j = 1,...,n. With this assumption
equations (8.4.7) and 8.4.10) always admit the solution M;; = constant. The following
examples illustrate how simple choices of M;; can be made to obtain the Lagrangians of
second-order ODEs satisfying the above velocity-independent criterion.

Example 8.4.1

Consider the system
L A . B 1
SUJF;Q(Z//Q?)—;:O? y+Pf<y/x)_E:O'

Here wi(z,y) = —ag(y/z)/z* + N\/2® and wy(z,y) = —Bf(y/x)/x* + u/y?® respectively. On
the other hand «, 6, A and p are arbitrary parameters while g and f are functions with
argument v = y/z. Notice that w; and wy are independent of the velocities. The Jacobi
Last Multiplier for this system is therefore a solution of the equation,

oM | o(Mi) | O(M) | d(Muy) , O(Mu)

=0 8.4.11
o " on oy B B ! (84.11)
and admits constant solutions. We choose them as follows:
My, = My, =0 and M,, = M,, = 1. (8.4.12)
These yield the Lagrangian
1
L= _<i2 + y2> + h’l(t7 I’,y)l’ + h’2(t7 xmy)y + h’3(t7 xmy) (8413>

2

Substitution of this into the Euler-Lagrange equations for x and y gives, upon using the
original equations of motion,

hlt — hgx + wy + (hly — hgx)y =0 (8414)

hgt — hgy + wo + (hgx — hly)ji = 0. (8415)

Equating the coefficients of & and gy respectively we get the following set of equations:

hiy — hey = 0 which implies by = G,, he =G, and (8.4.16)
hlt — hgm +wp = 0 (8417)
hgt — hgy + wo = 0. (8418)

These in turn give
hgx = G:ct —+ w; or h3 = Gt + /wleE + r(y) (8419)
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hsy = Gy +wy or hg =Gy + /wgdy + s(x). (8.4.20)

Consistency for hs requires that
h3zy = h3ya:

and translates into the requirement that w;, = ws,. This imposes the following condition
on the functions f and g which define the second-order system:

%g’(u) +uf'(u) +2f(u) =0, where u= %

One can rewrite this as
«

Bug'(u) + %(uzf(u)) = 0. (8.4.21)

When we use the explicit forms of w; and wy and make use of the last condition, the form

of the functions r(y) and s(x) occurring in (8.4.19) and (8.4.20) may be fixed and the
functional form of hs is found to be

hdtx40==Gt—[i%~%é%-—i(ag@ﬁﬂ-%ﬁgf@ﬂﬂ)}-

Therefore the Lagrangian is given by

dG

- 4.22
o (8.4.22)

1 1
L= 343 = |+ o = (agtufo) + 925 0/)) | +
Again the total derivative term, being of little physical significance in the classical case,
may be safely discarded.

It is interesting to note that the above second-order system, though similar in some respects
to equations of the Ermakov system, is not merely a mathematical artifact. It is similar in
structure to the system studied in [98] in the context of the dynamics of stellar systems.

A similar exercise may be carried out for the following.

Example 8.4.2 (Generalized Van der Waals Potential)

T
F=— (2’)/56' + 7’_3) = w(x,y)

and 7, 0 are parameters. In this case the Lagrangian is given by

1 1 dG
L==(i*+9*) - P+ B - =+ —. 4.2
@+ i) - [t - 1]+ (8.4.23)

Similarly for the
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Example 8.4.3 (Henon-Heiles system)

¥ = —(Az + 2azxy)

j=—(By +az® - By°), (8.4.24)
the Lagrangian is given by
1 x? y> Y3 dG
L(t,z,i) = =(#*+9°) — (A= + B= y— B ) + —. 4.25
() = 500 437 = (4G + BY sty - 0% ) 4+ 5 (8.4.25)

In this chapter we have discussed applications of the Jacobi Last Multiplier for the
deduction of Lagrangian functions for the second-order ODEs of the Painlevé-Gambier
classification. We have specifically deduced the Lagrangians/ Hamiltonians for the six
Painlevé equations as also other prototype equations of the Painlevé-Gambier classification.
In addition we have used the above technique to analyse a particular class of coupled
second-order equations. Besides the well-known Henon-Heiles system we have also obtained
the Lagrangian for a relatively less studied systems occurring in the context of stellar
dynamics. The Lagrangians discussed here are found to admit a Noetherian symmetry,
with an associated first integral, which are the Hamiltonians of the equations concerned.
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Chapter 9

Conclusion

In this work we have focused on a number of features associated with ordinary differential
equations. Foremost among these is the issue of obtaining first integrals for ODEs. To this
end we have exploited several tools such as Darboux polynomials, the Prelle-Singer semi
algorithm and generalised Sundman transformations. Much of our work has also been
devoted to the Painlevé-Gambier class of equations as stated in Ince’s classic text. We also
obtained first integrals for a generalized Raychaudhuri equations which has appeared in
string theory.

We have succeeded in unravelling the relationship between the so called extended
Prelle-Singer method and the adjoint symmetry equation. Thereby setting at rest any
speculation regarding the efficacy of Lie symmetries. In addition we have extended the
analysis of Lie Symmetries by including a chapter on the so called A-symmetries and have
used them to analyse some of the Painlevé-Gambier equations; especially equations III,
VIII, XIX and XXX. Extension to third-order equations have also been considered in a
limited number of cases.

As an extension of the generalised Sundman transformation we have introduced the notion
of nonlocal transformations for both dependent and independent variables and have
demonstrated their applications in the linearization of second and higher-order differential
equations. In the process the problem of obtaining first integrals for such equations have
also been tackled.

The concept of Jacobi’s last multiplier, though it has been in existence for more than a
hundred years, appears not to be too well known to the wider community of Physicists or
Mathematicians. It is hoped that though this work the notion of the Jacobi Last Multiplier
especially its use in the context of Lagrangian dynamics will be appreciated. Besides
focusing its original role in determining the integrability of a system of first-order ODEs we
have also brought to light its relationship with Lie symmetries as well as its role in the
deduction of first integrals. As mentioned earlier the Painlevé-Gambier equations form a
recurring theme of our analysis of ODEs and consequently it is only appropriate that we
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should end this work with a derivation of Lagrangians and Hamiltonians of the six Painlevé
transcendents making use of Jacobi Last multipliers.
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Abstract

In this paper we compute first integrals of nonlinear ordinary differential equations
using the extended Prelle-Singer method, as formulated by Chandrasekar et al in J.
Math. Phys. 47 (2), 023508, (2006). We find a new first integral for the Painlevé-
Gambier XXII equation. We also derive the first integrals of generalized two-dimensional
Kepler system and the Liénard type oscillators.

1 Introduction

The problem of finding first integrals of ordinary differential equations (ODE) has a long
and interesting history which may be traced to the seminal works of Darboux and Lie
in the latter half of the nineteenth century. For an nth-order ODE, a first integral is an
expression involving the independent variable, the dependent variable and its derivatives
to order n — 1. In fact, if r such first integrals are known for an nth-order ODE, then
the latter may be reduced to an (n — r)th-order ODE. The familiar case of a simple
harmonic oscillator, is an example of a second-order ODE with a first integral given by
the mechanical energy. The latter enables us to reduce the problem to solving a first-order
ODE.

Dynamical systems, described by nonlinear oscillators, are a common occurrence in
many areas of physics and the applied sciences. The main difficulty involved in solving

Copyright © 2008 by A Ghose Choudhury, P Guha and B Khanra
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such ODEs is that they are often nonlinear, involve several degrees of freedom, and are
usually coupled to one other in a non-trivial way. Moreover, these equations are generally
non Hamiltonian in nature and describe the time evolution of physical processes which are
usually dissipative in character.

The techniques involved in finding first integrals of systems of one or more ODEs generally
make use of integrating factors, which are functions multiplying each of the ODEs to yield
a first integral.

In 1878 Darboux showed that one can construct an integrating factor (and first in-
tegrals) of a planar polynomial differential system, if there exists a sufficient number of
invariant algebraic curves (real or complex). On the other hand for first-order scalar
ODEs, S. Lie devised a method for constructing an integrating factor from each admitted
point symmetry. Then, after almost a century, a major breakthrough in the construction
of an algorithm for solving first-order ordinary differential equations was put forward by
Prelle and Singer [1] in 1983. The method is a semi algorithmic procedure for solving
nonlinear first-order ordinary differential equations of the form

dy _ P(z,y)

de  Q(z,y)’

when P(z,y) and Q(zx,y) are coprime polynomials. The Prelle-Singer (PS) method pro-
vides the form of the integrating factor when the solution of the associated system of
differential equations is expressible in terms of elementary functions. Their work has been
influential in providing some of the fundamental algebraic results required for the auto-
mated solution of ODEs using computer algebra. An extension of this method provides
the form of an integrating factor when the solution is expressible in terms of Liouvillian
functions. Recently Duarte et al [10, 11] have extended the technique to second-order
ODEs. Essentially, their objective was to look for a wider class of possible integrating
factors. To this end, they succeeded in adding the derivatives of some rational functions,
to the previously known linear combinations of logarithmic derivatives.

(1.1)

Most recently Lakshmanan and his coworkers have generalized and used the extended
Prelle-Singer method to obtain the first integrals and general solutions for a class of non-
linear equations [6, 7, 9]. They have also devised a procedure to construct a transformation
which removes the time-dependent part from the first integral and provides the general
solution by quadrature [8]. This procedure is shown to have a wider applicability through
several examples.

In this paper we use the extended Prelle-Singer method to derive the first integrals
of the Painlevé-Gambier class of ODEs. We derive a new first integral for the Painlevé-
Gambier XXII equation. Using this method we also show how the known first integrals of
a large class of equations, of a specific form, in the Painlevé-Gambier classification may be
deduced. In addition we analyze a Liénard type equation, (second order Riccati equation)
and a generalized two-dimensional Kepler system.

The organization of the paper is as follows. In Section 2 we briefly recollect the basic
results involved in Darboux integrability and give a brief introduction to the Prelle-Singer
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method, including the relevant definitions and results related to PS method. In Section
3, we review the extended PS method, as developed by Chandrasekar et al. In Section
4 we discuss applications of the extended PS method to ODEs of the Painlevé-Gambier
classification. Section 5 contains a discussion on second-order Liénard type equations.
Finally, in Section 6 we briefly consider applications to systems of second-order ODEs and
illustrate it with an example of a generalized two-dimensional Kepler system. We finish
our paper with a modest outlook.

2 Preliminaries

Let us consider planar polynomial differential systems

&= Q(z,y) and y = P(z,y), (2.1)

where P(x,y) = > Pi(z,y),Q(z,y) = >, Qi(x,y) are coprime polynomials in C such
that max {deg P,deg Q} = m and P;(z,y) and Q;(x,y) are homogeneous components of
degree i. This differential system (2.1) may be described either by the vector field

0 1o}
or the differential form
w = Pdx — Qdy.

The corresponding phase flow is given by the solution of the first-order ordinary differential
equation
dy _ P(z,y)

de  Q(z,y)

(2.3)

Definition 2.1. Let U be an open subset of K2. We say that a nonconstant function
I:U — K is a first integral of a vector field D on U, if and only if, D|y(I) = 0.

The tangents to the trajectories of a planar polynomial differential system are defined
everywhere [12]. If f(z,y) = 0 is the equation of an invariant curve, its tangent must
coincide with the tangents of the trajectories. In other words, the gradient to f, Vf =

(—gi, —gi) and (@, P) must be orthogonal over the curve f(z,y) = 0:
. of of
f=I Jr ay)f_o 0

Definition 2.2. An invariant curve f(z,y) = 0 is called an algebraic curve or Darboux
polynomial of degree m when f(z,y) is a polynomial of degree m.

Definition 2.3. Let D be the vector field associated with a differential equation. A
curve f(z,y) = 0 is an invariant algebraic curve if D[f]/f is a polynomial. The latter
polynomial Ay = D[f]/f is usually called the cofactor of the invariant algebraic curve or
Darboux polynomial.
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2.1 Darboux method

The Darboux method of constructing integrating factors and first integrals of planar ODEs,
relies essentially on the existence of invariant algebraic curves (or Darboux polynomials)
[3]. Furthermore, the maximum degree of the invariant algebraic curves is bounded [4].
Suppose the vector field D admits s distinct invariant algebraic curves f; ¢ =1,...,s.
(a) If there are n; € C not all zero, such that

S S
Zni)\fi = 0 then the function H fi" is a first integral of the vector field D. (2.4)
i=1 i=1

(b) If there exists n; € C not all zero, such that

S S
Z ni\y, = —divD then the function H fi'" is an integrating factor of D.  (2.5)
i=1 i=1

These results form the essential content of Darboux integrability.

2.1.1 Extension of the Darboux method

If f,g € Clz,y], then e = exp(%) is an exponential factor of the vector field D of degree d
if D(e)/e is a polynomial of degree at most d — 1. Thus there are two major kinds of first
integrals (1) Rational and (2) Darbouxian = f”(exp(%))“ v, pu e C.

2.2 The Prelle-Singer method

In 1983 Prelle and Singer [1, 2] devised a procedure which could not only determine poly-
nomial first integrals but more importantly could be applied to systems admitting rational
first integrals.

Suppose

z=Q(z,y) and y= P(x,y) (2.6)
is a system of first order ODEs. The vector field associated with this system is
0 0
D=Q—+P—. 2.7
Q5+ Pa, (2.7)

Since this is a first-order ODE, it is integrable on an open subset U of K2, if there exists
a first integral of the system on U.

Definition 2.4. A non zero function, R : U — K, is an integrating factor of a vector field
D on U if and only if D(R) = —div(D)-Ron U.

When an integrating factor is known, we can compute by quadrature, a first integral of
the system up to a constant. Let us therefore assume that, we have identified a sufficient
number of Darboux polynomials f; satisfying

D[fi] = Xifi, (2.8)
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where the \; are cofactors. From (2.5), we have

S R AR ) (29)
Clearly @, and P, are polynomials since () and P are themselves polynomials; and there-
fore it is necessary that f; divides D[f;]. If we manage to find such Darboux polynomials,
then all that remains is to determine the numbers n; such that (2.9) is satisfied. This can
be achieved by equating terms of various orders z®y” on either side and finding a consis-
tent set of values for the n;. The problem lies in determining the f;. The Prelle-Singer
method provides a semi algorithm for determining these whenever there exists a first inte-
gral which is an elementary function. This involves establishing bounds of different orders
on the f;. For example, we start with NV = 1 and assume f = ax + Sy + 7; next we check
for what values of «, 3 and v, f divides D[f]. If we fail to find such an f, we go to the
next level and set N = 2 try f = ax? + 20Bxy + vy> + 6z + ey + p and find a particular
combination which divides D[f] and so on. It is clear that the process is semi algorithmic
by its very nature.

While the Prelle-Singer method allows for the determination of first integrals for many
planar systems, it is not applicable to linear first-order ODEs having exponential inte-
grating factors. In [10, 11] Duarte et al have extended the PS method to include such
situations. Subsequently in a series of papers [6, 8, 9] Chandrasekar et al have uncovered
rational and even non rational first integrals for a large class of oscillator type equations,
by appropriately modifying and also extending the basic idea behind the PS procedure.

3 The Extended Prelle-Singer method

Consider a second-order ODE of the generic form
i+ f(x)t+g(z) =0. (3.1)

In the existing literature such equations are called Lienard type ODEs and include a
number of important physical systems:

L. f(@)=k, g(x)=wiz, = &+ki+wdz=0 damped harmonic oscillator.
2. f(z)=azx, g(r)=p2% = i+axi+Pr3=0 Modified Emden equation.

3. f@) = a+ pz? g@) = —yz+23 = i+ (a+p2?)i— (yx+2%) =0
Duffing Van der Pol oscillator.

4. f(x) = (k129 + ko), g(x) = kgz? ! + kyx?t + Az, where ¢ € R

The last case includes many systems like the anharmonic oscillator force free Helmholtz
and Duffing oscillator as special cases. In [9], the authors have studied this system for ¢ =
arbitrary and deduced a number of new completely integrable cases.
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3.1 Formulation

Let us briefly review the method used by the authors to deduce first integrals of oscillator
type systems under very general conditions [7, 8, 9]. According to these calculations the
equation of motion for the second-order ODE is written in the form:

&= ¢z, ). (3.2)
This may be recast as a system of first order ODEs

i=y, y=0o(y) (3-3)
or as a pair of differential one forms:

Sdx = Sydt (34)

dy = pdt. (3.5)

Here S is an unknown function of z,y which must be determined. Addition of (3.4), (3.5)
leads to
(Sy + ¢)dt = Sdz + dy.

Assuming R to be an integrating factor of this equation we have upon multiplication

R(Sy + ¢)dt — RSdx — Rdy = 0, (3.6)
which implies that if I(¢,z,y) be the corresponding first integral such that

Lidt + Iydx + I,dy = 0

we must have

I, = R(Sy+¢), I, =—RS, I, =—R. (3.7)
The compatibility of these equations requires

Iy = Iy, Itz = Iy and Iy = L. (3.8)

From these conditions it is straightforward to derive the following equations
DIR] = —((RS) + ¢y R), (3.9)

DIRS] = —¢,R. (3.10)

Two subcases may be distinguished,

A: when I; = 0, that is when the system is conservative and

B: when I; # 0 for a non conservative system.

In case of the former, it is easy to see that S = — 2. Therefore one needs to determine
only the unknown function R, which is the required integrating factor. We shall analyze
case A first, since it is somewhat simpler, and postpone a discussion of the latter.



The extended Prelle-Singer method and symmetries 371

For case A, (3.9) simplifies to

D[R] = (g — ¢y) R, (3.11)
with
D = y0, + ¢0,.
Substituting the ansatz
)
R= 3.12
T(w.y) 12

causes (3.11) to simplify further and it reduces to
D[T] = yT, + ¢T, = ¢,T. (3.13)

Let us consider an example to illustrate the method developed thus far.
Example 1: Consider the equation

i+ %wz# + & + B(t,x) = 0.
This is equivalent to the system of equations
=y
5= 0(t,0,y) = — | i + 4+ B(t,2)

so that
¢y = _(wzy + wt) = —DW]

Thus (3.13) becomes D[logT + ¢] = 0 which implies T = Kexp(—1t). Hence R =

L exp(y) = —I, implies I = —%% + %, where K is a numerical constant. On the

other hand I, = —RS implies J'(z) = e¥(—tyy — B(t,x)). Clearly one must have ; = 0
and B(t,z) = B(z) for a time independent first integral. In that case we obtain

1 wa T "
I(:Lyy):fg e ?Jr e’ Bdz| . (3.14)

Such a first integral occurs, therefore for all equations having the generic form
1
i+ 5%:&2 + B(z) =0, (3.15)

and may be a treated as a formula for deriving an time independent first integral.

4 First integrals of Painlevé-Gambier equations

It will be evident that the above method may be applied, in principle to a number of
equations of the Painlevé-Gambier classification. We introduce a slight change of notation,
for easy reference and illustrate this below.
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4.1 Painlevé-Gambier XII equation

Let us consider the Painlevé-Gambier XII equation

1 : 1)
' =~y +ay’ + By’ v+ -

Y Y
Comparison with (3.15) above indicates that %1/@ = —i and hence e¥ = 372, while

B(z,y) = — |ay® + By? + v+ g} Then (3.14) yields the following first integral

y? = ay’ +28y° — 2yy — 0 + K1y

where we have set K1 = —2KI(y,y’). We have checked that all the known z- indepen-
dent first integrals of the Painlevé-Gambier classification [13], can be obtained from (3.14).

It is of interest to know, whether there exists other first integrals, depending perhaps
on the independent variable x, for equations having a first integral given by the above
formula. This brings us actually to a discussion of case B, i.e. (I} # 0) of the previous
section.

4.2 Painlevé-Gambier XXII equation

We illustrate next, the existence of an x dependent first integral for equation XXII of the
Painlevé-Gambier classification:
de _ 3y/2

— = 1. 4.1
dz? 4y (4.1)

A known first integral of this equation is

- y/2 _ 4y

which may be obtained from (3.14).
From (3.9) and (3.10), we have

D[R] = —(S+¢y)R (4.3)
D[RS]| = —¢yR, (4.4)
as a result of our change in notation. Here D = 9, + 40y + ¢0,/ with

3y 2 3
1= —1 =2
1 do(y)y . do(y) 1

¢($ay»y/) = (45)
Closer inspection of equations (4.3) and (4.4) reveals that they are a pair of coupled first
order equations in the variables R and RS respectively. Assuming them to admit rational
solutions of the form

Rzgand RSzS éS:ﬁ, (4.6)

f
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these equations become
gD[f] - fDlgl = —(h+ oy f) - g (4.7)

gD[h] — hD[g] = —¢yf - g. (4.8)

From a leading order analysis of the above equations, assuming f~y'®, h ~ y'7 and g ~ y"®
and with ¢ as in (4.5), it follows that v = e+ 1 with 3 being arbitrary. This suggests the
following ansatz for the 3’ dependence of the functions f, g and h namely:

fy,y) = fo+ fiy + foy/?
h(y, ') = ho + h1y' + hay® + h3y”®,

9. Y) = g0+ 01y + 929" + 939" + quy™. (4.9)

Substituting them into (4.7) and equating different powers of 3’ leads to the set of equa-
tions:

—g0f1 + fog1 = —hogo, (4.10)

goF1 — foG1 = —{(h1 + 260 f0)g0 + hog1 }, (4.11)
—g2f1+g1Fi+goFa+t fagi— [1G1— foGa = —{(ha+2d0 f1)go+(h1+2¢0 fo)g1+hoga}, (4.12)
—g3f1 + g2 F1 + g1F2 + goF3 — foG1 — f1G2 — foGs

= —{(h3 +2¢0f2)g0 + (ha + 20 f1)g1 + (h1 + 2¢0f0)g2 + hog3}, (4.13)
—gaf1 + 9381 + g2 Fo + g1 F3 — foGa — f1G3 — foGa = —{(h3 + 2¢0f2) g1+
(h2 + 2¢0f1)g2 + (h1 + 2¢0f0)g3 + hoga}, (4.14)
g1l + g3Fo + go F3 — foGs — [1Ga — foGs
= —{(h3 +2¢0f2)g2 + (h2 + 2¢0 f1)g3 + (h1 + 2¢0f0) g4}, (4.15)
9aFs + g3 — foGy — f1Gs = —{(hs + 2¢0f2)93 + (h2 + 20 f1) g4}, (4.16)
9afoy — f291y = —h3ga. (4.17)
where
Py = foy —2f2
Fy = fiy + ¢of1
F3 = foy + ¢0.f2 (4.18)
and
G1 = goy — 292,

G2 = g1y + ¢og1 — 393,
G3 = gay + 20092 — 494
G4 = g3y + 3093
G5 = gay + 4094 (4.19)
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On the other hand from (4.8) we obtain the following equations:

—hog1 + goh1 =0, (4.20)
hoGl — goHl = 0, (4.21)
—hag1 + h1G1 + hoGa + goh1 — g1H1 — goHa = ¢oy fogo (4.22)

—hsg1 + haGh + hi1Ga + hoGs + gshi — goH1 — g1 Ha — goH3 = ooy (f190 + fogr), (4.23)
h3G1 + haGa + h1G3 + hoGy + gsh1 — g3 H1—
goHy — g1 Hz — goHy = ¢oy(f290 + fr91 + fog2),

h3Gy + hoGs — gaHs — gsHa = ¢oy(f293 + f194),
h3Gs — gaHy = ¢oy f294,

where

(

(
h3G3 + hoGy + hGs — gsHy — g3H3 — goHy = ¢oy(fag2 + f193 + fog4), (4.26

(

(

Hy = hoy — 2ho,
Hy = hiy + ¢oh1 — 3hs,
Hjz = hay + 2¢hs
Hi = hsy + 3¢ohs. (4.29)

To solve the system of first order coupled PDEs given by (4.10)-(4.17) and (4.20)-(4.28) we
observe that, one can satisfy one half of each set identically, by making a second ansatz,
namely

fodd = GJodd = heven =0. <430)

It then follows that
Hy =H3 =Gy =G4 =0,

and from (4.20) we find
hy = 0. (4.31)

Taking this in to account we are now left with the following equations from the set (4.10)-
(4.17):

9o(foy — 2f2) — fo(goy — 292) = —2¢0 fogo, (4.32)
92(foy — 2/f2) + go(fay + 200f2) — f2(goy — 292) — fo(g2y + 20092 — 494)
= {(hs + 2¢0f2)90 + 20 fog2} (4.33)
94(foy — 2f2) + g2(foy + 200 f2) — fa(g2y + 20092 — 494) — fo(gay + 4d0ga)
= {(h3 +2¢0f2)g2 + 20 foga} (4.34)

9afay — f294y = h3ga4. (4.35)
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On the other hand from the set of equations (4.20)-(4.28), with Ay = 0 we obtain the
following four equations:

3hg = ¢30ny7 (4.36)

h3(goy + 92 — 30090) — gohay = doy(f290 + fog2), (4.37)

h3(gay — g4 — Pog2) — g2hsy = doy(f292 + foga), (4.38)

h3(gay + G0gs) — gahsy = doy f294- (4.39)
Since ¢g = % it follows ¢, = —% and upon rearranging (4.39), we have

h3gay — gahsy = —oga(hs + %)-

Making the assumption that the coefficients of the highest powers of 3 in the expressions
for g, h are constants, say g4 = p and hy = v so that g4y = h3y = 0, one obtains the
following relation determining the coefficient of the 32 in f:

h3z + % =0= fo=—vy. (4.40)
While from (4.36) we obtain
fo= —4yy2, (441)

The remaining equations (4.37) and (4.38) determine the coefficients gg and g2, from
solutions of the following coupled linear equations:

3
Joy = 90 = 292, (4.42)
g ; g2 =4p (4.43)
2y — 592 = &M .
Y 2y

These conditions are consistent with the set of equations (4.32)-(4.35), as may be verified.
Furthermore, the solutions of (4.42) and (4.43) are easy to construct and are given by

g2 = —8uy and go = 169>
Hence we finally obtain

_ 4 12 h 13
pod _zwly+y®) e h_ vt (4.44)

g py?—4y)? [ —vy(dy +y?)

It is now straightforward to obtain the corresponding first integral as

v dap)’
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5 Lienard type equations

We discuss next equations of the form
i+ f(x)t +g(z) =0. (5.1)

Instead of writing this as a system of first-order equations of the usual form

=y
Y= ¢($7y)
where ¢ = —(f(x)y + g(x)), we re-write it as
I/ C)
=TT ) 52)
b= f@, (53)

subject to the condition

% <%> = % <1 - %) f@), r#0,1 (5.4)

Here r is a parameter. In order to determine a first integral for the system (5.2)and (5.3),
we follow the same formulation as outlined in section (3.1) and demand that the one form

1
R[S(v — r%) ~ ~foldt — RSde — Rdv =0, (5.5)
be exact. This means there exists a function I(¢,z,v) such that

I, = RIS(v— rﬁ) _ %fv]
I,=—-RS and I,=-R. (5.6)

If we are interested in a time independent first integral, so that I; = 0, we immediately
obtain

fv
T (v—r%).

From the compatibility of (5.6), using the above expression for S, we have the following
equation for determining the integrating factor R, viz
g

o g9 g (5.8)
g 2
(7"7 — ’U) (/rg — ’U)
f
Next we make the ansatz

R= % (5.9)

S = (5.7)

R, +
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and after inserting it into (5.8), obtain the following equation for determining T'(x,v),

X[T] := <r% - v) ?)_:;C + %g—f = fT. (5.10)
As Chandrasekar et al have shown, it is not necessary to obtain the general solution of
(5.10). Any particular solution of it is sufficient to determine a first integral, when it exists.
In principle this leads to a considerable simplification, which must not be underestimated.
For the problem of determining a particular solution of T', we shall use the technique
of Darboux polynomials. Notice that if f(x) be a polynomial, then in view of (5.4), we
conclude that g/f must also be a polynomial. For the vector field X as defined in (5.10)
we find that

X[hl] = X[U] = %hl (5.11)

and

X[he] = X [% - T((’"r‘_% v] _r - Y fhy. (5.12)
(r-1)

In other words, hy = v and hy = %— =3y are Darboux polynomials of the vector field X

with cofactors A\; = % and Ay = @ f respectively. Consequently, for T'(x,v) = hi*h3?,

we can find rational numbers such that X[T] = fT namely n; = ny = 1. Thus we have
the following particular solution of (5.10):

T(z,v) = v (2 _ =D v> . (5.13)

forr=2)
This completes the determination of the integrating factor R as
rg/f—wv f
I,=—-R=-— and I, = —RS = .
° v/r(rg/f—(r—=1v/(r—2)) ‘ rg/f = (r=1)v/(r = 2)
(5.14)
The corresponding first integral is given by
(r§ - =) ]
I(z,v) =log | ~————~ , 1#0,1,2, (5.15)
v
which essentially means that
(rﬂ _ T_—lv)
f r—2
C(I,U) = T 5 T?é 0,1,2 (516)

is a constant of motion.

Of course one could have obtained this first integral in a much more simpler way, by
observing that (5.10) admits a solution 7" = v". This in turn gives R = (rg/f —v)/v" and
RS = —fv!="/r from which one gets the first integral (5.16).
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5.1 A Liénard type nonlinear oscillator — the second order Riccati equa-
tion

We illustrate the above method with a well known example:

&+ azxi + 2> = 0. (5.17)

Here f(z) = az and g(x) = Bz*. The condition (5.4) gives a quadratic equation for the

parameter r, with solution
1 1
= [1 +/1— 85/012} .
r

If we choose the value of r, then this solution determines a relation between the parameters
a and 3 of the equation; conversely, given the parameters it fixes the value of r . For
example, the choice r = 3 yields 5 = %2. Thus setting o = 3k we have 8 = k% and the
equation becomes

&+ 3kxd + k223 = 0. (5.18)

This particular form is often called the second Riccati equation (and is also the Painlevé-
Gambier equation VI with q(Z)=0 of [13]). Its first integral from (5.16) is

kx? — v

- (5.19)

Cy(z,v) =

v

The phase flow for the equation, under these circumstances, as determined from (5.2) and
(5.3) is

dv  2kzv
de ka2 — 20’
which may be separated by using the above expression for C viz
dv  2kzx 1
— =" = -k’ =K
dz ~ Cpv P

where K5 is an integration constant.
If we desire to express Ci(z,v) in terms of x and the actual velocity %, then we simply
eliminate v using (5.2) to get

) 2 + ka?
Gl d) =G e

which coincides with the results in [5]. In fact it has been shown by Carinena et al that
this first integral plays the role of the Hamiltonian for (5.18).

6 A generalized 2D- Kepler system

In [7], the authors considered a system of second order ODE’s of the generic form

. P . P
r=— = and = £ =
0, o1 =0, b2
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where it is assumed that ¢;(i = 1,2) depend on ¢, z,&,y,y in general. They illustrate the
general procedure and finish off with the following example of the two-dimensional Kepler
problem.

.. x
f=—-——7
(@2 +y?)2
. )
j=—-——"=. (6.1)
(a2 +42)2
Their analysis yielded the following first integrals:
1 1
L=-(#4+9%) - ——e
1= 5 ) T vy
Iy =yi—uay
Iy = iy — a§) — — 2 (6.2)

corresponding to the Hamiltonian, the angular momentum and the Runge Lenz vector
respectively.
We shall consider a system which is similar to this, but of the form:

__ax(@+b)  zgi(ry)
(@ +y?)2 (a2 +12)3
. yBa+ 22 4b)  yga(x,y)
y=- . 3 (6.3)
(22 4 y?)2 (22 +y?)>2
where
g1(z,y) = (x> +b), and ga(z,y) = (322 + 2y + b). (6.4)

As shown in [7], if I be a first integral of the coupled system such that
dI = Lidt + Idx + I,dy + Izdi + Iydy = 0
and if we write the coupled system of equations as:
(¢1 + S12)dt — Side —di =0 (6.5)

(qi)g + Sgy) dt — Sody —dy =0 (66)

then we must have

Iy = Ri(¢1 + S12) + Ro(g2 + S2y)

I, =—RS
I, = —R5S5
Iy =—Ry

I; = —R,. (6.7)
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Here Rj, Ro represent the respective integrating factors of the system of equations (6.5,
6.6). Compatibility of the set of equations (6.7) then yields the following:

R R
D[S] = —¢1. — R_j¢2z + R_jsl(bQi + S1¢1: + S§

D[Ss] = —¢ay — %¢1y + %52¢1z} + Sa¢y + 53
D[R] = (R1¢14 + Ragai + R151)
D[R] = —(Ragay + Ri1¢15 + RaS2)
S1R1y = R1S1y + S2Ra; + R2S2,
Ry, = %(3151)’ Ry = %(3252)
Riy = 2 (RaSh), Row = 2-(RyS1), Ruy = Ras
ot dy
Here D represents the vector field

0 0 0 0 0
D= — r— ) — _ -
ot ar Vg T Mar T2,
The problem is basically to find solutions (particular) satisfying these equations. The
explicit details of how these may be simplified and reduced to a more manageable form
are contained in [7]. For the system (6.3) one particular solution is the following:

) . z(2? +b 322 +2y% +b
Ry =i, Ry=y, 512%, SQZW-
#(2? +y?)2 y(@? +y?)>
With these values of R;,S; (i = 1,2) we obtain the following first integral:

1 2?2 +2y% — b

I(z,y,&,9) = — | 5 (@ + %) + — =
(e,,89) =~ |5 ——

In fact it is easy to verify that this integral is actually the Hamiltonian. However, we

have not yet been able to deduce the analogs of the angular momentum or the Lenz vector
for this case.

(6.8)

7 Conclusion

In this article we have shown how the extended Prelle-Singer (PS) method, as developed
by Lakshmanan and his coworkers, can be used to deduce first integrals of certain special
classes of second order nonlinear ODEs. In particular, we have focused on the Painlevé-
Gambier type ODEs. We have found an additional first integral for the Painlevé-Gambier
XXII equation. This appears to be a new result. Using this method we have also derived a
formula for the first integrals of a particular sub-class of equations of the Painlevé-Gambier
classification. In addition, we have used a novel transformation to analyze the second order
Riccati equation (a special case of the Painlevé-Gambier VI equation). Finally we have



The extended Prelle-Singer method and symmetries 381

applied the extended PS method to derive a first integral, of a modified form of the 2D
Kepler problem, which is an example of a system of second-order ODEs.

It would be interesting to extend the analysis to the third and higher order nonlinear
oscillator equations. Hopefully the proposed method would work for both scalar and mul-
ticomponent equations of arbitrary order. Using the first integrals we expect to study ap-
propriate Lagrangians and Hamiltonians. In fact a quantized description can be developed
using these Hamiltonian forms which can be mapped onto known quantum mechanical toy
models for the damped systems.

Finally we have observed that the method described here for determination of first
integrals is closely related to finding solutions of the adjoint symmetry equation. In our
forthcoming paper we hope to give a detail mapping and an algorithmic formulation for
these class of systems.
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The Darboux integrability method is particularly useful to determine first integrals
of nonplanar autonomous systems of ordinary differential equations, whose associ-
ated vector fields are polynomials. In particular, we obtain first integrals for a
variant of the generalized Raychaudhuri equation, which has appeared in string
inspired modern cosmology. © 2009 American Institute of Physics.
[doi:10.1063/1.3243455]

I. INTRODUCTION

The problem of solving ordinary nonlinear differential equations is a challenging area in
nonlinear dynamics. For a two dimensional system the existence of a first integral completely
determines its phase portrait. It is well known that such systems do not exhibit chaos because of
the Poincaré—Bendixson theorem.' According to this theorem, for a two dimensional system of
ordinary differential equations (ODEs), which is real analytic and defined in a simply connected
domain, any compact limit set of the system is either a fixed point, a cycle, or a union of fixed
points and connections, i.e., a polycycle. In three dimension this is no longer true. In the case of
nonplanar systems, the problem of determining first integrals is a nontrivial task, in general, and
various methods have been introduced for studying the existence of such first integrals. However,
except for some special cases’ there are few known satisfactory general methods for their
determination.”™® In 1878 Darboux’ initiated the theory of planar polynomial differential systems,
and his work provided a link between algebraic geometry and the search of first integrals.g’19 He
demonstrated how to construct first integrals of polynomial vector fields in R? or C2. The extension
of Darboux theory of integrability to polynomial systems in R” and C" (for n=3) was given by
Jouanolou.” This yielded the notion of what is today known as Darboux integrability (cf. Refs. 10
and 11). Research in this area which lies at the crossroads of ODE theory with algebraic geometry
and differential algebra has deep implications for the problem of the center, as well as, for
Hilbert’s 16th problem on limit cycles. In an interesting survey, Schlomiuk'? has described the
early ideas of Darboux and related them to the influential paper of Prelle and Singer.13 Among
other results, Prelle and Singer showed that if a system of differential equations has an elementary
first integral then it must be computable from invariant algebraic curves. In fact, their paper is so
influential that the present version of the updated Darboux integrability is also known as extended
Prelle-Singer method. Nevertheless, it is Darboux integrability that lies at the very heart of the
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notions of Liouville integrability and the Prelle-Singer theorem, which are essentially built on its
foundation.

Lastly, it has to be mentioned that the classical and powerful method of symmetry analysis, as
formulated by Lie, is an important tool for finding solutions of differential equations and includes
various methods for determining first integrals.14 We describe the modified Darboux theory of
integrability for polynomial ODEs in three and more dimensions. We demonstrate in this paper
that the Darboux method of integrability is one of the best known methods for finding first
integrals of polynomial ODEs. Using this theory we study the existence of first integrals for a
generalized Raychaudhuri equation, which has appeared in modern string inspired cosmology.

The organization of the paper is as follows. In Sec. II we discuss the basic definitions,
background, and the Prelle-Singer method. This section is of pedagogical nature, since the meth-
ods of Darboux integrability or the Prelle-Singer technique are not very well known outside the
mathematics community. In Sec. III, we examine a system related to the Raychaudhuri equation;
appropriate for studying kinematics of a deformable media in a two dimensional nonflat space-
time; and obtain the first integrals of this equation.

Il. PRELIMINARIES

Consider a system of two first-order ODEs of the form

dxl

— =X,(t,x1,x),

dr 1(£.x1,x2)

dX2

7:X [, R . 21
dr H(t,x1,%7) (2.1

A solution of (2.1), namely, x,=x,(7),x,=x,(¢), assuming the values x,(0),x,(0) at =1, say,
defines in space a certain curve, which passes through the point Py(zy,x;(0),x,(0)), and is called
an integral curve of the system (2.1).

In geometrical terms the Cauchy problem amounts to finding the integral curve of (2.1)
passing through the given point P,. An alternative interpretation of the solution of (2.1) treats ¢ as
a parameter and x; =x,(1),x,=x,(¢) as the parametric equation of a curve in the x, —x, plane called
the phase plane. The projection of the integral curve on the phase plane then gives the trajectory
of the system. However, while from the integral curve one can define the phase trajectory
uniquely, the converse is not true, in general.

If the right hand side of (2.1) is not explicitly dependent on ¢ then the system is said to be
autonomous; otherwise it is called a nonautonomous system.

Definition 2. 1: A first integral of the system of ODEs,

dx;
dftl=X,-(t,x1,...,xn) i=17"'3n’ (22)
is any nonconstant globally differentiable function ®(t,x,, ... ,x,) that retains a constant value on

any integral curve of the system.
This means its derivative with respect to ¢ vanishes on the solution curves,

dd D dx; P ~
= ——+—=0=D[®]=0, 2.3
dt :; ﬂxidt+z9t = DLe] @3

where D:= 2,X;9/dx;+d/ dt is called the material derivative. For autonomous systems this reduces
to
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> X~ =0, (2.4)

1

where D=2 X;d/dx; is just the vector field associated with the given autonomous system. In many
cases, the determination of a first integral is simplified considerably, by the existence of what are
known as second integrals.

Definition 2.2: A second integral of a vector field D is a C' function, f=f(x,,x,): K" =K
such that D[f]=\f, where A\=\(x,...,x,): K"—=K.

Here K is a field of characteristic zero, and for our purposes may either be R or C. Further-
more, it is appropriate here to introduce the notion of Darboux polynomials, as the determination
of elementary first integrals is intimately connected to their existence.

Definition 2.3: The polynomial second integrals for polynomial vector fields are called Dar-
boux polynomials (monic irreducible polynomials).

Finally one should mention what we mean by elementary first integrals. These are first inte-
grals involving elementary functions only, which for the present purpose may be roughly stated as

follows.
Definition 2.4: A function F(x,,...,x,), € C" is said to be elementary if it belongs to the set S,
which in turn is obtained from rational functions on C¥,k=0,1,..., using a finite series of the

following operations: (a) algebraic operations such as addition, subtraction, multiplication, and
division, (b) solution of algebraic equations, (c) derivations, and (d) exponential and logarithmic
operations.

Note that if in addition we include the operation of integration, then S becomes the set of
Liouvillian function.

A. The Darboux integrability method

Let us consider planar polynomial differential systems,

x=Q(x,y) and y=P(x,y), (2.5)

where P(x,y)=2" P(x,y),0(x,y)=2",0,(x,y) are coprime polynomials in C such that
max{deg P,deg Q}=m and P;(x,y) and Q,(x,y) are homogeneous components of degree i.

The planar differential system (2.5) may alternatively be described by the following vector
field:

J d
D=Q(x,y)—+ P(x,y)—, (2.6)
dx dy
or a differential form

w= Pdx - Qdy.

The corresponding phase-flow being given by the solutions of first-order ODE,

dy P(xy)
dx  O(x,y)
The tangents to the trajectories of a planar polynomial differential system are defined every-
where. If f(x,y)=0 is the equation of an invariant curve, its tangent must coincide with the

tangents of the trajectories. In other words, the gradient to f, Vf=(df/ dx,df/dy), and (Q, P) must
be orthogonal over the curve f(x,y)=0,

S DN A
f_<Qﬁx+Pﬁy)f=0_0'

(2.7)

Downloaded 10 Aug 2010 to 59.160.210.68. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp



102502-4 Choudhury, Guha, and Khanra J. Math. Phys. 50, 102502 (2009)

An invariant curve f(x,y)=0 is called an algebraic curve of degree m when f(x,y) is a
polynomial of degree m.

Let D be the vector field associated with differential equation. A curve f(x,y)=0 is an invari-
ant algebraic curve if D[f]/f is a polynomial. The latter polynomial \;=D[f]/f is usually called
the cofactor of the invariant algebraic curve.

The system (2.5) is integrable on an open subset U of K? (K can be either R or C) if there
exists a nonconstant function I: U— K, called a first integral of the system on U, which remains
constant on all solutions curves (x(¢),y()) of the system contained in U. The formal definition of
a first integral of a vector field is as follows.

Definition 2.5: Let U be an open subset of K?. We say that a nonconstant function /: U — K is
a first integral of a vector field D on U, if and only if D|,(1)=0.

It has been found that the existence of invariant algebraic curves (real or complex) forces the
integrability of a differential system (2.5). This is the essential concept behind Darboux’s theory of
integrability, and arose in course of his analysis of differential equations in the complex projective
plane.

Suppose the vector field admits s distinct invariant algebraic curves f; i=1,...,s.

(a) If there are n; € C not all zero, such that =} n\;=0 then the function II}_,f" is a first
integral of the vector field D.

(b) If there exists n; € C not all zero, such that Z_jn\;=—div D, then II._,f;" is an integrating
factor of D.

Improvements upon the Darboux theory have been attempted by many mathematicians. For
instance, Juanolou studied the existence of rational first integrals for differential systems.9 A
rational first integral is more useful than a Darbouxian one because taking into account it and its
inverse, there is a first integral defined at any point of the plane. Further improvement has been
made by invoking exponential factors. If f,g € C[x,y], we say that e=exp(g/f) is an exponential
factor of the vector field D if D(e)/e is a polynomial of degree at most d— 1. The extension to such
cases is given in Ref. 15.

In view of the above, one may identify two clearly distinguishable classes of first integrals,
namely, the rational ones and those which are Darbouxian, that is, having the following essential
structure f"(exp(h/g))*, where, in general, v, u € C. In the Prelle-Singer method, it is shown that
whenever a vector field D has an elementary first integral, the latter can be computed using only
the invariant algebraic curves. Clearly, these first integrals may be found using the Darboux
approach.

A major step toward the construction of an algorithm for solving first-order ODEs was put
forward by Prelle and Singer.13 In its original form, this method is a semialgorithmic procedure for
solving nonlinear first-order ODEs of the form (2.7), when P(x,y) and Q(x,y) are polynomials,
with coefficients defined on the field of complex numbers. The Prelle and Singer procedure can,
not only determine polynomial first integrals, but more importantly may be applied to systems
admitting even rational first integrals. On the other hand Singer in 1994 showed that for Liouvil-
lian first integrals, their integrating factors are given by Darbouxian functions.'®

Finally, we note that if an integrating factor is known then we can compute by quadrature a
first integral of the system up to a constant.

Definition 2.6: We say that a nonzero function R:U— K is an integrating factor of a vector
field D on U if and only if

D(R) = - div(D) - R

on U.
If R(x,y) be an integrating factor of Eq. (2.7), then clearly

RPdx-RQdy=0 and (RP),=-(RQ),, (2.8)

where the subscripts denote partial derivatives. The latter may be written as
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D[R] =(Qd, + Pd,)[R]=-div(Q,P)R=-(Q,+ P,)R. (2.9)

Prelle-Singer then show that if the ODE has an elementary first integral then it may be written in
the following form:

R:Hﬁ.’f, (2.10)

where f; are Darboux polynomials and n; are rational numbers.
If we can identify a sufficient number of Darboux polynomials f; satisfying

Dlf]=N\f, (2.11)

where \; are suitable polynomials, then

% .S nl_D[f,-] = (0.4 P). (2.12)

i fi

Clearly Q,, P, are polynomials since Q, P are themselves polynomials; and therefore it is neces-
sary that f; divides D[f;]. If we manage to find such Darboux polynomials, then all that remains is
to determine the numbers n; such that (2.12) is satisfied. This can be achieved by equating terms
of various orders x*y® on either side and finding a consistent set of values of the 7,’s. The problem
lies in determining the f;’s, and the Prelle—Singer method provides a semialgorithm for determin-
ing these, whenever there exists a first integral which is an elementary function. This involves
establishing bounds of different orders on the f;’s. For example, we start with N=1 and assume
f=ax+ By+y; next we check for what values of «, 8 and v, f divides D[f]. If we fail to find such
an f, we go to the next level and set N=2, try f=ax?+28xy+yy*>+ dx+ey+ u and find a particular
combination which divides D[f], and so on. It is clear that the process is semialgorithmic by its
very nature.
One should point out that in the event

D[R]=0, (2.13)

then it is obvious that R is itself a first integral, since the equation is then exact.

lll. THE GENERALIZED RAYCHAUDHURI EQUATION IN A TWO DIMENSIONAL
DEFORMABLE MEDIA AND ITS FIRST INTEGRALS

Having explained the general procedure, we present the main result of this communication. In
the study of spatially homogenous perfect fluid models in general relativity the relevant equations
usually appear as a system of coupled ODEs. When expressed in terms of expansion-normalized
variables these equations admit a symmetry which allows the equation for time evolution of
expansion 6 to decouple leading to the Raychaudhuri equation.]7

In Ref. 18 the authors have considered geodesic flows on the surface of a deformable media
and have deduced how the expansion, shear, and rotation of such flows evolve with time. The
deformations of the media (at least locally) may be characterized in terms of time evolution of a
deformation vector (6,0,w), where 6, o, and w represent the expansion (E), shear (S), and
rotation (R), respectively. The kinematics can be quantified in terms of these (ESR) variables and
leads to the generalized Raychaudhuri equation for a two dimensional curved surface of constant
curvature. When the exact solutions of the geodesic equations are used in them, one is led to the
following system, after suitable relabeling of the variables involved [see Egs. (2.20)-(2.23) of Ref.
18]:

)é+%x2+ax+2(y2+z2—t2)+2,3=0, 3.1)

y+(a+x)y+y=0, (3.2)
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i+ (a+x)z+6=0, (3.3)

i+ (a+x)t=0. (3.4)

One must not interpret ¢ here as the time, it is simply at par with variables x,y,z. However x,y,
etc., stand for the derivative of these variables with respect to the appropriate “temporal variable”
relevant to the model. Thus from a mathematical point of view the above equations form a
nonplanar dynamical system. Note that «, 3, y, and J are suitable parameters of the model.

The vector field D is given by

-D= <%x2+wc+2(y2+z2—t2)+2,3)(9%+((a+x)y+ y)%+((a+x)z+ 5)§Z+((a+x)t)%.

It can be easily verified that with f,=—(5/y)y+z we have

DD‘,]:D[— iy+z] =—(a+x)f;, so that \\=—(a+x). (3.5)

Similarly we find f,=¢ to be another Darboux polynomial whose associated eigenpolynomial is
again A\,=—(a+x)=\,. Consequently the exactness condition D[R]=0 which implies =7n,\;=0
leads to (a+x)(n,+n,)=0 or n,=—n,. Making the choice n;=—1 we obtain a first integral given by

Il(x’y’z’t)=<5t)~ (36)

- —y+z
Y

A. Additional new first integrals

On the other hand for the following specific choice of the parameters y= =0 one finds the
following Darboux polynomials:

Dlgl=-(a+x)gi(i=1,2,3) with g,=y, g,=z, g3=t, (3.7)
and
Dlgy]=D[Z?+ 1 +zt] = - 2(a+x) (> + > + z1). (3.8)

Hence, the exactness condition D[R]=0 implies

Enik,«=0=>(n1+n2+n3+2n4)(a+x)=0. (3.9)

1

Choosing ny=n,=1 and n3=-1 ,n4=—% we get another first integral of the form

yz
1= m (3.10)

It will be noticed that all the above first integrals are independent of the variable x. To get a first
integral explicitly dependent on x,y,z,?, we notice that when all the parameters a=8=7y=05=0
then the following Darboux polynomial depending on x is obtainable

-Dlg]:= —D[y2 N ixz] =)c(y2 N %xz), (3.11)

with associated eigenpolynomial given by \;=-x. In addition the following are Darboux polyno-
mials of degree of 2:

- D[g,] = — D[zt] = 2xg, = Ny = - 2x,

Downloaded 10 Aug 2010 to 59.160.210.68. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp



102502-7 First integrals of Raychaudhuri equation J. Math. Phys. 50, 102502 (2009)
—D[g3]:=—D[yz]=2xg3 = \3=—2x,

- D[g4] =~ D[yt] =2xg4= Ny =~ 2x. (3.12)

The exactness condition,

E n,-)\,» =0 lmplles - x[nl + 2(1’!2 +ns+ n4)]

1

0,

which may then be satisfied by the following choice n2=n3=n4=—% and n;=3, leading to the
rational first integral,

1 )*
2, 2_2 2
+7 =t - —x
y+z 2

I(x,y,z,1) = . (3.13)
yzt

B. Derivation of first integrals of two dimensional variant of generalized
Raychaudhuri’s equation: The traditional approach

Recently Grammaticos (we are grateful to Basil Grammaticos for communicating this to us)
gave a simple method to compute the first integral of the generalized Raychaudhuri’s equation by
direct manipulations of the generalized system of Egs. (3.1)—(3.4). First of all we translate x so as
to put « to zero (this only changes the value of B). Next a scaling of y and z brings y and &to 1.
Of course this changes the equation for X which is not so significant. Therefore, one arrives at

y+xy+1=0, Z+xz+1=0. (3.14)

It is clear that we must introduce the sum and difference u=(y+z)/2 and w=y—z to obtain

u+xu+1=0 and w+xw=0. (3.15)

Since we also have

i+xt=0, (3.16)

it is obvious that the difference of logarithmic derivatives of w and ¢ is zero and thus the invariant
is

I=tlw.

In fact, it is interesting to note that the invariants (3.10) and (3.13) may also be obtained in a
similar fashion. For instance, when a=y=0=0, then y/z,y/t are invariants and the first integral
given in Eq. (3.10) is nothing but a combination of these two invariants, as can be easily verified.
But when in addition 8=0, setting z=Ay and 7=y, where \,u are constants, the system of Egs.
(3.1)—(3.4) reduces to the following:

X+ 32 4cy? =0, (3.17)

y+xy=0. (3.18)

Here the constants \,u have been lumped into an overall constant c. One can use (3.18) to
eliminate the variable x from (3.17) and get

. 3/ 2
_X+7(X) +ey2=0, (3.19)
y 2\y

which by the transformation w=1/y and the choice czé, may be written in the canonical form,
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R |
w——+—=0. (3.20)
2w 2w

This is Eq. (32) in Ince® and the invariant is K=1%—1/w% Going back to the original variables
we find K=x?/y?>~y?. The invariant given by (3.13) is just a combination of K and the two
previous invariants viz y/z,y/t.

IV. CONCLUSION

In this paper we have illustrated how the Darboux theory of integrability may be used to
determine the first integrals of the generalized Raychaudhuri equation. This is a powerful method
and is likely to be of use to a wider audience of physicists and other researchers especially for
those working with systems of ODEs, regardless of any specific fields.
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Abstract

We consider the role of the adjoint equation in determining explicit integrating
factors and first integrals of nonlinear ODEs. In Chandrasekar et al (2006
J. Math. Phys. 47 023508), the authors have used an extended version of the
Prelle—Singer method for a class of nonlinear ODEs of the oscillator type.
In particular, we show that their method actually involves finding a solution
of the adjoint symmetry equation. Next, we consider a coupled second-order
nonlinear ODE system and derive the corresponding coupled adjoint equations.
We illustrate how the coupled adjoint equations can be solved to arrive at a first
integral.

PACS numbers: 02.40.Yy, 02.30.Hq
Mathematics Subject Classification: 58F05, 70H35

1. Introduction

The study of nonlinear ordinary differential equations (ODEs) has been an ongoing endeavor
for well over two centuries now, with significant contributions from many of the greatest
mathematicians of all times such as Euler, Lie, Painlevé, Poincaré to mention just a few. Their
contributions have ranged from finding explicit solutions of ODEs, to developing general
methods of classifications, to a qualitative analysis of their solutions etc. These in turn have
often led to the opening up of entirely new branches of study in algebra, topology, geometry
and have shed new light on several physical phenomena.

Over the years many techniques have been developed to obtain exact solutions of various
kinds of ODEs. However, there does not exist any single common method for obtaining their
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solutions. Nevertheless, the apparently different techniques share one common feature: they
somehow tend to exploit the symmetries of ODEs. Consequently, symmetry analysis of ODEs
has become one of the most powerful tools for analyzing them.The foundations of this method
are contained in the works of Sophus Lie [1, 2].

It is also well known that the existence of a sufficient number of first integrals greatly
simplifies the process of solving any ODE. Having said this, it is not always quite obvious what
these first integrals are. Indeed, their determination is, in general, a non-trivial task. In the case
of conservative mechanical systems, one often has just a single first integral—the energy. In
this context, the semi-algorithmic procedure developed by Prelle and Singer deserves mention
[4]. In its original version it applied to first-order ODEs involving rational functions with
coefficients belonging to the field of complex numbers C. Subsequently their method, which
involved the use of Darboux polynomials, was extended by Singer to include Liouvillian first
integrals [14], by Duarte et al [5, 6] and also by Man and MacCullum [13]. Chandrasekhar
et al have also extended the analysis in a series of papers [7-9].

Even though systematic techniques for solving nonlinear ODEs can be traced to the
seminal works of Lie, certain aspects of the subject appear to have lain dormant for over a
century. Notable among these is the notion of their linearization. Of late it has received renewed
attention and notable progress has been made in this regard. In fact, Chandrasekar et al have
recently proposed an extended Prelle—Singer method, based on generalized transformations,
to linearize a class of equations that cannot be linearized by invertible point transformations
[7].

In this paper we show how the extended Prelle-Singer method as proposed by
Chandrasekar et al may be incorporated into the existing adjoint symmetry equation method.
Essentially, as their method deals with a pair of first-order equations, in the variables R and
S (to be called the RS-pair), these can be combined to obtain the corresponding second-order
adjoint symmetry equation.

It is natural to enquire if similar analogs/correspondences may be identified between
the adjoint equation method and the RS-pair method for coupled second-order systems. The
answer is affirmative. In fact, by using a coupled version of the adjoint symmetry equation,
we derive the first integral for a relatively new system [12], which has appeared in connection
with stellar dynamics.

This paper is organized as follows. In section 2 we recall certain standard results
concerning the solution of ODEs by using first integrals, and introduce the linearized symmetry
equation, for determining the Lie point symmetry generators. Section 3 reviews the extended
Prelle—Singer method as outlined in [8, 9] and contains a derivation of the adjoint symmetry
equation, based on this approach. We illustrate the relative advantages of these methods with
a few simple examples. Section 4 is dedicated to coupled second-order ODE:s.

2. Preliminaries

Consider an nth-order ODE in the normal form

k
w_ 4y
= 5
Corresponding to this ODE, there exists an equivalent first-order partial differential equation
(PDE) in (n + 1) variables [3, 10, 11],

f)f = (0, + y’8y + y”ayr +---+ way(nfn)f =0, (2.2)

Yy =wx,y,y, ...,y where y 2.1

in which the quantities y’, y”. .. are treated as independent variables at par with x, y.

2
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Their equivalence is provided by the first integrals of (2.1). By definition a first integral is

a global function I = I'(x,y,y’, ..., y(”_l)) that is constant along the solutions of (2.1), i.e.,

dl  ~

a = DI = Ix+y/Iy+y//Iyr+--~+w1y(n—1) =0. (2.3)
Having determined a first integral, say I = I (x, y, Y/, ..., y(”_l)) = Iy, one can invert it to
obtain

YO =wi(x,y, v,y )

provided Iyw-1 # 0. This shows that the existence of a first integral allows for the reduction
in the order of the differential equation by 1. Furthermore, it is evident that every first integral
is a solution of the linear PDE (2.2) and conversely.

Let us assume ¢“ (¢ = 1, ..., n) denote a set of n functionally independent solutions of
(2.1)/(2.2). Since each ¢ is a first integral, one has
¢ (x,y, ¥y, ...,y =19, a=1,2,...,n. (2.4)

Consequently, by eliminating all derivatives from (2.4) one arrives at the general solution of
(2.1) in the form
L7l
y =y(x,IO,...,15’),
the I§’s being essentially constants of integration.

As mentioned earlier, the determination of even a single first integral is in most cases a
non-trivial task; hence while in principle the above procedure is fine, its practical application
is often a daunting task, to say the least.

It is also well known that symmetries play a crucial role in the solutions of differential
equations. In fact much of the existing literature on symmetries of ODEs is restricted to what

are known as Lie point symmetries. The differential equation (2.1)/(2.2) is said to admit a
Lie point symmetry with generator

(M ®) o _ Y o dE
X =8, y)0+n(x,y)dy+n "0y +---+n" 0w, where 7" = ——— —y"—,
’ ’ ’ dx dx
if
X, D] =gD (2.5)
holds. Here, g = g(x, v, V', ..., y"™ D) is some function and n”’s denote the prolongations

of the vector field (infinitesimal generators) X® = &(x, y)d, + n(x, y)dy. For an nth-order
ODE (2.1) the infinitesimal symmetry generators, when they exist, are determined from the
linearized symmetry condition,

n(l’l) — wa + nwy + n(l)wy, 4.+ n("_])wy(,,,l), (26)

when (2.1) holds [11]. In terms of the characteristic, Q := n — y’&, this condition may be
written as

D"Q —wyw D"V~ . —w,DQ —w,Q =0. 2.7)

For example when y” = w(x, y, y’), the linearized symmetry condition is a second-order
linear PDE

D*Q —w,DQ —w,Q =0 (2.8)
with vector field

D=2a+ Yoy +w(x, y, y)oy.
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3. Adjoint symmetries and integrating factors

The following equation is known as the adjoint of the linearized symmetry condition (2.7),
and its solutions are usually called the adjoint symmetries
D"A+ D" Y (wyuvA) — D" 2wy a A) + -+ (=) Twy,A =0, (3.1)

It must be stressed however that these solutions are neither symmetries nor generators of
symmetries, and it is more appropriate to call a solution a cocharacteristic [11]. A systematic
procedure for finding the solutions of (3.1) is to use an ansatz for A, for example, to assume
that they are independent of y"*~! or to even assume a suitable rational structure.

3.1. Review of the extended Prelle—Singer method

Let us consider once again the equation

Y =wx,y,y, ...,y (3.2)
together with the base one-forms dx, (dy — y'dx), ..., (dy”~" — wdx). The null form
obtained by multiplying all but the first one-form by functions S;(x, y, y’, ..., y"~") where
i =0,...,n — 1 and demanding that after addition the resultant one-form be exact is

—(Soy' + 81y 4+ 80y Y+ S, jw) dx
+(Sody +S1dy + -+ S,n dy(nfz) +S,_ dy("*l))

=dl(x,y,y,....y" D)y =0. (3.3)

This implies
Lo=—(Soy + S0y + -+ 8,0y 2 +wS,_)) (3.4)
I, = So, Iy =S8, ..., Loy = S,_1. (3.5)

Clearly [ is a first integral of the equation (3.2), provided it satisfies the integrability
criteria

Liyor = Loy, j=0,...,n—1, (3.6)

Iymy(m = Iy(mym, 0<j<k<<n—1. (3.7)

The vector field associated with (3.2) is

~ 0 , 0 0
D=—+y—+-- +tw——-, (3.8)
ox dy ayr—D
in terms of which the integrability conditions (3.6) may be expressed as follows:

—DISy 1] = (WyonSy_1 + Sy 2) (3.9)
—DI[Sy—2] = (Wyn-2S,_1 + S,_3) (3.10)
—DI[S$:] = (wy Sy + S0) (3.11)
—D[So] = wyS,_1. (3.12)
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The remaining integrability conditions (3.7) are all satisfied if

08— aS;
i S’ 0<j<n—2. (3.13)
8y(]) ay(”_l)
Our primary interest is to know S,,_, since the remaining ones can be determined algebraically
from (3.9)—(3.12) in a recursive manner. Eliminating the S;’s by successively applying the

vector field D to (3.9) and using the remaining ones, we obtain finally
D"[S,—11+ D" [wyo18,11 — D" [wyusS,_ 11+ +(=1)""'w,S,_; = 0. (3.14)

But this is precisely the adjoint equation corresponding to the linearized symmetry
equation (3.1), [11]. Thus the integrating factors of (2.1) are just the solutions of (3.14),
which fulfil the integrability criteria stated in (3.13). Consequently, determination of the
integrating factor S,_; of (3.2) is basically equivalent to finding a solution of this equation.
(The connection with the notation used in [9] is established by the following substitutions:
S; — RS;41,¥Vj =0,...,n—3andS,_; — R.). The usual procedure to tackle such
PDE:s is to make an ansatz for S,_;, for example assuming it to be a polynomial in y"~" of
some suitable degree, and then obtaining its coefficients in a recursive manner. In their works,
Chandrasekar ef al have made a very interesting ansatz, in which they assumed a rational form
for S,,—1. As aconsequence, instead of solving the adjoint equation directly, they solved the set
(3.9)—(3.12) of first-order equations by making appropriate ansitze for the S;’s. Suppose A’
be the solution(s) of the adjoint equation. Setting S,_; = A’ one can calculate the remaining
S;’s in a recursive manner and check if (3.13) holds. In the event such an integrating factor
exists and satisfies the integrability condition, its associated first integral may be obtained from
the relation

I'= / Si(dy — y' dx) +Si(dy —y"dx)+--- 8" (dy™ " —wdx). (3.15)

Essentially, therefore, one can choose to either solve the adjoint equation directly and
obtain S,_; through some suitable ansitze or make suitable ansitze for the S;’s and solve
a set of n first-order PDEs. In general the former involves solving a single higher order
equation, while the latter involves solving a system of first-order linear PDEs. It appears from
the works [7-9] that the latter is much easier to implement, as far as practical computations
are concerned. In the following, we illustrate these points with examples of second-order
equations.

3.2. Some illustrative examples

Example 1. " = w(x,y,y) = 31_/2 + >;

Here the system of coupled first-order PDEs for the unknown functions Sy, S is:

DS; = —(wy i + So) (3.16)
DSy = —w, S, (3.17)

where D = 3, + ¥’y + wd,; the integrability condition is simply
Sty = Soy. (3.18)
The adjoint equation is

D28, + D(wy S1) — wyS; = 0. (3.19)
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Assuming A = S to be a solution of (3.19) independent of y’, we have upon equating the
coefficients of different powers of y’ the following set of equations:

I5A +9yA, +y*A,, =0
BA+3xAc+yAy+xyA,, =0
—A+xAy+x2A =0.

Their structure suggests an ansatz of the form A = x*y#. One can verify that this leads to
three solutions, namely,

1 _ X 2 _ 1 d 3 _ 1
A (x’)’)— 3 A (x,)’)— 3 an A (X,Y)— 5°
y Xy Xy

However, only A' and A? are acceptable, as the other does not satisfy the integrability criterion.
The results are summarized below along with the respective first integrals:

X x (2 3y xy +
@) A1=Sll=—3, Sé=——3 <—+—y>, with Il(x,y,y/)z y3y
y yoAX y y
1 3y’ /
(i) N=S=—, @ S=-2, with P(x,y,y) = .
Xy Xy Xy

The first integral 1> was obtained by Duarte et al in [5]. But for some reason the other one
was not mentioned.

Example 2. In this example we study the equation
y” = W(.X, Y, y/) = _(kyy/ +)\'y)a

where k, A are constants, which represents a damped harmonic oscillator. As before one has
to solve the adjoint symmetry equation (3.1) for n = 2, namely,

(Wyy + Y Wyy + Wwyy — WA+ Wy Ay + (W + Y wy) Ay + (wy + 2wwy + y'wy)Ay
+ A +2Y Ay + Y2 Ay + 20A 1y + 2wy Ayy + W Ayy = 0.

Solving this PDE is a rather daunting task even when w(x, y, y’) is fairly simple. It is therefore
natural to make certain simplifying assumptions regarding the functional dependence of A.
For instance one can begin by assuming A to be independent of a particular variable, say x,
and see if that leads to a more manageable form of the adjoint equation. Alternatively, one
may at the very outset assume that A depends on any one of the three variables x, y or y'.
The choice of procedure to be adopted is one of sheer convenience. We illustrate this by first
making the simplifying assumption A, = 0, which leads to

(Wyy + Y Wyy + Wwyy — WA+ (W + Y wy)Ay + (W + 20wy + Y wy) Ay
+Y2 Ay + 2wy Ay + WAy = 0.
This is a linear parabolic PDE. Since w = —(kyy’ + Ly) we have
wy = wyy =0, wy = —ky, wy = —(ky + 1) and Wy = —k.

As solving this PDE is still rather formidable, let us further assume A, = 0. In other words
A is just a function of y” and our equation simplifies further to

(Wyy + Y Wyy + Wwyy — wy)A + (wy + 2wwy + Y wy)Ay + szy,y, =0.

Plugging in the expressions for partial derivatives of w and equating the coefficients of different
powers of y then leads to the following set of equations:

(ky"+ 0y Ay = LA
ANy + (kY +3)Ayy =0,
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These equations admit the particular solution A'(y") = ﬁ and one finds with Sl1 =
Al = m that S5 = y. The integrability condition ], = S, is trivially satisfied and the

corresponding first integral is
1
2

Note that this first integral is independent of x by construction. For such first integrals, the
method devised by Chandrasekar et al allows us to determine the form of Sy a priori. We
dwell on this aspect in the following section.

1 AN 2 A /
I'(x,y,y)=y+zky —%log(ky +1).

3.3. First integrals independent of a particular coordinate

In this subsection, we shall discuss the issue of first integrals independent of a particular
coordinate. This usually leads to a reduction of the order of the equation, as will be explained
below. The general ideas contained here will be illustrated with a specific example of a generic
second-order ODE of the Liénard type.

An interesting feature occurs when the first integral is independent of a particular variable,
say x, i.e., I, = 0. Then, in general, (3.4) implies

1
S() = ——/(y”Sl + .-+ Sn_zy(nil) + Sn_lw),
y

which enables us to eliminate Sy, and causes a reduction in the order of the equations for
determining the integrating factor. For instance in the case of a second-order ODE, we have
Soy’ + wS; = 0, leading to Sy = —%Sl. As a result, one is left with a first-order PDE for
determining S;, namely,

D(S)) = — <wy/ - %) S (3.20)

On the other hand, for a third-order equation, we have
y”S 1+ wSz
yoo
Elimination of Sy from the system of equations (3.9)—(3.12) with n = 3 then requires us to
solve for S| and S, from the coupled system:

DIS:] = —(wy Sy + 1)

~ w y//
D[$i] = — ((wy, - —,> S, — —/Sl) :
y y

This in turn leads to the following second-order equation for the integrating factor S,:

So=—

4 "
2 > Yy 5 w Y
D™S+ D(wy$) — =DSH — | wy — = |+ Swy ¢ S =0. (3.21)
y ’ y
Thus the absence of one ‘coordinate’ in a first integral causes only marginal simplification,
namely a reduction, by one, in the order of the equation to be solved for the integrating factor.
Nevertheless this is extremely useful for second-order equations y” = w(x, y, y'), since one
is then required to solve a single first-order linear PDE for the integrating factor S;. This fact
was exploited in [7, 8]. Although in general for n > 3, the existence of an x independent first
integral may not always lead to a substantial reduction of computational labor; nevertheless
it is instructive to look into the RS method more carefully, as it has proved to be immensely

7
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successful in determining first integrals of many highly nonlinear oscillator-type systems.
Generally, for equations of the generic form y” = — f1(y)y" — fo(y), (3.20) reduces to

Bs, = -1,
The solution S| of example 2 suggests the ansatz S; = ﬁ with the consequence
~. _DO) V= fo)
DS =———=—Dh=— .
T h h

Therefore, the problem now reduces to a determination of the function A(y, y') from the
following relation (since D(y’) = w):
YD) = (w+ fo)h = = fi(»)y'h

D) = —fiyh.
The resulting PDE for 4 is explicitly given by

Yhy+(=fiy' = fohy = = fiy'h.
For fi = ky and fy = Ay, assuming furthermore that % is independent of y, we obtain
h(y") = C(ky’ + )). Thus once again we get the solutions, setting constant C = 1,

/

_ Y
Cky' + )
which satisfy the integrability criterion.

As pointed out in [9], it is often more convenient to modify the ansatz for S; to S
to handle more complicated situations.

For generic equations of the form (Liénard type)

yi==1my — fo»)
with this ansatz for Sy, (3.22) is modified to
rD(h) = — fi(y)h. (3.23)

Assuming h(y, y') = A(y) + B(y)y' + C(y)y', substitution into (3.23) leads to the following
set of equations for determining the unknown functions A, B, C upon equating coefficients of
different powers of y’:

Cy = O, rBy = (er() — f])C, rAy = (rf() — fl)B — 2rCf1 and rf()B = flA.
(3.24)

(3.22)

S and So =1y,

= —y/
h(y,y)"

Suppose

foy) =ay* and  fi(y) =",
where A, u are parameters and £, 1 are constants. We obtain the following solutions for C, B
and A:

Qr—1
Cy) =y, rB(y) = WTW' +P
2Ary Q2r — Duy B
A — 27 g+ | =7 2+l o P o+l .
rA(y) $+1y +u(r )[Zr(n+1)2y +r(n+1)y +o

Here «, B and y are constants of integration. From the last condition in (3.24), i.e., rf(B =
f14, it follows, assuming & # 7, that « = § = 0 and leads to the following relation:

. [(Zr - 2 } et _ WO =D =D 5,

m+1D  (E+1D 2r(n+1)?
One can then identify two possible cases.

(3.25)

8
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(a) Whenr = 1 wehave £ =2n+ 1 and A(y) = %yz(n“) and B(y) = #Tyl)y(””). The
corresponding integrating factor is

/

Y

Ay 20+l Ky 1 2
[Wy (n+)+my(77+ )y’+yy/]

My”y“+ky””15
-, Ml

S = ;

and S =

(b) For r # 1, assuming the exponents of y in (3.25) to be equal, we find once again
& = 2n + 1. Upon equating their coefficients, we obtain a quadratic equation for
the exponent r, occurring in the denominator of the integrating factor, with solution
r= %[1 +V1— %(n +1)]. Therefore, in this case S} = Z— where

I:)"" , r = D(2r — 1):| 2041) . yu@r—1) 4y,
2r2(n+1) r(n+1)

M%y)=(n+n

4. Coupled second-order equations

In this section, we consider a system of second-order ODEs to illustrate an application of the
coupled version of the adjoint equation.
Let us consider the system of coupled second-order equations:

X=¢i1(x,y) and Y =¢(x,y). “4.1)

As before, consider the following base one forms (dx — x dr), (dy — ydt), (dx — ¢, d¢),
(dy — ¢ dt). Let 1, S and R, R; be functions such that

Si(dx — xdf) + Sp(dy — yde) + Ri(dx — ¢y dt) + Rp(dy — ¢ dt) =dI (¢, x,y,%,y) =0.

(4.2)

Hence
I = —($1X + $29 + R1¢1 + Rag2) 4.3)
=8, I,=5, L=R, I,=R. “4.4)

The functions Ry, R, are the integrating factors. Compatibility of the set of (4.3) and (4.4),
namely,

Ly = Iy, Ity = Iyts Iy = Iy, Ity = Iyt

4.5)
Ixy = I_wm Ixfc = I)'cx7 Ixy = ]yxa Iy)'c = I)‘cya Iy)'z = Iy“y,
requires that the following hold:
D[R] = — (81 + R1¢1; + Raghoy) (4.6)
D[Ry] = — (82 + R1¢1; + Ragpay) 4.7)
D[$1] = = (R1¢1x + Ragay) (4.8)
D[$2] = —(R1¢1y + Ragny), 4.9

where D = 0; + X0, + 9, + ¢10; + ¢9;. It is evident that once Ry, R, are known the
remaining S;, S, can be determined algebraically from (4.6) and (4.7). Since our basic aim
is to determine the integrating factors, we can eliminate, say, S| by differentiating (4.6) and
using (4.8) to obtain

D?*[Ri1+ D[R ¢1: + Ragoi] — (Riir + Racpay) = 0. (4.10)

9
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Similarly eliminating S, yields
D*[Ro] + DIR115 + Rogos] — (Righry + Roghny) = 0. (4.11)
Equations (4.10)—(4.11) constitute the coupled version of the adjoint equation (3.1) when
n=>2.
One needs to check, of course, that the solutions of the coupled adjoint equations indeed
satisfy the compatibility conditions (4.5). In general one employs an ansatz for R;, R, in

order to solve the system of PDEs (4.10)—(4.11). From a knowledge of R, R, and S, S itis
straightforward to obtain the first integral from

I = / Si(dx —xdf) + Sp(dy — ydt) + Ri(dx — ¢y dt) + Ry(dy — ¢ di). (4.12)

Example 3. Consider the following system of second-order equations:

Lo A
x+;g(u)—;:0

s P y (4.13)
y+—2f(u)—7=0, u=—.

X y- X

Here «, 8, A and p are parameters and f and g are arbitrary functions. Writing these equations
in the form ¥ = ¢(x, y) and y = ¢»(x, y), we identify

_ @ A _ B W
¢1(x,y)_—;g(u)+)? and ba(x,y) _—;f(u)+F.

Note here ¢; and ¢, are velocity independent and for a time-independent first integral I, = 0,
we may take D = X0, + Y0, +¢10; +$20;. In that event, with the following ansatz for R, and
R, namely,

Ry =ai(x, y)x +ax(x,y)y and Ry = b1(x, y)x + ba(x, y)y, (4.14)
(4.10) and (4.11) yield the following equations:
B+ 879 (a2 +20a15y) + 137 2azey +aryy) +azyy ¥
+x{(¢ra1 + hra2); +2a1:¢1 + (azc +aiy) g2}
+y{(p1a1 + Pra2)y + 2a2,¢ + (azc + aiy) o1}
= X(@r1xa1 + ¢2:b1) + (P12 + $2xb2), (4.15)
iy + 129 (brex +2b15y) + 55 2oy +biyy) + b2y 57
+X{(¢1b1 + h2D2)x +2b1 1 + (Dox + b1y) 2}
+3{(¢1b1 + P2b2) y + 2Dy ¢y + (Do + b1y) 1}
= X(Prya1 + ¢2yb1) + Y (1,02 + oy b2). (4.16)

Equating coefficients of different powers of the velocities we obtain the following system of
equations:

A =0, oy +2a1:y =0, aiyy +2az,, =0, azyy =0, “4.17)
(¢ra1 + ¢ra2)x +2a1,P1 + (a2x + ary) 2 = (P1xa1 + P b1), (4.18)
(P1a1 + ¢raz)y + 2a2,¢o + (aox + ary) @1 = (P1xaz + P2, b2) 4.19)

10
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blxx = Oa b2xx + Zblxy = 0’ b]yy + 2b2xy = 07 Aryy = Oa (420)
(@101 + $2b2) +2b1: 1 + (box + b1y) 2 = (P1ya1 + Payb1), 4.21)
(¢lb1 + ¢2b2)y + 2b2y¢2 + (bZ,\: + bly)d)l = (¢lya2 + ¢2yb2)~ (422)

Observe that the choice a; = constant and by = constant (k = 1, 2) satisfies (4.17) and
(4.20), while the remaining equations then simplify to

2 (b1 —ax) =0, ¢1y((12—b1) =0
(P1x — P2y)as — Pryar + ¢obr =0
¢1ya1 + (¢2y — ¢10)b1 — by = 0.

The first two equations imply a, = b;, which renders the second and the third equations
identical, namely,

(P1x — ¢2y)112 - ¢1y111 + ¢y = 0.

If equations (4.13) are derivable from a potential then it is necessary that ¢, = ¢,,. With this
in mind the above equation can be satisfied by making the choice a; = b; = 0 whilst a; and
b, are arbitrary. Therefore, the choice a; = b, = 1 and a; = b; = 0 leads to the following
solution:

R =1 R, =y. (4.23)

In this case the solutions of S; and S, from (4.6) and (4.7) are found to be
o A
Si=—¢1=—58) — =
x by

B

x2

fo -5 u=,
y X

SH=—¢=
Using the above values of R; and S; (i = 1, 2) we obtain from (4.12) the first integral as

I .. _1 .2 .2 )\, I,L
(X,y,xa)’)—z(x +y )+§+2—y2+N(X,)’),

where
o B
N(x,y) = ;g(u)dx + ;f(u)dy-
On the other hand the condition ¢, = ¢», translates to

ag' (u) +2Bf () + Buf'(u) = 0. (4.24)
Using this condition N (x, y) may be evaluated and we find that

B[«
N(x,y)=—=| Zz8w) +uf@) ).
x \p
Hence a first integral for the system of second-order equations is

1 A
[0y 2.3) = S G+ 50 + 5+ ziyz - g (%g(u) + uf(u)) . 425

Let us now look for another solution set of the coupled adjoint equations for R, and R;.
It is easily verified that

ai(x,y) =% ar(x,y) = —xy = b (x, ) and by(x,y) = x* (4.26)

11
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satisfy (4.17) and (4.20) while (4.18) and (4.22) are identically satisfied. The remaining
equations (4.19) and (4.21) become identical and reduce to the following equation:
3(yp1 — x¢) = (hoy — P1)Xy — P13y + Pocx”. (4.27)

Substituting the values of ¢; (i = 1, 2) and their derivatives leads to the following condition
on the functions f and g, namely:

augu) — ffw) =0,  u=>. (4.28)
X
From (4.26) we derive the following solution for R; (i = 1,2):
R = —y(xy — yXx) and Ry = x(xy — yx). (4.29)
The corresponding values of S; (i = 1, 2) are now
y? y x
S = (x)'/—y)'c))')—)»x—3+up and Szz—(xy—y)k)fc+)»x—3—,uﬁ, (4.30)

where use has been made of the condition (4.28). Hence from (4.12) we obtain another first
integral given by
y M (x

1 s A Y\2 ?
1G, 3%, 9) = SO0k = x) +§(§) +5<;> . 4.31)

The two first integrals given by (4.25) and (4.31) will be valid simultaneously provided we can
find functions f and g which satisfy (4.24) and (4.28). It is easily verified that these require
the functions f and g to be given by
1 o u
sW=ara W JW=gaT e

respectively. Under the circumstances the system of second-order equations reduces to the
following well-known system

ax A . oy 1
Ty B 0 A NIRRT

with the first integrals

X =0,

" o

22 VaZ+y?

[ o\ e (x)
Izzz(yx—xy) +§<;) +E<;> .

A more interesting situation from the physical point of view arises when the functions f and g
satisfy condition (4.24) but not condition (4.28). In that event the system of equations (4.13)
admits just one first integral given by (4.25), with f and g satisfying (4.24). In [12] the authors
obtained a system of equations similar in structure to (4.13), in the context of the dynamics of
stellar systems, with

f@) =2(1 —ug(u)).
Condition (4.24) then leads to the following differential equation determining g (u):
(1= 2u’)g'(w) = 2(ug(u) - 2)
and the first integral assumes the form (setting all the parameters equal to unity)
I(x,y,%,9) = 1(yx —xy)+ Lol l(214 +(1—2u?)g)), u=
2 2x% 2y?  x
In fact this first integral serves as the Hamiltonian.

I 1('2+'2)+ » +
= — (X _—
TR Yo

= =<

12
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5. Outlook

In this paper we have studied the RS-pair method, for determination of first integrals of ODEs,
as proposed by Chandrasekar et al and have shown how their procedure may be brought
within the general ambit of the adjoint equation method. In a similar spirit we have derived
the coupled adjoint equations for analysis of coupled systems of second-order ODEs. Its use
has been illustrated for a system occurring in the context of stellar dynamics. It is obvious
that the procedure can easily be extended to systems of higher order equations. Lastly, it
may be mentioned that one can apply this method to the equations of the Painlevé—Gambier
classification and that this is currently being pursued.
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ARTICLE INFO ABSTRACT
Article history: We employ the generalized Sundman transformation method to obtain certain new first
Received 1 October 2009 integrals of autonomous second-order ordinary differential equations belonging to the
Accepted 2 December 2009 Painlevé-Gambier classification scheme. This method not only yields systematically the

known first integrals of a large number of the Painlevé-Gambier equations but also some
MSC: time dependent ones, which greatly simplify the computation of their corresponding
3283 solution. In addition we also compute the Sundman symmetrieg of these eqpations.
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1. Introduction

The problem of constructing solutions of a given differential equation forms the cornerstone of their analysis. Not
unrelated to this problem is the issue of determining first integrals of the differential equation under consideration. This
is because the existence of a sufficient number of first integrals often enables us to construct a solution by mere elimination
of the derivatives of the dependent variable.

Although there are a number of well-defined methods for the solution of linear ordinary differential equations (ODEs) the
same, however, cannot be said for nonlinear ODEs. It was only through the efforts of Lie towards the end of the nineteenth
century that many ad hoc methods for the solution of nonlinear ODEs were gradually systemized. Besides it is generally
acknowledged that, whenever a differential equation is amenable to a solution, it is because of some sort of underlying
symmetry of the equation [1,2]. Much of Lie’s work was concerned with point transformations of the form

(t,x) — (T,X) whereT = G(t,x), X =F(t, x)

with the transformation often involving one or more continuous real parameters.

Furthermore towards the very end of the nineteenth century the fact that a given differential equation could be
transformed to a linear equation, that is, it could be linearized came to light [3]. This provided a mechanism to work out
the solutions of many nonlinear differential equations by systematically transforming them to linear equations. In fact Lie

* Corresponding author at: Max Planck Institute for Mathematics in the Sciences, Inselstrasse 22, D-04103, Leipzig, Germany.
E-mail addresses: partha@bose.res.in (P. Guha), barunkhanra@rediffmail.com (B. Khanra), a_ghosechoudhury@rediffmail.com (A.G. Choudhury).
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himself [4] solved the linearization problem for second-order ordinary differential equations in the sense that he found
the general form of all second-order ODEs that could be reduced to a linear equation by changing the independent and
dependent variables [4].

Subsequently attempts were made to look beyond point transformations when dealing with second and higher-order
ODEs, with some degree of success. For instance, one may look for nonlocal transformations under which a given ordinary
differential equation is linearizable. This problem was studied by Duarté et al. [5] and considers transformations of the form

X(T) = F(t,x),  dT = G(¢, x)dt. (1.1)

Here F and G are arbitrary smooth functions and it is assumed that the Jacobian ] = %((Tt‘f)) # 0. If one knows the functional

form of x(t), then the latter transformation ceases to be nonlocal, but knowledge of x(t) is what we are interested in, in
the first place. Consequently (1.1) constitutes a particular type of nonlocal transformation. It must be pointed out that term
nonlocal is very general in nature and it is therefore better to refer to such a transformation as a generalized Sundman
transformation (GST) [6-8], in view of its similarity with the original transformation used in Sundman'’s analysis [9]. Other
authors have also used such transformations, but have preferred to call them non point transformations [10,11].

In [5] the authors derived the most general condition under which a second-order ordinary differential equation is
transformable to the linear equation

X'(T)=0,

(here X' = g—’;) under a generalized Sundman transformation. Euler and Euler, studied the case of the general anharmonic
oscillator in [7], wherein they investigated the Sundman symmetries of second-order and third-order nonlinear ODEs.
These symmetries, which are in general nonlocal transformations can be calculated systematically and can be used to find
first integrals of the equations. Euler et al. used the generalized Sundman transformation to obtain a relation between a
generalized Emden-Fowler equation and the first Painlevé transcendent [6].

1.1. Result and plan

In this paper we concentrate on generalized Sundman transformations and Sundman symmetries of second-order
ordinary differential equations of the Painlevé-Gambier classification [12,13,18]. We compute new first integrals of some of
the autonomous Painlevé-Gambier equations, which are not mentioned in the classic text by Ince [ 14]. The method used for
this purpose is the generalized Sundman transformation. Barring the six Painlevé equations, it is known that, the remaining
44 equations of this classification scheme admit solutions in terms of known special functions. Therefore knowledge of
additional (time dependent) first integrals is not essential, as far as construction of their solutions is concerned. But the
deduction of time dependent first integrals is interesting from a broader perspective because of the recent interest in non
autonomous ODEs. Secondly, we also compute the associated Sundman symmetries of these equations. It is true that the
first integrals of the Painlevé—Gambier (PG) equations are known from other methods. In this paper we demonstrate that
the first integrals of PG equations can be computed in a simple manner using Sundman’s method. As a bonus we obtain the
Sundman symmetries of these class of equations which are not stated elsewhere.

The organization of the paper is as follows. In Section 2 we introduce the notion of a generalized Sundman
transformation and define the associated Sundman symmetry. Section 3 begins with a discussion of the generalized
Sundman transformation for the Jacobi equation and proceeds to outline the format for its explicit evaluation. It then
examines, as a special case of the Jacobi equation, particular equations of the Painlevé-Gambier classification, notably the
equations numbered 11, 17, 37, 41 and 43 of Ince’s book, from the viewpoints of the generalized Sundman transformation,
the associated Sundman symmetry including also their solution. In Section 4, four more equations of the Painlevé-Gambier
classification (namely the equations numbered 18, 19, 21 and 22) which also arise as special cases of the Jacobi equation are
analyzed and their parametric solutions are constructed by exploiting the Sundman transformation.

2. Generalized Sundman transformation and symmetry

Consider an nth-order ordinary differential equation given by
X = w(t,x, %% ..., x"D) (2.1)
where x = x(t) and x® = d*x/dt*. Such an ODE may always be written as a system of first-order ODEs
X=wix i=1....n
By a first integral we mean the following.

Definition 2.1. Let I(x, t) be a C' function on an open set U € R". Then I(x, t) is a first integral of the vector field w - 9y
corresponding to the system of ODEs X = w(x) if and only if it is constant along any solution of the equation.

This means that given a time interval T, I(x(t), t) isindependent of t forallt € T. Formally we define a generalized Sundman
transformation for (2.1) as follows.
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Definition 2.2 (Sundman Transformation). A coordinate transformation of the form

X(T) =F(t,x), dT =G(t,»)dt, g—i #0, G#0 (2.2)

is said to be a generalized Sundman transformation of Eq. (2.1) if differentiable functions F and G are determined such that
(2.1) is transformed to the autonomous equation

X = woX, X', ..., X", (2.3)
where X = dX/dT etc.

This notion of generalized Sundman transformation, as a kind of nonlocal extension of invertible point transformation was
made by Duarte et al. Its nonlocal character is apparent from the fact that T = f G(t, x(t)) dt.If(2.3) happens to be a linear
ordinary differential equation, then we say that the original ordinary differential equation, (2.1), is linearizable. In the event
wo = 0 one says that (2.1) has been mapped to the free particle equation.
Closely related to the concept of a generalized Sundman transformation is the notion of an associated Sundman

symmetry. This is similar in spirit to the existence of a Lie symmetry under point transformations.
Suppose that we have a generalized Sundman transformation (GST)

X(T) = F(t, %), dT = G(t, x)dt
which maps the equation

X0 = wE %%, .. XY — XD = (X, X/, ..., X)),

If there exists a transformation of the differentiable functions F(t, X) and G(f, X), considered as functions of F(t, x) and
G(t, x), such that our original differential equation (2.1) remains invariant under the transformation, then the transformation
defines a Sundman symmetry. Formally it may be defined as follows.

Definition 2.3 (Sundman Symmetry). A Sundman symmetry [7] for Eq. (2.1) is a transformation of the form

F(E,%) = M(F(t,x),G(x, 1)),  G(t,%)df = N(F(t,x), G(t, x))dt, (2.4)
where M and N are some differentiable functions such that the transformation keeps (2.1) invariant. In other words (2.1) is
transformed to

3 = wt; %, %X, ..., XD, (2.5)

If M(F,G) = F and N(F, G) = G, then of course, the symmetry is trivial. The set of conditions on the differentiable
functions F and G when the differential equation (2.1) is mapped to the autonomous differential equation (2.3) are referred
to as the Sundman determining equations. This is illustrated below.

A Sundman symmetry (2.4) is obtained by choosing M and N in such a way that the Sundman determining equations
remain invariant. If

X =F(t,X), dT = G(t, x)dt
transforms (2.5) to (2.3) and
X = M(F(t, x), G(t, x)), dT = N(F(t, x), G(t, x))dt
also transforms (2.1) to (2.3), then the composition of these two GSTs leads to the Sundman symmetry (2.4) for (2.1).

3. GST and Sundman symmetry for Jacobi’s equation
We begin this section by considering the well-known Jacobi equation since many of the second-order equations of the

Painlevé-Gambier classification may then be regarded as special cases of this rather general equation. The Jacobi equation
is given by [15,16]

L1 .

X+ 5¢xx2 + ¢x + B(t,x) =0, (3.1)
and may be transformed to X” = 0 under the transformation (2.4) when its coefficients satisfy the following Sundman
determining equations:

1 Foe Gy

—x(F,G; t,X) = — — — 3.2

2¢x( ) ETG (3.2)

2F, F G G
G(F.Git,x)=—""—- 2= (33)
FF, EG G
F G: F
B(F,Git,x) = — — =L (3.4)

F, GF,
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Further it admits a Sundman symmetry of the form (2.4) if and only if M and N are given by
M(F,G) = M(F(t,x)) and N(F, G) = G(t, x)¥ (F). (3.5)
The Sundman symmetry of (3.1) is of the form

F(X, ) = M(F(x, 1)), (3.6)
AME(L0)
dF

with no further condition on the differentiable function M.
This follows from the following observation. Suppose for the sake of notational convenience we denote

G(t,X) = G(t, x)

F(t, % =F and G@, % =G.

The invariance of the Sundman determining equations requires each expression occurring in (3.2)-(3.4) to be invariant.
From (3.4) we observe, making use of (3.5)

Fe GF _Fe GF (M”(F) W(F)) F?

F,b, GE F GFK M'(F) ¢ (F)) F’

The left hand side is clearly an invariant, provided

M'(F) ¢ (F)
which in turn implies
dMm
¥ (F) = G (3.9

where we have chosen the integration constant to be unity. It may be verified that (3.2) and (3.3) are also invariant under
(3.5) provided condition (3.9) holds, i.e.,

I:: XX 6X F XX GX

FF G FE G

3.1. Casel: When ¢y = 0andB(x,t) =0
In this subsection we examine the following special case of the Jacobi equation
N B
X+ 5¢xx =0,

and explicitly derive the forms of the functions F and G. We present this method algorithmically.
Step I: Writing G in term of F
Since B(t, x) = 0, from (3.4) we can set
G = aX)F, (3.10)
where a is an arbitrary function of x.
Step II: Expressing F and its derivatives in terms of coefficients
Again, since ¢, = 0, from (3.3) and using (3.10) we have
& ax(x) Fe Fy

0 (F . ax(x)
at <F> T’

Integrating this with respect to t we have

FX aX
2= 2t 4 b, (3.11)
F; a
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where b is an arbitrary function of x. Finally from (3.2) we get

Fy )
2

ra =c(t)ez = c(t)K(x), (3.12)

where c is an arbitrary function of t and
e?? = K(x). (3.13)

Since ¢; = 0, the r.h.s. is independent of t.

Step 111: Equations and solutions of coefficients
Using (3.10) and (3.11) one can show that (3.12) can be reduced to

a b(x

—t+ b _ c(HK(x). (3.14)
a a

There are two possibilities (a) c(t) = c¢o (constant), in this case a is also constant; (b) c(t) = t. The second case is more
interesting. Equation of the coefficient of t from (3.14) leads to

ax
== K(x), (3.15)

which implies
1

T KX +f (316

Ki(x) = /K(x)dx (3.17)

and f is an arbitrary constant. Assuming f = 0 one finds
1
Ki(x)

Step IV: Finding F and G using solutions of coefficients
Using (3.18) in (3.11) and with b(x) = 0 we find that

Fe _ K(x)
F O K®

a(x) = —

(3.18)

t

or
Ki(x)
K(x)

By using the method of characteristics we obtain the general solution of F(t, x) in the form

F(t,x) =] (fo)) : (3.20)

Fe + tF, = 0. (3.19)

where J (1) is any arbitrary function of the characteristic coordinate A = K;(x)/t. Hence from (3.10) using (3.18) and F as
given by (3.20) we easily find that

1
G(t,x) = t—zj/(k). (3.21)

It is interesting to note that, when J(1) = A, the nonlocal character of the transformation vanishes for we have

Ki(x)
t

Step V: Finding first integrals from F and G
As the standard first integrals of the linear ODE X" = 0 are

X =F(t,x) =

1 1 1
and G(t,x) = a2 so that dT = t—zdt leadingto T = s (3.22)

_ /_dX _ ’
I]—X—E and L=X—-1TX

respectively, we obtain as a result of the GST these in the following form:

F.

I = =X
TG

+ % = tK (x)% — Ky (x) (3.23)
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and
L =X —TX =F(t,x) — (tKX)x — K;(x)) / G(t, x)dt. (3.24)

In particular, when F and G are given by (3.22), I, assumes the following simple form
L = %K (x). (3.25)

It is important to note that in the following examples we repeatedly use this expression in order to compare the results of
our calculations with the known time independent first integrals given in Ince’s book [14].

Secondly, in view of the fact that we have at our disposal two first integrals, it is a straightforward matter to obtain the
general solution by eliminating X from these expression.

3.1.1. Examples from the Painlevé-Gambier class of equations

Apart from the six Painlevé equations, the remaining 44 second-order ODEs of the Painlevé-Gambier classification
scheme possess solutions that can be expressed in terms of elementary functions [17]. These solutions fall into two classes—
(a) solutions which are rational in the independent variable and (b) solutions which are expressed in terms of the classical
special functions. Since the latter are the solutions of linear equations, this second kind of solutions is referred to as the
‘linearizable’ case, obviously these exist only for special values of the parameters.

In this subsection we focus on some of these equations. In particular, using the generalized Sundman transformations
we obtain certain new first integrals for the equations 11, 17, 37, 41 and 43 of the Painlevé-Gambier classification, as given
in Ince’s classic text [ 14]. The results are presented below.

Example 1 (Painlevé-Gambier Equation XI). The first system we examine is equation number 11 in the Painlevé-Gambier
classification:

1
F— =0, (3.26)
X

Comparison with the Jacobi equation (3.1) reveals that

! ——1 3.27
Eﬁbx— ; ( )

Hence from (3.13) we have

3 1
Kx)=e2 = S (3.28)
and from (3.17)
Ki(x) = Inx. (3.29)

Therefore making use of (3.22) we have

Inx\?2 2Inx
F = e and G(t,x) = 5 (3.30)

while from (3.23) and (3.24) the first integrals for this equation are

t
I = -%x—1Inx (3.31)
X
and
X
L =-. (3.32)
b%

Notice that whereas the time independent first integral I, is mentioned in [14] the remaining first integral I; is time
dependent and is not stated therein. This is a trivial example in the sense that one could have deduced these results even
otherwise. Moreover G(t, x) being a function of t only actually produces a point transformation. But the Sundman symmetry
of this simple example is quite interesting.
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Table 1
Summary of results of Sundman transformations and symmetries.
Painlevé-Gambier equation no. Sundman transformation Sundman symmetry
—1
) g2 — (logx 2 . logx  dM(F)
Xl %— 1 =0 Fix, t) = (82) F=—[c+ [ giis 0]
21 % JM(E
Glx, t) = £3* X = exp 7C+flogx7()dl\/l(lf)d[
@m dF
. 1. 1/m\2 5 1/m -1
XVIL % — 2=132 = 0 F(x,t):(%) t=c7[mft§m‘fj—'fdt}
- m
Gex, 1) = 27" %= (BA0)
2 ~ =il
XXXVIL X — { & + L} =0 Fex, ) = (L1og X1 F=c—[/log (%t) S|

X]/Z*]

; 2
_ 2 - FNI)
G(x, t) = Flog iy X (l,eim

2
XU x—2{14+ L1 =0 Fx, ) = 52

3
Glx, t) = 240

Ki(x) = —3(—x)"3,F1(1/3,2/3; 4/3; X)

2
+Lle=0 Fx,t) = S92

1
X x—1
2K
Glx, 1) = 290

Ki(0) = —4(=x)"/* 2F1(3/4, 1/4; 5/4; X)

XLIL % — 3 {

3.1.2. The Sundman symmetry for X — %5(2 =0

To deduce the Sundman symmetry for this equation, it is convenient to assume that J (1) = A? in the rest of this subsection
so that from (3.20) we have

2 2
F(t,x) = <K1t(x)> = (me> . (3.33)

Now the Sundman symmetry of (3.26) being of the form (3.6), we assume that
F=F( % = M(F(t, x).
Consequently with F given as in (3.33) one finds that

X = exp (EJM(F)) . (3.34)
On the other hand from (3.7), using (3.21) to calculate G which now is given by G(t, x) = 2 Inx/t3, we have

dM(F)dt N ln)?df_ Inx dM
dF B B dF

Upon using (3.34) to eliminate x from the Lh.s of the above expression, we obtain the following transformation for the time
variable:

f——[c+/mdM(F)dt]l (3.35)
B t3/M(F) dF ' :

Here c is a constant of integration. Substituting this expression into (3.34) we get the transformation for the spatial variable,
viz

Gdi =G dt.

VM(F) dt) . (3.36)

x=exp|—

(e
Here M(F) is an arbitrary function of F and c is a constant of integration. Eqs. (3.35) and (3.36) constitute a Sundman
symmetry for the Painlevé-Gambier XI equation.

The above procedure for finding Sundman symmetries may easily be applied to some of the other equations of the
Painlevé-Gambier classification. The results for this and some of the other equations of the Painlevé-Gambier classification
are summarized in Table 1.

In the above table ,F;(a, b, c; x) is the hypergeometric series which converges for —1 < x < 1. For Egs. 41 and 43 it is
difficult to obtain explicit expressions for the corresponding symmetries and we do not display them here.
In Table 2 we summarize the results for the time independent and time dependent first integrals of the above equations.




3254 P. Guha et al. / Nonlinear Analysis 72 (2010) 3247-3257

Table 2
Summary of first integrals.
Painlevé-Gambier equation no. Time dependent F.I Time independent F.I
XVIL ¥ — 2132 = 0 Tk — mxm xR
® 1 1\ g 1/2_4 1 g
XXXVIL % — (5 + 25) % =0 7x1/2([x—1)x — log 57— Tt
v 2(1 1), X . . :
XL ¥—2 (14 L)% =0 X%(:%U% +3(—x)'3 ,F1(1/3,2/3; 4/3; %) prcrmyrel
XUIL ¥ =2 (3 + 25)% =0 X%(ﬁ”% +4(—=x) 4 5F(3/4,1/4; 5/4; %) el
3.2. Case B: When ¢, = 0 = B;
The prototype equation for this section has the generic form
N S
X+ §¢xx + B(x) = 0. (3.37)

Once again there are a number of equations of the Painlevé-Gambier classification which belong to this category.

3.2.1. Generalized Sundman transformation

For such equations our first objective is to construct a generalized Sundman transformation (2.2) (GST) such that (3.37)
is mapped to the following equation

X" 4 ap(X) = 0, (3.38)

where X’ = dX/dT. The exact form of ay(X) is specified below. This is true if the following conditions (i.e. the Sundman
determining equations) on the coefficients of (3.37) hold good:

1 Fe Gy

L — X 3.39

2¢x EC (3.39)
F GF G

0= X _Txlt b (3.40)
Fpb, GF G
Fr G F G?

B(X) = — — —— 4+ ao(F)—. 3.41

(x) 3 GFX+O()FX (3.41)

From (3.39) we have

1
InF, —InG = / Equdx — Inb(t).
Here b(t) is an arbitrary constant of integration. It follows that
G(t,x) = b(t)e ?/°F,. (3.42)
Substituting G from (3.42) to (3.41) we have

Fe FeFe  b(O)F _
L A et F)b(t)?e™?F, = B(x). 3.43
P boF + ap(F)b(t)“e (9] (3.43)

If we set b(t) = B, i.e., a constant independent of t and assume that

) (F\

o (E) =0, (3.44)
then (3.43) implies

ag(F)Be™®F, = B(x). (3.45)

Instead of trying to determine the form of F first, it is more convenient to stipulate aog(F) and see whether we can satisfy the
remaining equations with such a choice of ao (F). To this end we suppose

ao(F) = =£F. (3.46)
Then (3.45) yields
F? = i% / B(x)e?dx. (3.47)
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Thus F is a function of x only and as a result it is obvious that (3.44) is trivially satisfied. It remains to verify whether such
an expression for F is consistent with (3.40). Since b(t) = B is a constant, we have from (3.42),

B(x)e?/?
(£2 [ Bxetdx)

which is clearly independent of t and hence G; = 0. Consequently, since F and G are only functions of x, it follows that (3.40)
is clearly satisfied. In summary we therefore have the following form of the GST mapping (3.37) to the equation X” £X = 0,
viz

G(t,x) = Be ®/%F, = (3.48)

B(x)e?/?
+2 [ B(x)etdx)"/’

2 1/2
X=F® = <j:ﬁ / B(x)e¢<x>dx) , dr = ( (3.49)

The latter is obviously a nonlocal transformation.
3.2.2. The Sundman symmetry
The Sundman symmetry associated with (3.37) is not difficult to deduce. As above, for notational convenience we denote
F=F@ % and G=G({,X%).
To ensure invariance of the Sundman determining equations, namely (3.39)-(3.41), we assume that
F=M(F) and G =G(t,x)y(F). (3.50)

The functional forms of M and i are determined by demanding invariance of the Sundman determining equations.
Invariance of (3.39) leads to

v =k MO
dF
where K is a constant of integration, which may be set to unity, so that
Y (F) = M'(F). (3.51)
Invariance of (3.41) then leads to the equation
dMm ao(F)
dF " ap(M)

whence it follows, with ag(F) = +F, that

M = +F2 4, (3.52)
where c is a constant of integration. Note that, if c = 0, then we get a trivial symmetry. The functional form of ¢ is therefore
given by

Y(F) ==+ (3.53)

F
VP2 ¥c
With M and v given by (3.52) and (3.53) respectively, one can easily verify that the final Sundman determining equation,
namely (3.40), is identically satisfied. Thus in summary we have the following Sundman symmetry for (3.37)

- - - F
F(t,X) = £/F2(t,x) +c¢ and G(t, x)dt = £G(t, X) ———dt. (3.54)
VF% + ¢

In the following we consider only the case in which the GST maps equations of the Painlevé-Gambier classification
belonging to the class of (3.37) to a harmonic oscillator equation

X" +X=0. (3.55)
Note that a first integral for (3.55) is obviously

X?+Xxt=1. (3.56)
Example (Painlevé-Gambier Equation XXI).

3
X— —% -3 =0. (3.57)
4x
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Table 3
Summary of Sundman symmetry.
Painlevé-Gambier equation Sundman symmetry
x=1./cp? —4ax
- 9 = 3/2
XVIIL ¥— 4% -4 =0 E=A+ [ Gigamdt
%= (3)" (cp? — a0y
XX - 22 -3¢ =0 F=At [ @SN g
: X=X —2X% = =4Mar [ (cB%—4x3/2)5/6
X = m e
XXIL X— 22 +1=0 E=A+ [ griacmmdt
~ — 144/ 4x2 +4x+1—cp?
X= ———F——
XIX. F— L — 4 +20=0 f=A+ K2l dt
= f \/4x2+4x+1—cﬂ2\/\/4x2+4x+1—cﬁ2—1
Here ;qﬁx = —o implying ¢ = Inx"*? and B(x) = —3x. As a result from (3.49) taking the positive square root we find
F(x) = x4 and it turns out that G = 3 f Hence the Sundman transformation has the explicit form
2i 3 3i
X=Fkx) = EM’ dr = 5\& de. (3.58)

When the first integral (3.56) is evaluated in terms of the preceding transformation, it reproduces the result in [14].

Table 3 contains a summary of the Sundman symmetry for some of the Painlevé-Gambier equations falling under Case B.

4. Parametric solutions

As remarked earlier, when we have two first integrals for a second-order ODE, then its general solution may be obtained
simply by eliminating the first derivatives from the two first integrals. However, the problem of finding a sufficient number
of first integrals is itself a non trivial exercise. In most instances, one is lucky if there exists even a single first integral. In
such cases a parametric solution of the ODE can often be constructed by integrating the first integral in terms of a parameter.
Using Euler et al. [7,8] scheme we present parametric solutions of some Painlevé-Gambier equations.

Consider a first-order equation of the form

F(x0, %) =0 4.1)
x(t), — ) =0. .
dt
Let x(t) = f(1), § d" = g(r) and T = t(t) where f and g satisfy the relation F(f(t), g(r)) = 0 with 7 being a parameter.
Since & = & dr sog(r) =& e,

fu-f L

where C is an integrating constant. The general solution (parametric) of (4.1) is then given by

x(r) = f(v), (4.3)
(=¥ Layc 44
(r) = T 20) +C, (4.4)
F(f(7),g(x)) =0. (4.5)

Using this method we can integrate (3.56) with respect to the parameter t to obtain the general solution of (3.55) in the
form

X()=+vIh — 12 (4.6)
T(t) = C; — arcsin (%) , (4.7)
1

with I; and C; being the arbitrary constants of integration.
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Table 4
Summary of parametric solutions.
Painlevé-Gambier equation no. Sundman transformation Parametric solution
Fix, ) = 202 + )1 x@) =1 (-1+ VB2 + 1 F°h)
- g 1/2
XIX. ¥ — 4% — (4% +20) =0 dr = 2@ gy tr)y =L dr +C
2* 20/ 2 (er-prn/Famn-)
F(x,t) = 3x x() = £/l — 2
a1 ] 1 d
XVIL % — 3422 —4x2 =0 dT = 2i/xdt o) =~ 7= f o TG
— 2i,-1/4 _ 16 _ 1
F(x,t) = ZX x(t) = 7 e
XXIL ¥ — 232 +1=0 dT = —1x712dt t=a+j [ 5m

The general solution of (3.57) is then obtained by using the transformation (3.58) together with the parametric solutions
(4.6) and (4.7) and is given by

B 4/3
xX(t) = (—) (I — )3, (4.8)
2i
A " i c 49
w=-5(5) [ e (49)

where [; and C; are arbitrary constants.
In Table 4 we present the parametric solutions for some of the other equations of the Painlevé-Gambier classification
scheme, obtained by using the above method.

5. Conclusion

In this paper we have computed the first integrals of the Painlevé-Gambier class of equations using Sundman
transformation. It turns out that the Sundman method simplifies our job and also yields the Sundman symmetries of these
equations. The calculation of the Sundman symmetries, appears to be new to the existing literature on the Painlevé-Gambier
equations. Hence it would be interesting and tempting to apply this scheme to compute the first integrals of the Chazy
systems and their corresponding (Sundman) symmetries.
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1. Introduction

The time-independent second-order Riccati equation (SORE) plays an important role in dynamical systems. It is also
sometimes called the Painlevé-Ince equation. The SORE was studied in [6] from a geometric perspective and shown to admit
two alternative Lagrangian formulations, with both Lagrangians belonging to a nonnatural class (neither potential nor ki-
netic term). The Lie point symmetries of the SORE are known to have an algebra identical to that of the eight-parameter
group SL (3,R) [20]. Since the free particle also possesses a similar symmetry algebra, it is not surprising that under an appro-
priate transformation, the SORE may be transformed into that of the free particle.

The aim of the present work is to study a time-dependent generalization of the second-order Riccati equation, namely

X+ 3kxk + kx> = 0. (1.1)

In [5] the authors have studied the second-, third- and fourth-order cases of the hierarchy of Riccati equations and have
shown the existence of Darboux functions and generators of t-dependent constants of motion.
The time-dependent second-order Riccati equation (TDSORE) is given by

X + 3h(t)xx + h®x* + h(t)x®> = 0. (1.2)

This is an interesting equation which differs from the SORE in many respects. For instance, unlike the SORE its time-depen-
dent counterpart is not a bi-Lagrangian system. Furthermore it turns out that this equation is actually a truncated version of
the Gambier equation [10]. Indeed exactly a hundred years ago Gambier in course of his classification of integrable second-
order differential equations solved the following equation, which is listed as Equation number XXVII of the Painlevé-

* Corresponding author.
E-mail addresses: partha@bose.res.in (P. Guha), a_ghosechoudhury@rediffmail.com (A.G. Choudhury), barunkhanra@rediffmail.com (B. Khanra).

1007-5704/$ - see front matter © 2010 Elsevier B.V. All rights reserved.
doi:10.1016/j.cnsns.2010.12.012
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Gambier series in Ince’s book [15] and occurs as Eq. 15 in Gambier’s minimal list of 24 s-order equations with the Painlevé
property. The Gambier equation (see [13] for a relatively recent update) is given by
, n—1x n+2 n-2x a2

2
x= +a xk+b5<———a—a—x3+(a—ab)x2+(cn—2—ao)x—b6——, (1.3)
nox n n x n n nx

where a, b and c are functions of the independent variable, ¢ is a constant which can be scaled to 1 unless it happens to be 0
and n is an integer. If we set b = ¢ = 0 and assume that n=1 and ¢ = 0, then (G.1) reduces to a time-dependent second-order
Riccati equation which can be mapped to (G14) of the minimal list of Gambier.

It is also interesting to note that the TDSORE also arises in the context of Calogero-Leyvraz’s construction of isochronous
dynamical systems [11]. Indeed such systems are not as rare as previously thought. Furthermore it is in fact possible to con-
struct isochronous Hamiltonian systems for the many-particle case with a translation invariant potential by making a novel
use of suitable canonical variables [1,2].

The TDSORE arises from a Riccati sequence which may be introduced as follows. Let h(t) be an arbitrary differentiable
function and Dy denote the following differential operator

which will be called the ‘Riccati differential operator’. Now consider the sequence obtained by applying such a differential
operator to the function x in an iterative way. For example when

n=1, Dgx= (%-‘r h(t)x)x =X+ h(t)x?,

2
n=2, D= (% + h(t)x) X = X+ 3h(t)xk + W (H)x* + h(t)x?, (1.4)

3
n=3, Dix= (% + h(t)x) X = X +4h(t)xxk + 6h° ()x*% + 3h(0)%* + I° (£)x* + 5h(t)xx + 3h(t)h(t)x® + h(t)x?,

and analogous expressions for higher values of n which turn out to be quite lengthy.

The equation R¥ (x,...,x®) = Dkx =0, k=0,1,... defines a Riccati equation with variable coefficients of order k. Note
that R©(x) = x, and the particular Riccati equation RV (x, %) = 0 obtained for k =1 is the standard Riccati equation but with
a variable coefficient h(t),

X+ h(t)x* =0. (1.5)

The time-dependent second-order Riccati equation actually belongs to the class of equations of Liénard type but with time-
dependent coefficients namely,

X+f(x,t)x+g(x,t)=0. (1.6)

Recently Gladwin Pradeep et al. [12] studied a system of N-coupled Liénard-type nonlinear oscillators which is completely
integrable and possesses N time-independent and N time-dependent explicit integrals. There are various methods applied to
study first integrals of time-dependent systems, for example, Sarlet [22] used a direct ad hoc procedure for the construction
of first integrals for one-dimensional particle motion in a non-linear, time-dependent potential field. In general method var-
ies from problem to problem.

1.1. Motivation, result and plan

The canonical list of second-order equations with the Painlevé property is still an unsettled question and as such any new
development in this area is always interesting. The objective of this paper is to study the first integrals of the time-dependent
higher-order equations of Riccati type. We will firstly be concerned with Eq. (1.2) and derive a first integral for it. Thereafter
we consider a generalization of the time-dependent Riccati equation and examine its relation with the Sugai equation. It is
shown how nonholonomic transformations [16-19] provide us with an effective tool for the determination of a first integral
in several particular cases. Finally we consider applications of the method to third-order ODEs, which mimic in a sense Eq.
(1.6) above.

In [4,20] the authors, by considering a nonlocal transformation, have derived certain nonlinear ODEs from well-known
simple linear ODEs such as the linear harmonic oscillator and its damped counterpart. While the TDSORE can be shown
to belong to a category of equations derived by them, its formal solution as presented by the authors still retains a nonlocal
character. Our motivation is not to derive classes of nonlinear ODEs from linear ODEs using a nonlocal transformation; rather
it is to linearize a given nonlinear ODE by means of a nonlocal differential transformation and to obtain an explicit expression
for the first integral, when the latter exists.

The organization of the paper is as follows. In Section 2 we introduce the nonholonomic transformation method and use it
to compute the first integrals of the time dependent second-order Riccati equation. In Section 3 we apply such a
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transformation to compute first integrals of a class of third-order ODEs. We illustrate the method with several examples and
complete the paper with a modest outlook.

2. Nonholonomic transformations and first integrals of time dependent second-order Riccati equation

Of late it has been found that Sundman transformations are often quite useful for the determination of first integrals of
second- and higher-order ordinary differential equations (ODEs), [8,9,7]. On the other hand for nonholonomic transforma-
tions, which may be regarded as the generalization of Sundman transformations [24], one assumes that both the new vari-
ables X and T are given by nonlocal transformations. In this sense they are the complete opposite of point transformations.
Given a second-order ordinary differential equation

X =w(t,x,x), (2.1)
where w(t,x,x) is linear in X, suppose we seek a nonlocal transformation of (t,x) — (T,X) of the form

dX = A(x, t)dx + B(x, t)dt, (2.2)

dT = C(x,t)dx + D(x, t)dt (2.3)
such that the ODE (2.1) is transformed to the autonomous linear equation [21]

d’x

ek 2.4

dr? (24)

Our first objective is therefore to determine the differentiable functions A, B, C and D which enable such a linearization to be
made for the particular case of (1.2). The nonholonomic nature of the above transformation may be ensured by demanding
that

A # By, C¢# Dy. (2.5)
It is obvious that, if such a transformation exists, then in terms of the new variables we immediately obtain a first integral

given by

dX
- constant. (2.6)

However, from (2.6) it follows that such a first integral is clearly a time-dependent one when expressed in terms of the
original variables, x and t, because

A(x,t)x + B(x,t)

1(t,x,X) :m

(2.7)

clearly defines a time-dependent first integral of (1.6).

The crucial question is whether one can derive a nonholonomic transformation which enables such a first integral to be
identified for a given second-order equation. In answer to this question we note that, if (2.7) is indeed a first integral of (1.6),
then we must have dI/dt = 0. This in turn leads to the following condition:

A(x,0)% + (CA, — AC)X® + (C(A; + By) — A(C, + Dy) + DA, — BC,)X% + (CB, — BC, + DA, — AD, + DB, — BD,)X
+ (DB, — BD,) = 0, (2.8)

where

A(x,t) = A(x,t)D(x,t) — B(x,t)C(x,t).
Comparison with (1.6) shows that firstly we must have

CAx = ACy, implying C(x,t) =a(t)A(x,t), (2.9)
since there is no term proportional to x> while the vanishing of the coefficient of x> implies

C(A; + By) — A(C; + Dx) + DA, — BC, = 0. (2.10)
In view of (2.9) we rewrite A(x,t) as

A(x,t) = A(x,t)(D(x,t) — a(t)B(x,t)).
We now make a simplifying assumption, viz,

D(x,t) := a(t)B(x,t) + b(x, )A(x,t) so that A(x,t) = A%(x,t)b(x,t). (2.11)

Here a(t) and b(x,t) are functions to be determined below. Under these circumstances we may express (2.2) and (2.3) as
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dX = A(x, t)[dx + S(x, t)dt], (2.12)
b

dT = a(t)A(x,t)|dx + | S(x,t) +E dt|, (2.13)
where S(x,t) := B(x,t)/A(x,t). In view of (2.9) and (2.11) condition (2.10) simplifies to

a+by=0. (2.14)
Furthermore returning to (2.8) we require the coefficient of x to satisfy

f(x,t) =%[CB[ — BC; + DA; — AD; + DB, — BDj] (2.15)
and

gx,t) = % [DB; — BDy]. (2.16)
Using (2.9) and (2.11) one can rewrite (2.15) as

foot) =5 (205 b 217)

b b

while (2.16) becomes

gxt) =si- (S5 %)s 2.18)

Thus, when there exists a function S(x, t) such that the above two equations are satisfied, it follows from (2.12) and (2.13) that
there exists a first integral of the form

X+S

I1(t, %, %) =m.

(2.19)

Before presenting our main result, we quickly see whether the above procedure works for the following equation of modified
Emden type [6,3].

Example. Notice that, if we choose S(x,t) = x2, b(x,t) = —kx and a(t) = kt, then substitution into (2.15) and (2.16) leads to the
equation

X+ 3pxx+ 2% = 0.
Its associated first integral by the formula stated in (2.19) is

N X+ px?
I(t,x,x)_m.

2.1. Generalized time-dependent Riccati equation

We consider the Gambier Eq. (1.3) with minor changes of notation

L, n—=1x¥ n4+2 . n-2x%_ o, . ) 20 a?
X=— ?+oc i XX+ X — it + (& —apf)x +(ynf?a)xfﬁafa, (2.20)

where y = g — g.
If we assume ¢ =0 and n = 1 then the above system reduces to the generalized time-dependent Riccati equation or Sugai
equation [23]. It is evident that the Sugai equation includes as special cases the TDSORE for the particular choice g =0 while

the Gambier V equation, namely
X = -3xx 4+ B(O)X — x> + p(t)X?, (2.21)
corresponds to the specific choice n=1, =0, o(t)=—1 and y =0. One of the main results of this paper is the following

proposition.

Proposition 2.1. A time-dependent first integral of the variable coefficient second-order equation

% — [Bh(t)x + r(t)]% + h*(H)x3 — [A(t) — h(t)r(t)]x* + A(t)X + (rzflt) - ?)x =0 (2.22)

is given by the function
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X+S

1% = s - an

(2.23)

where

i

S, t) = (E - r(t)) %— h(t)x?

and i(t) is given by the Schwarzian derivative
. 1la 3@
M0 =3 {a‘zaz}

Proof. The proof essentially revolves around finding the function S(x,t). Using (2.14) to simplify (2.17) it follows that S must
satisfy the following:

fx,t) = =(Bh(t)x +1(t)) = Sx - (%)57% (2.24)
gx,t) =S - ((15 ; bt) S, (2.25)

where

g(x.t) = h* ()3 — [A(t) — h(t)r(t)]x* + A(t)X + (rz(t) - @>x.

A particular solution of (2.14) is clearly given by

b(x,t) = —ax, (2.26)
where we have set the constant of integration to zero. Next we make the following ansatz for S(x,t), viz.

S(x,t) = Sy()%* + S1(£)X + So(b).

Upon substitution of this into the right side of (2.24) and after equation of the coefficients of the different powers of x we get

So(0) =0, (0 %(g—r(t)) and  Sy(t) = —h(c),

so that

i

S, t) = (E - r(t)> % — h(t)X. (2.27)

It is easy to verify that this expression for S gives the required form of the function g(x,t) when substituted in (2.25). O

Corollary 2.1. A time-dependent first integral of the variable coefficient second-order equation
X+ 3h(6)X% + ()% + A()x + h(t)x> =0, (2.28)
is given by the function
X+S

1% = e+ —ax

(2.29)

where S(x,t) = h(t)x?> + dx/2a and A(t) is given by the Schwarzian derivative
. 1la 3@
A0 =3 {a‘ﬁ}
Proof. The proof follows from the previous proposition by setting r(t) = 0 and replacing h(t) — —h(t). O

Proposition 2.2. If a(t) be such that the function R(t) := a/a satisfies a first-order Riccati equation, then the Eq. (2.28) can be
mapped to a standard variable coefficient second-order Riccati equation.
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Proof. The second-order Riccati equation of variable coefficients is given by

X+ 3h(t)xx + h*(t)X* + h(t)x* = 0.
It is easy to see that, when A(t) = 0, (2.28) reduces to a second-order Riccati equation with variable coefficients. The vanishing
of /(t) leads to the first-order Riccati equation, namely

R — %R2 =0. (2.30)

In a similar manner it can be shown that a first integral for the Gambier V Eq. (2.21) is given by
X+ x?
BOGE+x2) —xB()*/2

when f(t) is a solution of the first-order Riccati equation (2.30).
It is evident that once a first integral is obtained one can easily read off the nonholonomic transformation from its
numerator and denominator respectively in view of (2.6). O

I(x,x,t) =

3. Nonholonomic transformations for third-order differential equations

The linearization problem in case of third-order ODEs has previously been studied from the perspective of point and con-
tact transformations [14]. However, continuing in the same spirit as above, we consider in this section a general third-order
differential equation (TODE) of the form

X +ag(x, )X + 85 (X, D)X + g, (X, )X + go(x, 1) =0 (3.1)
and search for a nonholonomic transformation such that it is mapped to the following equation

X"(T) =0, (3.2)
(here X' = dX/dT), by the nonholonomic transformation

dX = A(x,t)dx + B(x, t)dt, dT = H(x,t)dt. (3.3)

It is a matter of straightforward computation to show that the TODE (3.1) is mapped to (3.2) provided its coefficients satisfy
the following conditions:
A B, BH, H;

20— a g 3 = k.0, 34)
3 afh_o (35)
%7%73%%3(%)2:0, (36)

Ac Hu B« BHa .HiA (H[>2_31@ BHcH: . HyBi
H

A H 2A 2Am dma’ A CamH SHa &wb (3-8)

2
%—%%—3%%+3§<%> = go(x,0). (3.9)
Thus, given a TODE so that the explicit form of the coefficients ag(x,t) and g;, i=0,...,2, are known, the set of Egs. (3.4)-(3.9)
constitutes an over-determined set for the three unknown functions A, B and H. Therefore, if upon solving the above set of
Egs. (3.4)-(3.9) one can deduce the functions A, B and H, then the linearizing transformation can be determined and conse-
quently equations of the form (3.1) may be linearized to (3.2).
It is obvious that a first integral of (3.2) is given by

L (t,x,% %) = X" = constant. (3.10)

The explicit form of the first integral can be immediately calculated from the transformation (3.3) and has the following
appearance,

P R . .
X' =55 [HAX + (HA,— AH)® + ((HA ~ AH,) + (B, — BH))X + (B, ~ BH,)],
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which may be written as

X' = % {%x + <%>x5<2 + ((g)t + <§>X>x + <g> J = constant. (3.11)

Having explained the general idea behind the construction of a linearizing transformation for an equation of the form (3.1),
we proceed to the determination of the unknown functions A, B and H. From (3.5) we have

H(x,t) = a(t)A**, (3.12)

where o(t) is an arbitrary function of t. Elimination of H from (3.6) leads to the following equation determining the function
A(x,t), namely

Ax 3 (AN
7‘§(X> =0, (3.13)

which admits the solution
(t)

Alx,t)=—"+—. (3.14)
(2 - xp(t))*
Here B and y are arbitrary functions of t. Next eliminating H from (3.4) we have
E +1& E —1é+3z+a
A, "4A\A) " aA" "o
which has the formal solution,
B 3/4 1a (A & .
(x,t) =A""(x,t)| | A @+3&+a0 dx+4(t)|. (3.15)

Note that, since o, 8, y and ¢ are arbitrary functions of t, we can choose them to be constants in order to simplify the calcu-
lations. Secondly, having completed the determination of the unknown functions A, B and H involved in our nonholonomic
transformation, it remains to examine their compatibility with Egs. (3.7)-(3.9). In the following we consider the case when
the functions «, 8, y and ¢ assume the following values.

Case (i) a=p=y=1ando6=0
With these values one finds that

H(x@:é B_1 / AV%ay(s, t)ds. (3.16)

A(X! t) = (2—)()3/27 A:W

2-%*

Consequently from (3.7) to (3.9) we arrive at the following relations:

1 Ay 3 (Ax 1
&(%.1) = oy — 5 o (Z) -2 <K> [/W/ A%aq(s, t)ds}, (3.17)
3 (Ax 1
& (X 1) = 2a0 — 5 (ﬂ LW / A4 aqe(s, t)ds}, (3.18)
go(x,t) = L%/ A ag (s, t)ds}. (3.19)

Instead of requiring the right hand sides of the above equations to match the given values of gi(x,t), i=0,...,2, we could
choose to define the g; by these very relations. Furthermore we assume

ao(x, t) = h(t)f (x)

and define a function,

1 X
F(x) := T / AV (s)ds,
so that
B_ h(t)F(x)



P. Guha et al./Commun Nonlinear Sci Numer Simulat 16 (2011) 3062-3070 3069

Then the expressions for g; become

8o(x,t) = h(t)F(x), (3.20)

10,6 = i0) 2600 - 05 3 (321)

2,(%,t) = h(t){ () —%+%} (3.22)

Note that the explicit form of F(x) is given by
12 [* f(s)

F(x)=(2-x) / —_—

(2-5)

7 ds.

Therefore a third-order equation of the form
X+h(Ef ()X + [g82(X, ) + g (X, )X + go(x,)] = O

with go, g1 and g, given by the Egs. (3.20)-(3.22) may be linearized to X" = 0 by the nonholonomic transformation

(2717){)2 [dx + h(t)F(x)dt], dT = (zjwdt. (3.23)

Its associated first integral may be obtained from (3.11) and is given by the following expression

dX =

I(x,t,%,%) = (2 — X)X+ %;’42 + h(t) <(2 —X)F'(x) + @)x + (2 = x)F(x)h = constant. (3.24)

Case (ii) a=1,y=4and f=56=0

This case is considerably simply because, when g = 0 and 7y = 4, it follows that A(x,t) = H(x,t) = 1 while from (3.15) we have
B = [Yag(s,t)ds = h(t) [*f(s)ds (assuming ao = h(t)f(x)). Moreover the expressions for g, as stated above, reduce to the
following:

& (X, 1) = ao = h(D)f (x), & (x,t) = 2hf(x), go(x.t) =h /Xf<s>ds = hF;(x). (3.25)

The explicit nature of the transformation in this case is interesting since it does not involve any change in the time
coordinate,

dX = dx + h(t)F; (x)dt, dT = dt. (3.26)

The corresponding first integral is now given by

Li(x, t,x,X) = [x + h(t)F, (X)X + h(t)F, (x)] = constant. (3.27)

4. Conclusion

In this paper we have computed the first integrals of the time-dependent second-order Riccati equation and its general-
ization by using the method of nonholonomic transformations. It appears that unlike Sundman transformation this method
leads to considerable computational simplification. In the latter half of the paper we have calculated the first integral in cer-
tain particular cases of a generic third-order nonlinear equation, which may be viewed as a kind of generalization of the sec-
ond-order equation of Liénard type, X + f(x)x + g(x) = 0. Hence it would be interesting and tempting to apply this scheme to
compute the first integrals of the Chazy systems.
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ARTICLE INFO ABSTRACT
Article history: We use a formula derived almost seventy years ago by Madhav Rao connecting the
Received 15 December 2008 Jacobi Last Multiplier of a second-order ordinary differential equation and its Lagrangian
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: and determine the Lagrangians of the Painlevé equations. Indeed this method yields the
Submitted by P.G.L. Leach

Lagrangians of many of the equations of the Painlevé-Gambier classification. Using the
standard Legendre transformation we deduce the corresponding Hamiltonian functions.

i;(gr‘:rgcgséqumons While such Hamiltonians are generally of non-standard form, they are found to be
First integral constants of motion. On the other hand for second-order equations of the Liénard class we
Jacobi's Last Multiplier employ a novel transformation to deduce their corresponding Lagrangians. We illustrate
Lagrangian some particular cases and determine the conserved quantity (first integral) resulting

from the associated Noetherian symmetry. Finally we consider a few systems of second-
order ordinary differential equations and deduce their Lagrangians by exploiting again the
relation between the Jacobi Last Multiplier and the Lagrangian.

© 2009 Published by Elsevier Inc.

1. Introduction

The study of nonlinear ordinary differential equations (ODEs) has been an ongoing endeavor for well over two centuries
now with significant contributions by many of the greatest mathematicians of all times, such as Euler, Lie, Painlevé and
Poincaré to mention just a few. Their contributions have ranged from finding explicit solutions of ODEs, to developing
general methods of classifications, to the qualitative analysis of their solutions etc. These in turn have often led to the
opening of entirely new branches of study in algebra, topology, geometry and have shed new light on several physical
phenomena.

Over the years many techniques have been developed to obtain closed-form solutions of various kinds of ODEs. However,
there does not exist any single common method for obtaining their solutions. Nevertheless the apparently different tech-
niques share one common feature: they somehow tend to exploit the symmetries of ODEs. Consequently symmetry analysis
of ODEs has become one of the most powerful tools for analyzing them. The foundations of this method are contained in
the works of Sophus Lie [1,2].
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(B. Khanra).
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It is also well known that the existence of a sufficient number of first integrals greatly simplifies the process of solving
any ODE. Having said so, it is not always quite obvious what these first integrals are. Indeed their determination is, in
general, a nontrivial task. In the case of conservative mechanical systems, one often has just a single first integral - the
energy. In this context the semialgorithmic procedure developed by Prelle and Singer deserves mention [6]. In its original
version it applied to first-order ODEs involving rational functions with coefficients belonging to the field of complex num-
bers C. Subsequently their method, which involved the use of Darboux polynomials, was extended by Duarte et al. [7,8]
and Chandrasekhar et al. in a series of papers [3-5].

As is often the case in a field which has been so thoroughly investigated over the years, some aspects often tend to
fade out only to resurface after many years when new results point to a mysterious link with those of the past. One such
result, which has appeared in the recent literature on differential equations, concerns the Jacobi Last Multiplier. The credit
for resurrecting this has to go to Nucci and Leach, who have shown how it may be used to determine the first integrals
and also Lagrangians of a wide variety of nonlinear differential equations. It appears that the connection of the Jacobi Last
Multiplier to the existence of Lagrangian functions was the subject of investigation by a few authors in the early 1900s.
However, the precise nature of their interrelation was brought out by Rao in [9] in the 1940s. Thereafter this did not attract
much attention among researchers in the field of differential equations.

Recently there has been a renewal of interest in this area and it appears that Jacobi’s Last Multiplier can be incorporated
in the formalism initiated by Lie for the study of differential equations.

1.1. Motivation and plan

It is clear that Rao’s formula can be used to deduce the Lagrangian of a second-order ODE or even a system of such ODEs
once the last multiplier is known. Unlike the Hamiltonian structure of the six Painlevé equations, which have received much
attention [17], the Lagrangian formulation has not been sufficiently nurtured. In a recent paper Wolf and Brand [18] pro-
posed a Lagrangian for Painlevé VI. In this paper we investigate the Lagrangians for the majority of the Painlevé equations,
using Rao’s formula and also indicate its applicability to other equations of the Painlevé-Gambier classification.

The organization of the paper is as follows. In Section 2 we introduce the basic ideas underlying the Jacobi Last Multiplier
and state its defining equation for an nth-order ODE or an equivalent system of first-order ODEs. The connection between
the last multiplier and symmetries is also mentioned. It also contains a discussion of certain geometrical aspects underlying
Jacobi’s Last Multiplier. Section 3 constitutes the main body of this paper and explains the relationship between the Jacobi
Last Multiplier and the Lagrangian description of second-order ODEs. It includes a deduction of the Lagrangians for four
of the six Painlevé equations and also their corresponding Hamiltonians. It also briefly outlines the procedure for other
equations of the Painlevé-Gambier classification. In Section 4 we analyze in this context second-order equations of the
Liénard type. It contains a specific example of a generic equation of nonlinear oscillator type. Finally in Section 5 we apply
the technique to a coupled system of second-order ODEs, which has not been very extensively studied, and also summarize
the results for a couple of other more well-known systems.

2. The Jacobi Last Multiplier

Consider the nth-order ODE in the normal form

yP=wxy,y,....y" D). (21)
Corresponding to this ODE there exists an equivalent first-order partial differential equation (PDE) in (n + 1) variables,
5f=(3x+y/3y+J/”3y/+---+W3y(n—1>)f=0, (2.2)

in which the quantities y’, y” ... are treated as independent variables at par with x and y.
Their equivalence is provided by the first integrals of (2.1). By definition a first integral is a global function, I =
I(x,y,y,...,y@ D), that is constant along the solutions of (2.1), i.e.,

dl  ~
a:1)1:1,(+y/1y+y”13,/+-~~+wa(,._1):0. (2.3)
Having determined a first integral, say I =I(x,y,y’, ..., y® 1) =1y, one can invert it to obtain

YO =wi(x,y, ¥,y 0o)

provided I ya=1) # 0. This shows that the existence of a first integral allows for the reduction in the order of the differential
equation by one. Furthermore it is evident that every first integral is a solution of the linear PDE (2.2) and conversely.

Assume that ¢%, « =1, ...,n denote a set of n functionally independent solutions of (2.2). As each ¢ is a first integral,
one has

q)“(x,y,y’,...,y(”’])):IS‘, a=1,2,....n. (2.4)
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Consequently by eliminating all derivatives from (2.4) one arrives at the general solution of (2.1) in the form
y=y(x1§,....15),

the I’s being essentially constants of integration.

As we mentioned above, the determination of even a single first integral is in most cases a nontrivial task. Hence, while
in principle the above procedure is fine, its practical application is often a daunting task, to say the least.

Nevertheless, assuming we have at our disposal (n — 1) solutions ¢* of the linear PDE l~)f =0, by means of the Jacobi
Last Multiplier the nth solution can be obtained by a quadrature. The formal definition of the Jacobi Last Multiplier is as
follows.

Definition 2.1. Given an nth-order ODE or its equivalent linear PDE in (n + 1) variables
Df=@+ydy+y'dy +-+wdunn)f=0,
the Jacobi Last Multiplier M is defined by

fx fy o fyen
1 1 1
- A(f. Pl p2..o" 1 ¢y o Dy
MBfi= QP07 | 7 Y <o (2.5)
A, y. ¥y, ...,y D) : oL
_ 1 _
0 g g

From the above definition it follows that the Jacobi Last Multiplier (JLM) can be varied by selecting a different set of
(n — 1) independent solutions v, y2, ..., ¥""1 of (2.2). If the corresponding JLM be M, then

LR AR AR Al W 1O S0 A ROt O K L A% AN POO A WO TC A L POOOS il
e D B TR T R TN SR ) B (IR S T

Indeed each JLM, as defined above, turns out to be a solution of the following linear PDE

MDf =

M Ay P M)
ox = gy

k=

=0 ony™ =w(xy,y,....y" ") (2.6)

or, if the ODE be expressed as a system of first-order ODEs of the form
Xe=Wi(t,x1,...,%), k=1,2,...,n, (2.7)

as a solution of the equation

d " AW,
—logM + " —— =0. 2.8
dr % +i_1 ax; (2.8)

It is evident that the classical definition of the JLM is overly restrictive, requiring as it does almost complete knowledge of
the system. However, being dependent on first integrals, it is natural to expect that it should bear some connection to the
symmetries of the equation under investigation. This connection was unravelled by Lie and its formulation in terms of the
generators of the Lie symmetry algebra is outlined below.

For the ODE in Eq. (2.1) or its equivalent PDE given by (2.2) let X; = £;9x + 1;0y denote n Lie point symmetry generators
of the equation. The vector field associated with D f =0 has (n+ 1) components (1,y’, ..., w) on y® = w(x, y, ..., y@=D).
Using standard methods for constructing the prolongations of these generators X; up to the (n — 1)th-order, viz.

X"V =g+ midy +n Moy + 0" Ve, i=1,2,...0,

consider the determinant

Ty fyon w
(1) (n—2) (n—1)

A=det| S T I T (2.9)
g o ony) o P gl

If A #0, then the JLM is given by M = A~1,
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Similarly for a system of n first-order ODEs given by (2.7) the associated vector field has components (1, W1, ..., Wp). If
we can find n symmetry generators of the form X; = Z?:o a,-ja‘—;j, i=1,...,n, with xg =t, then the last multiplier is given
by

1 W; - W,
aypo a1 ... 1
M =A=det| . . S (210)
ano dp1 ... Qpn

Since M satisfies (2.8), it follows that the ratio of two last multipliers is a first integral, i.e.,

d (M
“(ZZ)Y=0
dt \ M,
In other words the ratios of the A;’s (i > 2) provide us first integrals for the system of equations (2.7).

2.1. Geometric description of Jacobi’s Last Multiplier

Let M = M(x) be a non-negative C! function non-identically vanishing on some open subset of R". Then Jacobi’s Last
Multiplier is a solution of the linear partial differential equation

n

> IMWy) _ 0, (211)
i ax,-

where W = Y"1 | W;dy, is the vector field of the system of first-order ODEs. Essentially, if a Jacobi multiplier is known
together with (n — 2) first integrals, then we can reduce locally to a 2D vector field on the intersection of the (n — 2) level
sets formed by first integrals.
Let 2 =dx; A --- Adx, be a volume form on R". Define an inner product, (-,-), between 1-forms and (n — 1)-forms on
R" as
w1 Awy = (w1, w)S2.
So both the space of vectors and the space of (n — 1)-forms are dual to the space of 1-forms. Hence there is a natural

isomorphism between the space of vectors and the space of (n — 1)-forms. Let W be a vector field. Then W corresponds to
(n — 1) form ww under isomorphism

n
w2 =ow=Y (=D Widx! A+ Adxi A Adx. (2.12)
i=1
Thus the condition for Jacobi’s Last Multiplier can be manifested as [11,12]

0=d(Mww) = (ZM)Q

“ 0xi
i=1

Therefore an element, M, is called a Jacobi’s Last Multiplier for an ODE if

d(Mww) =dM A ww + Mdww = 0. (2.13)
Using
Lwow = (diV_Q W)a)w (214)

and (dg) A ww = (Wg)$2 (Vg € C°(R™)) we can show that the Jacobi Last Multiplier M satisfies
WM + M divp W=0. (2.15)

This equation reveals that M is a last multiplier for the divergence-free vector field W if and only if M is a first integral
of W. In general the vector field W is not divergence-free and in this situation the theory of multipliers, namely, the ratio
of two multipliers is a first integral etc., holds good. In fact the set of last multipliers measures how far away W is from the
divergence-free condition.

The theory of the Jacobi Last Multiplier is also connected to another important method namely adjoint symmetry equa-
tion in determining explicit integrating factors and first integrals of nonlinear ODEs. One can define the action of the adjoint
vector field W* corresponding to W on functions [13] as

W*(M) = —W(M) — M divp, W=0. (2.16)

Thus solving the adjoint equation one can obtain Jacobi’s Last Multiplier. This is the essential feature of adjoint method.
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We state another geometrical idea related to the last multiplier. Characterization of Jacobi’s Last Multiplier can be ob-
tained in terms of the Marsden differential [14]. Let m € C°°(M). Then the Marsden differential,

d™: A*(M) — A*TLM)
is given by

1
d™(n) = —d(mn). (217)

Thus M is a Jacobi Last Multiplier if and only if ww is d™-closed.
A vector field, S, is called a symmetry of an ODE given by a vector field, W, if

LsW=[W,S] =AW, X1eC™®. (218)
Let Sq,...,S5—1 be (n — 1) symmetries. Define
h=is, ,---iiiow. (219)

Then M =h~1 is a last multiplier for ww, i.e., d(Mww) = 0. This can be proved using the symmetry condition.

Lwh = Lwis,_, ---i2itow = (ijw,sp_1] + is,_; Lw)is,_, - - - is,is, W.
The first term in the expression above vanishes. Thus recursively one can prove that
Lwh =h diVQ W, (2.20)

where the function M =h~! is called an inverse multiplier.
At last we wish to outline a connection between last multiplier and Nambu mechanics. Consider a special case of (2.14),
a divergence-free condition
. aW;

divow=S """ _p, (2.21)
= Oxi

In this situation Eq. (2.7) can be mapped to Nambu dynamical systems, i.e. systems of time-autonomous ODEs of the
form [15], with a special value of W;

. 0Hy oHp
----- CR P
In other words a system obeying Nambu mechanics automatically satisfies the Liouville condition. In fact by duality the
vector field W= W;(x)d/0x; maps to an (n — 1)-differential form given by

(2.22)

1 ) )
—__ . . . J2 A L. J
ww = (n_l)!eh__,,,]nwj1 ax’2 A Adxdn
1 oH : oH .
= €Uy k€1 n Bl | X2 | A A |
n-1! " o 0xj, 0xj,
=dHy A--- AdHp.
Thus ww is a decomposable and closed (n — 1)-form and the set of (n — 1) independent functions, H», ..., Hy, are such
that every integral curve is given by an equation of the form Hy(X) =Cs, ..., Hy(X) = C.

3. Lagrangians and the last multiplier

In a series of recent papers Leach, Nucci and Tamizhmani (for example, [16,19-21] and references therein) have investi-
gated the relation between integrating factors and the Hessian. It appears that this connection has a long history, which can
be traced to Jacobi’s attempts to obtain the last multiplier [23,24]. In 1874 Lie [1,2] showed that point symmetries could
be used to determine Jacobi's Last Multiplier (JLM). The explicit nature of the relation between the JLM and Hessian was
clarified by Rao in a article [9] and is also mentioned in Whittaker’s book on analytical dynamics [10].

3.1. Second order equations
For a second-order ODE y” = w(x, y, ¥') which admits a Lagrangian function L(x, y, y’) the Jacobi Last Multiplier, M, is
given by
9L

=5y (3.1)
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On the other hand, given a system of first order equations

Ve=fitxy),  y=U1.Y2,--.¥n)s

the JLM is a solution of the equation

n

dlogM d
g +Z fk:

0.
dx Yk

k=1

It follows that, if a solution of this equation is obtained, then from a knowledge of the JLM one can construct the Lagrangian
function as

Ly, y) = / ( f Mdy’) F &Y+ ). (32)

3.2. Lagrangians for the Painlevé equations

A large number of second-order ODEs in the Painlevé-Gambier classification system belong to the following class of
equations, namely

L1 .

X+ §¢xx2+¢tx+ B(t,x) = 0. (3.3)
Writing this equation in the form

. . 1 . .

X=F(t,x,x)= —[iquxz + ¢eXx + B(t, x)],

the Jacobi Last Multiplier M for (3.3) is given by the solution of

%logM:—%. (3.4)
In the present case we have
2
e exp[p (¢, x)]. (3.5)

By (3.2) we then obtain the Lagrangian as

1 ) )
L(t, x, %) = 5e¢<f~">x2 + f1(t, 00X + fa(t, X). (3.6)

To determine the unknown functions, fi and f,, we substitute this Lagrangian into the Euler-Lagrange equation of motion

d (oL aL
—(=)== i
dt(85<> dx (37

and use (3.3) to get
fie = fax=e?B(t, %).

The making of a gauge transformation f; = Gy and f; = G; + f3(t, x) allows us to satisfy the last equation when

fa(t,x) = —/e"’B(t,x) dx. (3.8)

Consequently the final Lagrangian for (3.3) becomes

02
. X dG
L(t,x, %) =e?EV _ / e?B(t, x)dx + —. (3.9)

2 dt

The total derivative term obviously is of little consequence. Hence we may safely discard it.

The conjugate momentum may be defined by
oL

p= Frie e®% whichimplies x=e %p
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and leads to the Hamiltonian
p?
H :e‘d’? +/e¢’B(t, x)dx

by the usual Legendre transformation. It is clear that the Lagrangian obtained in the above manner is a non-standard one.
One can attempt to bring it closer to the standard form by means of the transformation

y=e??kory(t,x) = / e 072 gy (3.10)
We illustrate this by a specific example in the sequel.

3.2.1. The Painlevé IIl equation
The Py equation may be written as

. 1., 1,
x—;x +?x+B(t,x)=0, (311)

where B(t,x) = —[1(ax? + B) + yx* + £]. Comparison with (3.3) shows that ¢, = —2/x and ¢ = 1/t which yields for the
last multiplier M = exp ¢ = t/x%. Then from (3.9) we obtain

t % B yx> 8
Lijj=—=— X——+tl — — — 3.12
=gy T x+<2 2x2 (312)

and the Hamiltonian as

2 2

X°p B t[/d 2
Hpy=—— — —oX | = —yx°). 3.13
= 2+(x2 a>+2(x2 4 (3.13)

3.2.2. The Painlevé V equation
The Py equation may be written as

. 1 1 o 1,
X—|=—+ X"+ —-x+ B(t,x) =0, (3.14)
2x  x—1 t
where
x—1)2 X Sx(x+1
B(t,x) = — ( 3 ) (ax+ﬁ)+y—+¥ .
t X t x—1
Following the same procedure as before we obtain for the Jacobi Last Multiplier
_ t
T x(x—1)2
and the Lagrangian
t ¥ 1 tx
L=t X T By Y . (3.15)
xx—1)22 t P x—1 (x —1)2
The corresponding Hamiltonian is
xx—1%p% 1 B Y tx
=—— ——(ax—= )4+ —+9$§ . 3.16
Y r 2 ¢ x) T x=1 7 T x—1)2 (3.16)
3.2.3. The Painlevé IV equation
The Py equation may be written as
. 1,
X— —x*+ B(t,x) =0, (317)
2x

where
33 2 2 B
B(t,x) = — —zx + 4tx“ + 2(t —ot)x—i——x .

Unlike the previous two Painlevé equations, here we have ¢, = 0 so that the last multiplier is now time independent. Indeed
for the Pjy equation we have M = 1/x while the corresponding Lagrangian is
;2

1x 4 3
Ly=-— In|x| + (82 —a)x® + —tx> + =x*|. 318
v x2+['8 x| + (t° — ) g+ g (3.18)
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The associated Hamiltonian is

2

X 4 3
Hy = % - |:ﬂ In|x| + (> — o)x* + §tx3 + §x4].

3.2.4. The Painlevé VI equation

The Py; equation is perhaps one of the most well-studied equations of the Painlevé class. It may be written as

. 1/1 1 1 9 1 1 1 .
X—-|-"4+——+—x*+(-+—+—)x+B(t,x) =0,
X t t—1 x—t

where

—B(t,x) =

x—DExE-1Dx-—1) Bt y(—-1) &tt—1)
2 —1)2 [“+x_2+ x—1) (x—t)Z]'
In this case we have

1 1 1 1 1 1
¢x=_<—+ +—t) and ¢[=<—+—+—)

x x—1 x- t t—1 x-—t

so that the last multiplier is given by

et =D
T T xx—=Dx—-1t)

The Lagrangian for the Py; equation is found to be

o te=1)  # tt—1) dG

LVI(t’X’X)_X4(X—1)(X—t)?+/m(_3(t’x))dx+ au
_ 2

Lu(t, x,%) = w-bh x - d 4 5

Let p be the conjugate momentum. With
oL tt—1)
p = —F=———X
X x(x—1)(x—1t)
the corresponding Hamiltonian is

_tt—-1) p? ax B y )
Txx—1Dx—0) 2 tt—-1) +x(t—l) +t(x—1) s

Hy,

xx—1D)(x—1t) 2  tit—1) =x(t—1) tx—1) x—t

(3.19)
(3.20)
(3.21)
dG
- (3.22)
(3.23)

Besides the Painlevé equations many other equations of the Painlevé-Gambier classification may also be treated in a

similar manner. We illustrate this below.

3.2.5. The Painlevé-Gambier equations XXI
This equation is of the form

. 3.
X— —x%*—3x*=0.
4x

(3.24)

The Jacobi Last Multiplier is given by M = x~3/2 and the corresponding Lagrangian is

w2
L2 =X_3/2X? + 2x3/2,

dHy

The associated Hamiltonian Hp1 provides a first integral (i.e., =3

=0), namely

W)
Har =x25 2872,
2

(3.25)

(3.26)

It is interesting to note that L7 and H; both have a ‘wrong relative sign’. Consider the transformation

1/4 3/4;

X y=4x sothat y=x""""x.

Under this transformation the Lagrangian L,; assumes the more familiar form

. 1.
Loa(t,y,y) = [iyz + (2<y/4>6)].

(3.27)
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4. Equations of the Liénard type

In a series of interesting papers Chandrasekhar et al. have made a thorough study of many nonlinear equations of the
oscillator type, using an extension of the Prelle-Singer method [3-5]. We investigate below one such generic equation of
the Liénard type,

X+ fX)x+gx) =0 (4.1)

from the perspective of the Jacobi Last Multiplier.
4.1. Lagrangian for second-order Liénard type of equations

From (3.4) the last multiplier for Eq. (4.1) is given by M = exp(f f(x)dt). Following [20] we introduce a new variable v
by setting

/ f(x)dt =log (v“"_l) (4.2)
which implies
V+afxv=0, (4.3)

with o being a nonzero scalar to be determined. As a result we have
-1
M=v% . (4.4)

Indeed, if we can map the original equation, (4.1), to the first-order Eq. (4.3) in terms of the variable v, then a suitable
Lagrangian can be easily deduced. It is obvious that v must be linear in x. In fact it is shown in [20] that such a map exists
and is given by

vkt L (4.5)
of

provided f and g satisfy the condition

d g

—(=)=a0(1—-a)f. 4.6

- ( f) a-af (46)
From (4.4), since M = 92L/9x%, we find that

1

_ 2—a~!
L= (2—(1_])(] _a_l)v +f]V+f2. (4.7)

Now we substitute this into the Euler-Lagrange equation leads to the condition

d g
fie — fox= a(flﬁ),
which may be satisfied by setting fi{ = Gx and f, = G; + f3 yielding

d g g
=——|Gx— =—Gx—.
f3x dX( XO[f) = f3 X(Xf
The simple choice Gx =0, i.e., f{ =0 gives, f3 =0 and f, =dG/dt. Thus
L= ! it 2 2_WJFdG w£0, 1 (4.8)
T R-aH(d-a af dt’ 20 ’

We can rescale the Lagrangian to get rid of the inconsequential scalar factors and also drop the total time derivative to get
it into the neater form

2-1/a
(.. &
L_<x+af> . (49)

This Lagrangian, being invariant under time translation, admits a Noether symmetry with corresponding conserved quantity
or first integral (disregarding overall scalar factors)

1-1/a .
.8 a@-1fx—g
I= = = T o 410
<X+wf> i (410
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4.2. Example: A generic equation of nonlinear oscillator type

Consider the following equation
%+ (k1x? +ko)x + (k3T + kgX9™! 4 ksx) = 0. (411)

This is a generic equation of nonlinear oscillator type, which includes many subcases depending upon the choice of the k;,
which are parameters. The case ¢ =0 corresponds to a damped harmonic oscillator, while ¢ =1 corresponds to the force-
free Helmholtz oscillator. Substituting f and g from (4.11) into the condition (4.6), we obtain the following equations from
the different coefficients of x.

k
a(l—a)=(q+ 1>, (412)
ki
k
a(l—a)=—, (413)
ks
kika +kok3(2q +1) = a(1 — a)k?ka, (414)
kiks(1 —q) +kaka(1 4+ q) = 30 (1 — a)kq k3. (4.15)
Equating (4.12) and (4.13) we find that
k2k
- ;_5 (4.16)
k5ks
Using this value of g in the remaining Eqs. (4.14) and (4.15) while eliminating o by means of (4.13), we get
k
ks = = (kika — kak3). (417)
ki
The constant « is determined from the quadratic equation (4.13) and is
1 4k
a=-(1+ [1-22), (4.18)
2 k3
where ks is given by (4.17). Given g there exists another relation between the k; (i =1,...,5) derivable from (4.16) and
(417), viz.
k1k4
LIPS (419)
koks
Thus of the five parameters k; (i=1,...,5) only three are independent and to summarize we have the following relations:
kak
ka=—=(q+2).
k]
k2ks
ks=—=—=(q+1),
k]
a=1(1+ 1= @+
2 k? 1 '

4.2.1. Special cases

_ 4k
K

X+ (k1 + k)X + (k3 + k4 + ks)x = 0, which is simply the damped harmonic oscillator, has Lagrangian

2-1/a
L <x n (k3 + kg + k5)x> .
a(ky +ko)

When q = 0, we have kiks = 2koks and ks = k%k3/k%. Consequently o = %(1 + ) and the equation

When g = 1, we have kiks = 3kzks and ks = 2k3ks/k? while o = (1 £ /1 —8k3/k?). The Lagrangian for the equation,
X+ (kix + k)X + k3 (x3 + 3ka /kix? + 2k2 /k3x) = 0 is
ks, 2-1/a
L={x+—(x"+2ky/k1x .
{ + oth( + 2k /kq )}

From this Lagrangian one can easily compute the conjugate momentum to obtain the corresponding Hamiltonian.
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5. A system of second-order coupled equations

The extension of the above technique to a system of second-order ODEs is also possible under certain conditions. We
describe below the formulation as presented in [22]. In the case of a system of n degrees of freedom the Lagrangian
L=1L(t,q,q), where ¢ ={q1,...,qn} and ¢ = {q1,...,qn} define the generalized coordinates and corresponding velocities,
we may define the ijth Jacobi Last Multiplier by

3%L .
Mij=——, i, j=1,...,n (5.1)
94;0q;

It is assumed that the equations of motion:

4k = wi(t,q,q), k=1,...,n, (5.2)
are derivable from the Euler-Lagrange equations

d /oL aL .

——)——=—=0, j=1,...,n (5.3)

dt 3q]' 8(]]'

It is evident that the conjugate momenta are

L ) )
— =pjt,q,q), j=1,...,n,

which implies

dp;j 0pj ap;j 8p1 oL
dt_8t+k;q8qk+ '

" dqi 3Qj
This means
3 (oL . 9L ap; aL .
—(—.)4—2(% — + Wi .pj.>—f, j=1....n (5.4)
ot \ 9q; P 9q,0q j 0q9q; aq;
Differentiating (5.4) with respect to ¢; and using the definition of the last multiplier given in (5.1) we find
IMij < ( y . aw,< dwy 3’L 3’L
— + —(sz“)+ (WkM D))+ i — ——Mij | + - — — =0. (5.5)
ot ,; oqe Y ! Z o ") " 94idq;  9Gidg;

Interchanging i and j in (5.5) we get

n

oM i ( 9 . ) <8wk awy, ) 92L 92L
+ — (qkMji) + (WkM i) |+ ki— ——Mji )|+ ——% ———=0. (5.6)
ot ,; g ! Z ag; " Agy dq;04i  9q;9q;

Adding (5.5) and (5.6) and making use of the fact that M;j = Mj; we have

n

oM;; < J . 3Wk IWy aw
— —(q1M~~)+ (WkM D+ My + =My ) — =My ) =o0. (5.7)
ot ; aqk <V ] kZ; z K] aqj ki 8QI< ij
It is evident that M;; satisfies the defining relation (2.6) for the JLM whenever
3Wk 8Wk
Z %3, Mkj—f— 0 _ZZ ij foreachk=1,...,n. (5.8)

A trivial way to ensure this condition is satisfied is to assume the wy’s to be velocity independent,

Wk _ o forallk,I=1,....n
aq)
On the other hand, when i = j, the last two terms in (5.5) cancel leaving
dMij " d owy oWy
—_— — M —My; — —M;j; | =0. 59
at +Z 90 —(qxM n)+ (Wk ii) +Z 34; ki 341 ii (5.9)

k=1
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Here also M;; satisfies (2.6) when the last sum of (5.9) vanishes, which may be ensured by choosing the w;’s to be velocity
independent. Under these circumstances all the M;j;’s satisfy the equation

n
a . 0
+ Z(T%(QkMii) + 3TI.k(WleIii)) =0, (5.10)
k=1

IMi;
at

as they should, provided dwy/dq; =0 for all k, j =1, ..., n. With this assumption equations (5.7) and 5.10) always admit the
solution M;j; = constant. The following examples illustrate how simple choices of M;; can be made to obtain the Lagrangians
of second-order ODEs satisfying the above velocity-independent criterion.

Example 1. Consider the system

.o A
i+ 8(y/x) — o5 =0,
X X
. B M
y+ g fy/m - ] =0.
Here wq(x, y) = —ag(y/x)/x* + /x> and wa(x, y) = —Bf(y/x)/x* + 11/y> respectively. On the other hand «, 8, A and p
are arbitrary parameters while g and f are functions with argument u = y/x. Notice that wi and w; are independent of
the velocities. The Jacobi Last Multiplier for this system is therefore a solution of the equation,
oM d(Mx a(My a(Mw d(Mw
LMY AMy) | dMw) | 9(Mw) _

at ax ay X ay

)

and admits constant solutions. We choose them as follows:
Myy =Myxy=0 and Myx=My,=1.

These yield the Lagrangian

1,., . . .
L= (¥ +3°) + (6 x )R+ ho(t,x 9y +hs(t %, y).

Substitution of this into the Euler-Lagrange equations for x and y gives, upon using the original equations of motion,
hit — h3x + wq + (h1y — han)y =0, (511)
hat — h3y + wy + (hax — h1y)x=0. (512)

Equating the coefficients of x and y respectively we get the following set of equations:

hiy —hax =0 whichimplies hi=Gx, h»=G, and (5.13)

hit —h3x+wq =0, (5.14)

hat —h3y +wo =0. (5.15)
These in turn give

h3x = Gyt + W1 orh3:Gt+/W1 dx +r(y), (5.16)

h3y =Gy +wy orh3=Gt+/w2dy+s(x). (517)

Consistency for h3 requires that

h3xy = h3yx
and translates into the requirement that w1y, = wyy. This imposes the following condition on the functions f and g which
define the second-order system:

%g/(u) +uf'(u)+2f(u)=0, whereu= %

One can rewrite this as
o
—u

/ d 2 _
5 g(u)+@(u fw)=o0. (5.18)
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When we use the explicit forms of w; and w, and make use of the last condition, the form of the functions r(y) and s(x)
occurring in (5.16) and (5.17) may be fixed and the functional form of h3 is found to be

a

1
hs(t, x, y) = G¢ — [ﬁ + —(ag(y/X)Jrﬂ%f(y/x))}

2y2

Therefore the Lagrangian is given by

1,. . o m 1 y dG
L=-(}*4+7)-| =+ — [« X)+ B= X + —. 519
SE )~ |55 292 X\ X80/ B F /X T (519)
Again the total derivative term, being of little physical significance in the classical case, may be safely discarded. It is
interesting to note that the above second-order system, though similar in some respects to equations of the Ermakov
system, is not merely a mathematical artifact. It is similar in structure to the system studied in [25] in the context of the
dynamics of stellar systems.

A similar exercise may be carried out for the following:

Example: Generalized Van der Waals Potential

. X
X= —<2VX+ r—3) =wi(x,Y),

e 2 y _ _ 5 5
Y——<2V/3 Y+r—3)—wz(x,y) where r = /x2 + y2,

and y, B are parameters. In this case the Lagrangian is given by

1,. . 1 dG
L=l - [y(x2+52y2)—;]+5. (520)

Similarly for the

Example: Henon-Heiles system,

X = —(Ax + 2axy),
y:—(By+ax2—ﬁy2), (5.21)
the Lagrangian is given by

2

o1, P 2
L(t,x,x):i(x +y)—<AE+B

3
y 5 y dG

— —B—= —. 5.22
> +axy—8 3>+ i (5.22)

6. Outlook

In this paper we have discussed applications of the Jacobi Last Multiplier for the deduction of Lagrangian functions
for the second-order ODEs of the Painlevé-Gambier classification. We have specifically deduced the Lagrangians for the
majority of the six Painlevé equations as also other prototype equations of the Painlevé-Gambier classification. We have
also dwelt on the geometrical background involving the last multiplier. This is an on-going endeavour and we propose to
perform further investigations in our future works. In addition we have used the above technique to analyse a particular
class of coupled second-order equations. Besides the well-known Henon-Heiles system we have obtained the Lagrangian for
a relatively less studied systems occurring in the context of stellar dynamics. The Lagrangians discussed here are found to
admit a Noetherian symmetry, with an associated first integral, which are the Hamiltonians of the equations concerned.
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Abstract

We study a Bicklund transformation for the dimer self-trapping (DST) model
under open boundary conditions. As in the periodic case, the transformation is
found to be canonical with a corresponding generating function. The spectrality
property of the transformation is investigated. Finally, as an application of
Biécklund transformations we study its connection with discrete-time dynamics.

1. Introduction

Classical discrete integrable systems have attracted the interest of many researchers over
the recent years. The dimer self-trapping (DST) model, the Toda lattice and the XXX spin
chain are some of the most well-known discrete lattice systems which have been extensively
studied from various perspectives [1, 2]. A novel approach for obtaining parameter-dependent
Biécklund transformations for discrete lattice models was first discussed by Sklyanin in [3, 4].
Subsequently, many authors have made various contributions in this regard [5-7]. Sklyanin’s
initial work was focussed on systems obeying periodic boundary conditions. However, in
[8] an attempt was made to investigate the problem of deriving Bécklund transformations
under more general quasi-periodic and open boundary conditions. Recently, there has been a
renewal of interest in this aspect [9]. In this brief paper, we examine the DST model under
open boundary conditions and derive a parameter-dependent Béacklund transformation for the
model. The canonical nature of the transformation is explicitly deduced, and the property
of spectrality is investigated. Finally, the connection of such Bécklund transformations to
discrete-time dynamics of the system is briefly discussed.

2. Formulation

The DST model may be described by a system of difference equations:

qn:qn+l_q3rna fn=—rn-1+an3, n=1,...,N. 2.1

0266-5611/09/085002+11$30.00 © 2009 IOP Publishing Ltd Printed in the UK 1
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These may be obtained from the consistency of the following linear system:

\Ijn+] = en"pna “pn = anjn’ (22)
where
() = <“+W” q”) and M,,(u):( 2 q’;), 2.3)
Tn 1 Fn1 —%5

and u is, in general, a complex spectral parameter. Equations (2.1) define a Hamiltonian
system with a symplectic structure given by

SH
C]n _ 0 1 57” . 1
(r‘,,) - (—1 0) (8_H> and H =g Xn:(‘bmrn +qnln—1 = Gnln)- (2.4)

57,
Usually, we consider a chain of N lattice points and assume that the lattice variables obey
periodic boundary conditions:
qn+N = qn;, ntN = Fn.
Consistency of the linear system (2.2) implies
Co(u) = My ()€, (u) — £, ()M, (u), n=1,...,N, (2.5)

which yields the equation of motion (2.1). The r-matrix formalism has proved to be a
very powerful and useful tool in the analysis of integrable Hamiltonian systems. Given the
Hamiltonian structure (2.4), it is easy to verify that

{6, () 2 L,(0)} = [r(u —v), £ (u) @ £, (v)], (2.6)
where the classical r-matrix is given by
1 0 00O
1 00 10
r(u—v):—u_v 010 0 2.7
0 0 0 1
The monodromy matrix is then defined as the ordered product,
T(u)=£,(u)---£(u), (2.8)
and it satisfies the Sklyanin quadratic algebra:
{TWeTW}=I[ru—0v),Tw) ®TW)] (2.9

The generator of the integrals of motion follows from the trace of (2.9) and, in the periodic
case, is given by

tw)=tuTw) =u” +u "H +u"*Hy+---, (2.10)
where
N N
Hi=) qri, Hy = "giari+ Y _(qir)(q;r))-
i=1 i=1 i<j
The Hamiltonian of the system is a nonlinear combination of the above constants of motion,
namely

N N

1

Hperiodic = § qi+17i — E E q,zl’,z (2.11)
i=1 i=1
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2.1. Open boundary conditions

To study the system (2.1) under open boundary conditions we replace (2.5) by the following
system of equations:

Ci(u) = M () (u) — €)M (u),

with M,,(u):( 2 q’;), j=2...,(N=1
Fn—1 2
and
Ey () = Myay )€y ) — Ly )My u), and L1(u) = My(u)ly (u) — €4 ()M (u),
(2.12)
with
My () = (5 e ) and M) = (5 ‘. )
rn ) ro -3
The break with periodic boundary conditions is achieved by demanding
dN+1 = 9+ and ro = 9,, (213)

(64 being constants) so that the equations of motion for the end points of the chain become

g1 = q» — qiri, i=—(0-—aqr}), (2.14)

g = (64 — ayrn). PN = —IN_1 + NI (2.15)

The Hamiltonian of the system under open boundary conditions is given by

N—-1 N
1
H = Y g 212 4 10— + ryBs. 2.16
;%v 2;%”, q1 ryO. (2.16)

It may be shown that in such a case [10, 11],
() = tr[K, (@)U )] =tr 7 (u), where Uw)=TwK_u)T "(—u) (2.17)
serves as a generator of the conserved quantities, with U (u) satisfying the following reflection
equation (RE) algebra:
{U@) U} =[ru—v),Um U]

+UD @yr+v)U? ) — UP W)r@+v)UP ). (2.18)
The matrices Ki(u) involve the non-dynamical parameters determining the boundary

conditions imposed on the system and are, in addition, required to satisfy the following
relations:

K (u)Mysi () = My (—u) Ky (u), My(u)K_(u) = K_(u)M(—u). (2.19)
In the present case, the following forms of K (u) are found to be admissible [8]:
6. u 0, 0
K_(u) = <0 9_> and K.(u) = (u 9+) . (2.20)

Having briefly recounted the basic relations governing discrete systems under open
boundary conditions, we shall now describe a systematic procedure for obtaining Béacklund
transformations for the DST model, under such conditions.



Inverse Problems 25 (2009) 085002 B Khanra and A G Choudhury

3. Bicklund transformation

It is worthwhile to briefly review the methodology proposed by Sklyanin in [3], for the periodic
case. This is based on establishing a similarity transformation for the monodromy matrix,
determined by local transformations of the form

by s 0 gior) — 6w @i, 7o), i=1,....N, 3.1)
and being defined by
Wiet(u, M (s Gi, 7)) = € (u; qi, i) Wi(u, A). (3.2)

Here W;(u, A) is a suitable non-singular matrix obeying the quadratic algebra (2.9), and A is
a parameter. The dynamical variables in W;(u, A) serve an auxiliary role and are assumed to
satisfy periodic boundary conditions. As a consequence of (3.2), one can easily derive the
following relation:

Wyt (u, T (u; g, 7) =T u; q, r)Wi(u, 1). 3.3)
Therefore, in the periodic case when Wy, (u, A) = W;(u, 1), one has
T (w; q,7) =Wyl VT (u; q, YWy, M)} =T (u; g, r) (3.4

implying that the Hamiltonian (2.11) is invariant under the transformation (3.2).

In the case of open boundary conditions we shall look for a local one-parameter
transformation of the form (3.2), which manages to keep t(«) as defined in (2.17) invariant.
This will then guarantee the invariance of the commuting integrals of motion, even after
affecting the local Bicklund transformation.

Let us write T (u; g4, 7) = T(u), after suppressing the arguments, so that (3.3) may be
concisely expressed as

Wyt (u, A)f(u) =TWw)Wi(u, A). 3.5)
Note that
det £, (1) = det (u +rann qln ) = u which, in turn, implies det T (u) = u".
n

This requires in view of (3.2) that
det Wiy (u, ) = det W;(u, 1)

or in other words det W; (u, 1) be independent of the lattice variables. Furthermore, as W; (u, A)
is assumed to be non-singular, we have from (3.5)

T =)Wyl (—u, 2) = Wi (—u, VT (—u)
or Wi (—u, VT (=) = T (=) Wyar (—u, 1).
Consider now the product
KU @) = Ke)T WK_)T ™" (—u).
Using (3.5) and (3.6) this may be written as
Ko @)U ) = Ko@) { Wit (e, DT @)W @, DIK- @)W1 (=i, DT (=)W (—u, 1))
Hence
T(u) = u[K+ (W)U W)]
= t[{Wyh (—u, WKL) Wi (e, YT @AW G, K- @)W (—u, T (=w)].
(3.7)

(3.6)
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Invariance of the trace follows immediately by demanding

Wy (—u, MK (1) = Ky (u)Wiii(u, ), (3.3)
WiGu, WK_(u) = K_(u)W; (—u, 1). (3.9)

It is interesting to note that these equations are similar to (2.19).

To summarize therefore, in the case of open boundary conditions, the single-parameter
Bécklund transformation for the chain is determined by (3.2) no doubt, but in addition the
boundary matrices K 1 (1) should satisfy the additional conditions (3.8) and (3.9). The essential
problem is to find out a suitable gauge matrix, W; (u, A), which fulfils all these requirements.
We use the following ansatz for the gauge matrix [9]:

M—)\,+SiSi S?S[—Z)»S,‘

, det W; (u, A) = A2 — u?, (3.10)
Si —u —)\.+S,‘S,‘

Wi(u, 1) = (

where it is assumed that u # £A. Substituting this ansatz for the gauge matrix in (3.2) we get

)\S,’ - )\S,‘ (3 11)
i = Si+1 — ) i = TSi+l — ) .
1 + 1+}"iS,' 1 +l 1 —F,'Si
T Fi - .
S; = A — — s Sis1=r;+7 where i=1,...N. (3.12)
1+ riS; 1-— r;S;
On the other hand from (3.8) and (3.9) we find
20, + A
$,=20. and  Syy = w (3.13)
SN+1

Equation (3.11) defines the requisite Backlund transformation, provided we can express s; as
functions of the r;, 7;’s. This is achieved by noting that (3.12) allows us to eliminate S;:

ri Fi _
Si=A — — =ri-1+ri-1,
1+l’,‘Si 1—r,~s,~

and, in turn, yields the following quadratic equation determining s;:

, (1 2% 1 AF =) ,
Si_ ~—+—~—— Ss; + —_— - — —= ZO, l=2,...,N—1.
rio riertrior n ric1+ i il

(3.14)

Similarly equating S| and Sy, from (3.6) with their corresponding values from (3.13) we get

A1 1 1 A =7t
R LA P _~+M =0, (3.15)
0_ r r ryri 29_
2A 260
S3 — SNsl — ——— = 0. (3.16)

~ + ~
ry +ry ry +ry

These equations implicitly define the Bicklund transformations (3.11). In fact, one may
consider the entire set of equations (3.11)—(3.16) as defining the Béacklund transformation
relations.
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3.1. Canonicity

It is evident that the manner in which we have defined the Bécklund transformation (by
demanding the invariance of tr[K,(#)U (#)]) automatically ensures that the transformed
Hamiltonian H (g, 7) = H(q, r) for all values of the parameter A.

Second, the canonical nature of the transformation is best demonstrated by finding
explicitly a suitable generating function, F; (7; r), such that

. BF,\ - E)Fk aFA

L= , = ——" Si=— . 3.17
4 8rj 4 817] J 8sj ( )
In the present case, such a generating function is given by
N
Fy(Fir) =Y [sin(ri + 7)) = An(L+ris) (1 = Fisi)]
i=1
—20_s1 + 26,551, — 21 In sy, + const. (3.18)

Note that the constant, say C, is independent of dynamical variables, but may depend on the
parameter A.

3.2. Spectrality

The notion of spectrality is a new feature in the theory of Bicklund transformations. In a
sense it is a generalization of the concept of canonicity, where, in addition to the canonical
variables (g;, r;) and (g;, 7;), we define another pair of canonical variables (i, A), with u
being conjugate to the parameter A of the Bicklund transformation. We define p by

BF,\(F; }")
= —". 3.19
2 7 (3.19)
Consider the eigenvalue problem for the matrix 7 (u = 1) = K,(L\)U(V):
TQ =AQ. (3.20)

It turns out that the eigenvalue A is proportional to the exponential of p [10]. This means that
the pair (e#, A) lies on the characteristic curve of the matrix 7 (1) i.e.,

det(e" —T(A)) =0. (3.21)

In general, if B, denotes a family of Bicklund transformations, then it is said to be associated
with a Lax operator 7 (1), if for some function f(u), the pair (A, f(u)) lies on the spectral
curve of the Lax operator 7 (A):

det(f(p) — T (L)) = 0. (3.22)

In the present case, we shall show that f(u) = e explicitly. It will be observed from (3.5),
(3.6), (3.8) and (3.9) that

Wit (—u, T ) = Wiyt (=, WK ()T @)K @)T ™ (—u)} = T (u) W11 (—u, 1)

(3.23)
Setting u = —A, we find from (3.10) that W;(—X, 1) is a projector:
—2%+5;S;  s7S; — 2Ms; iSi — 2
Wi(—h, 2) = TS SPSi= 2\ _ (85, (1s,). (3.24)
Si Si Si Si

Furthermore, there exists a null vector,

Q= (‘f") , (3.25)
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such that

Wi(—A, M) = <S" S"Sf 2’\) (1s;) <_1S") —0. (3.26)
Consequently, it follows from (3.23) and (3.26):

W1 (=1, )T (1) Q4 = 0. (3.27)

Hence 7 (A)2n41 1s proportional to Qp41, i.€.,

TR+ = AQu1- (3.28)
The determination of the eigenvalue A may be carried out as follows. Since

T)Qya = KsO)TWK-W(T (=1 Qw1)
and

T =0y =67 (=0 - L EnfE (@l

we shall need to determine a recurrence relation for the €2;’s, so as to shift them from right to
left through the string of Z;l (—A)’s. Note that

~ 1 —Sjt1 —qj 1
Ej_](_)\v)Q]+] — __ ( Jj+l1 q] ) — Q],

A 7ij+1_)\,+quj 1—ijj
where explicit use of the Bicklund transformations for §; from (3.11) has been made. This
allows us to run the vectors €2; from right to left and to obtain, as a result,

N

~ 1
T (=1Qyn = |
j=1 TS
Next
N N
~ 1 1 1 S1S1—2)x

K_ )T " (=M)Qys = K_-(W)Q =—= )

T (=400 El—fjs, W= Jl,:[ll—fjsj ( —$ )

(3.29)

where we have used the fact that §; = 26_. Note that W; (u, X) is also singular at u = A and
may be expressed as

Si S,’ sizS,» — 2)\S,’ Si
Wl()u,)\.) = < S,' —2%+s,~S,~> = <1>(SiSiSi —2)\.) (330)
Hence its action on the vector,
~ Sl‘Sl‘ —2A
Q= 31
; ( 'S, ) , (3.31)
isnull, i.e.,
Wi (h, 1) = 0.
This allows us to recast (3.29) as
N N
- 1 1 S151 —2X 1 1 ~
K_(WT ' (=N)Qs = —= =—= Q.
() ( ) N+l 2 Hl—f"jsj ( —Sl ) 2 Hl—ijj !
=1 j=1
(3.32)



Inverse Problems 25 (2009) 085002 B Khanra and A G Choudhury

Applying T (1) to the left-hand side yields

~ ~ S 1 \x..~
TOK-WT (=12 = = I1 TO)Q,. (3.33)

But, 7‘()»)521 :Zn(k) - -Zl(k)le and we have
(A +gi7F1)(s181 — 20) — g15;
71(5‘151—2)\)— '

Upon using the Bécklund transformation relations (3.11)—(3.16) to eliminate the variables
g1, 7 we find that

A+ @181 =20 = qiSi\ A 5
Fi(s1Sy —21) — T s

LR = (

The generalization of this result is obvious, so that the action of 7‘()») on the vector §~21 may
be easily calculated, yielding

N

7 F-1 _ 1 ! AN -
TOK-MWT == | [T+ ( H1+r,,> . (3.34)

j=1 k=1

Consequently, 7 (A)Qy41 = K+(A)T(A)K7()\)T_1(—A)QNH

N
_ _ﬁl—[ 1 K. (SN+1SN+1 —2)~>
2 5 A =Fis)+rs)) " — SNl '

Using the expression for Sy, given in (3.13) one finds that
K. <SN+1SJ;+1 - 2)&) _ 2293 <_S{V+l> .
TON+1 SN+1
But the last vector is nothing but 2y, as given in (3.25). Thus
ANg2 L 1

S12V+1 izt (1 +erj)(1 _?jsj)

TO)Qe1 =

QN+1- (3.35)

Comparison with (3.28) shows that the eigenvalue

ave2 X 1
A= . (3.36)
SN+l il (1+Vij)(1 —}’ij)

Thus we have explicitly identified one of the eigenvalues of T (A). The other eigenvalue, say
A’, follows from the fact that

det 7 (1) = 62AN02 (=N = AN (3.37)
and is, therefore, given by

N
[Ta=Fspa+ris) | sy (3.38)
j=1

From (3.18) and (3.19) we have

N2
AT )

{1 N 1 } ,
w=In ]‘[ +C'(L). (3.39)

SN+1 izl (L +risi)(1 —Fisy)
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Using (3.36) this may be written as

p=InA+(C'(x) —NIni—1n6}). (3.40)
Clearly C(A) may be chosen such that

uw=1InA, (3.41)

and we see that the eigenvalue of 7 (1) is nothing but an exponential of the conjugate variable
1, corresponding to the parameter of the Bécklund transformation. In this case C (1) may be
explicitly determined, and is given by

N
C(A) =1n {(%) 0?} .

3.3. Application to discrete-time dynamics

The problem of discretizing a continuous integrable system, without destroying its integrability,
has a long and chequered history, involving a number of different approaches. In the case
of lattice systems, it is the spatial variable which is discretized, while time is treated as a
continuous variable. In deriving Bécklund transformations by the method described above,
we have precisely used this approach. However, it is known that a Bicklund transformation
often provides a discrete-time approximation to a continuous-time integrable system. Indeed,
this aspect was studied in great detail by Suris in a number of papers [12, 13].The basic
feature of this approach is that it keeps intact the Lax pair of the continuous time system,
and is, in principle, applicable to any system admitting an r-matrix interpretation. It will be
observed that the local one-parameter Bécklund transformation, b, given by (3.1), gives rise
to a family of maps, By, : (¢, r) — (G, 7), depending on the parameter A, which preserve the
Hamiltonian. Suppose now there exists a point, A = X¢, at which B, reduces to the identity
mapping. Furthermore, if in a neighbourhood of A¢, the infinitesimal mapping, B+, goes
as €{H, .} and is able to reproduce the Hamiltonian dynamics under investigation, then B;
may be considered as a discrete-time approximation of the model under consideration. In this
section, we investigate this aspect for the DST model.
Let us consider an infinitesimal change in r; and set

Fi=r+ 0(e), i=1,...,N, where e=x1"1 (3.42)
Using (3.42) in (3.14) and (3.15) yields up to first order in € the following:
s; &~ —e(l+2r )2, i=2,...,N, and s~ —e(1+20)r72 (3.43)
Since ry = 6_ by definition, we can combine these results and write

si = —e(1+2r;_r 2+ 0(e?), i=1,2,...,N. (3.44)
Similarly using (3.42) in (3.16) we obtain

s+l = —€0, + O(€2). (3.45)
Now from (3.6) we have

Siy1 =ri +7 =2r; + O(e), that is,

Si=2ri-1+0() where i=2,...,(N+1). (3.46)

Note that S has already been exactly determined and has the value 26_ (see (3.13)). In view
of the fact that ry = 6_ we may write therefore

S; =2ri_1+0() where i=1,...,(N+1). (3.47)

9
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In addition, we note that up to first order in € the expression for g; in (3.11) reduces to
gi = (1+2r,_)r7 2+ 0(e).

When the above approximations for s; and S; are substituted in to the gauge matrix W; (u, A)
given in (3.10), it assumes the following form:

u . -2
—eWi(u) ~ T — 2 < 2 (+2rion ) . (3.48)
i1 -3
Consequently,
—eW;(u) = I —2¢ (ri q;) =1 —2eM;(u) + O(e?). (3.49)
i-1 —3
Hence from the defining relation for the local Backlund transformation, namely
Wi (u, M) (us Gi, i) = € (us gi, ri) Wiu, ),
we find
C(u, Gi, i) = L@ g, ri) + 26 (Misy Qs i, i) — £Qus g, i) M) + O(€2). (3.50)

However, as the system is Hamiltonian in nature, the flows are given by (2.5), i.e.,
Cus qiy 1) = Mt £(us; qi, 1i) — C(us; qi, ri) My = {H, L(u; qi, 1))

Thus we have the following property of the Béacklund transformation in the neighbourhood of
€ =0, thatis, as A — o0,

Beb(us; qi,ri) = £us G, 7i) = £(us g, i) + 2€{H, £(u; gi, i)} + O(€2). (3.51)

This shows that the Backlund transformation derived serves as an approximate discrete-time
dynamics for the continuous-time dynamics generated by the system’s Hamiltonian.

4. Discussion

In this paper, we have shown the construction of a canonical Bicklund transformation for the
DST model, in the presence of open boundary conditions. This builds on our previous work,
in which we had dealt with a quasi-periodic boundary condition and also compliments [9],
in the sense that the ansatz for the gauge matrix, W;(u, A), given in (3.10) would probably
work for a large class of discrete models. The canonical nature of the transformations has
explicitly been shown through the derivation of the corresponding generating function. The
commutativity of such transformations is well known, but the connection with discrete-time
dynamics is an interesting feature of Bicklund transformations derived in the above manner.
The quantum analogues of classical Backlund transformations are known to lead to Baxter’s
Q-operator and have been the object of an intense study during the last few years. However,
it would been interesting to derive the analogous results in the case of systems described by
open boundary conditions. This matter is being investigated and will be communicated in due
course.
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1. Introduction

It is well known that many integrable lattice systems retain their integrability even under the imposition of non-periodic boundary
conditions [1-4]. The key to understanding their integrability under such circumstances is the reflection equation algebra which plays an
important role in the study of classical integrable system [5]. The Toda lattice is among the more well-known classical Liouville integrable
systems, which has been extensively studied over the years. Its different versions, corresponding to the various root systems of the affine
algebras, may be summarized by the Hamiltonian

n 2 n—1
p; g .
H=) — 4> e+ V@, with(pq;} =3 (11)
j=1 j=1

where the additional potential term V (q) has the following forms for the loop algebras Afll), Bf]”, C,gl) and D,(f) respectively [6]:

VA(1) =eln~N (1.2)
n

VB;:U =eln 01792, (1.3)
Ve = e 4 e™201, (14)
VD#,” —eIntin-1 4 o—01-G2 (1.5)

In a recent communication Kuznetsov et al. [1] have shown how one may derive a Backlund transformation (BT) for the BC-type Toda
lattice under open boundary conditions and have commented on the applicability of their method to a wider class of problems including
the D, type Toda lattice. In the existing literature on D, type Toda lattice, there is a generic version of the periodic Toda lattice, due to
Kuznetsov [6] in which the potential term in the Hamiltonian has the following appearance:

n—1
V(q) — Zer_qj—l + e 117492 + eQn+q"—1 + A B ¢ D

j=1

+ + + . (16)
sinh?%  sinh’q;  sinh® & sinh?q,
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This system is integrable and includes the preceding potentials as limiting cases. We present a derivation of the Bicklund transformation
for the D, type Toda lattice with extra parameters (Inozemtsev case) [7], by employing the 2 x 2 Lax matrix given by Kuznetsov in [6]. In
this connection it may be remarked that, Kuznetsov et al. had, in an earlier paper [8] shown how the same system could be generated by
coupling two e(3) tops interacting with the A, type Toda lattice.

The Letter is organized as follows. In Section 2 we introduce the D, type Toda lattice and outline the basic features of the Reflection
Equation Algebra (REA). In addition we introduce the generator of the integrals of motion for the REA. In Section 3 we deduce the Backlund
transformation for the model under consideration with dynamic boundaries. Section 4 contains a discussion of the canonicity of such BT.
This is finally followed by a modest outlook. In a short Appendix A we consider the explicit case of four lattice points and exhibit the
inherent implicit nature of the BT under the given circumstances.

2. Lax matrix and the Reflection Equation Algebra

In the following we will use the following version of the local Lax matrix of the periodic Toda lattice

0 —x;1 .
L) = Jo), j=3.m, (21)
Xj u —+ 1pX;j
with p; and x; satisfying the canonical Poisson brackets
{pj. xj} =6k
It is easy to verify that £;(u) satisfies the Sklyanin quadratic algebra
{eja), G} =[r —v), a8, (22)

where Z}(u) =(j(w)®I and Z?(u) =1® £;(u) are the standard tensor products of £;(u) with the 2 x 2 unit matrix I and

ru—v)= (2.3)
u—v
0 0 01
Furthermore we consider the following 2 x 2 Lax matrices at the first and second lattice sites [6]:
) _(A;i Bj .

&(u)-(ci D,->’ i=1.2, (24)
where

Aq =u2xl +ufi(x —1)p1 +c1x1 + 2} +cica, (2.5)

=u(xj - 1), (2.6)
=u[u? + (& — 1)p3 — 2ip1(c1x1 + c2) — 1], (2.7)

D1=u2x1 —ufi(x} —=1)p1 +c1x1 + 2} +c1c2 (2.8)
and

Az = —u’xz +ui(x3 — 1)p2 + 3%z + ca} — c304, (2.9)

By = u[u2 + (x% - 1)p§ — 2ipa(c3xy +C4) — c%] (2.10)

G =u(x}—1), (211)

Dy = —u?xy — uli(x3 — 1)p2 + c3%2 + ¢4} — c304. (212)
These two matrices satisfy the Reflection Equation Algebra (REA), viz.

{edb ), ¢ s} =([r—-v, ¢! (u)@ W]+ e wru + v)E v) — Zz(v)r(u + V)L W))dagp. (2.13)
where o, 8 =1,2; and ¢, (k=1,...,4) are constant parameters. The local Lax matrices £;(u) with j=1,...,n may be used to define the
following global Lax matrix, which serves as the generator of the integrals of motion:

TW) =TWe T (—u)la ). (2.14)
Note that T(u) here is the classical monodromy matrix defined by

T):=23(u)...Lx). (2.15)

The Hamiltonian ; may be obtained from the spectral curve of 7 (u), which is defined by det(7 (u) — AI) =0, and leads to the following
equation, namely

4
= [0 () e 4]+ [ (@ - ) =0, (2.16)
i=1
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2X;
Hi= Z(P]Xj) +p(x —1)+pi(43 ZZX]?-I- 22 4 2y — 2ip1(C1x1 + C2) — 2ipa(C3xa + Ca). (2.17)
j=3

This Hamiltonian may be mapped to that of the periodic D, type Toda lattice with an additional singular term if we perform the following
change of variables x; = coshqi, x; = coshqa, x; =e%, j=3,...,n, together with a gauge type canonical transformation of (x1, p1) and
(x2, p2) to eliminate the terms linear in p; and p; in (2.17).

The significance of the Lax matrix 7 (u) is that its spectrum is invariant under the dynamics generated by the Hamiltonian (2.17). The
equations of motion following from the Hamiltonian (2.17) are as follows:

X1 =2p1(¥ — 1) = 2i(c1xg +c2), (2.18)

P1=—2p3x1 + 2icip1 — 2xn, (219)
=2po(x§ — 1) — 2i(c3x1 +c4). (2.20)

, _ 2

P2 = 2ipac3 — 2p3x; — o (2.21)

Xj=2pix5, j=3...n-1, (2.22)

. 2 X .

pi=—— -2  opkx; j=3....n-1, (2.23)

Xj+1 X;
Xn = 2xnp,,, (2.24)
Pn=—2xnpj — (2.25)

n

It is appropriate at this juncture to recollect the basic formalism for discrete integrable systems described by the open boundary
conditions. One can show [4] that the generator of the conserved quantities in such cases is given by

T()=trK;(u)U(u) whereU(u) = TWK_w)T ' (—u). (2.26)

The matrices K4 are referred to as the boundary matrices and generally depend on the values of the dynamical variables at the boundaries,
besides on the spectral parameter u.
Now as

T ) =tr{Ky TWK_T ' (—w)} =tr{TWK_ )T (—w)K )}, (2.27)
a straightforward comparison of (2.27) with (2.14) reveals that, in our case
Ki(u)y=4¢1(u) and K(u)=4{2(u), (2.28)

with the boundary matrices K4 (u) depending on the dynamical variables (x1, p1) and (xz, p2). Thus in this sense we may look upon (2.1)
as an open system with dynamic boundary conditions. In order that ¢ <“) =0, one requires K1 (u) to satisfy the REA (2.13) with the
left-hand side equal to zero. In addition, to ensure involution of the mtegrals of motion it is necessary that

{U'w), (W)} =r@w - U WU (v) = U2WU r@ — v) = UM r + v)UA(v) + U2 (v)r@u + v)U' ). (2.29)
3. Bicklund transformation

In this section we will construct a Biacklund Transformation (BT) for the D, type Toda lattice based on the Hamiltonian approach. The
method proposed in [6,3] relies firstly on our ability to find an invertible matrix M;(u, 1) satisfying the following gauge transformation:

Mj(u, M€ x, p) =Ly, OMj (U, b)), j=3,...,n, (31)

where we have, for the sake of brevity, dispensed with the subscripts on the x’s and y’s.

Proposition 3.1. If M;(u, 1) is an invertible 2 x 2 matrix satisfying the gauge transformation (3.1) then the trace of the generator of the conserved
quantities T, as given in (2.27), is an invariant.

Proof. Eq. (3.1) leads to the following relation for the monodromy matrix T (u):

Ms(u, )T (u; %, p) =TW; ¥, Q) Mny1(u, A). (3.2)
Note that here x stands for the collective set of variables {xs, ..., x;} and similarly for y. Upon using (3.1) and (2.14) we obtain
Ms(u, )T (u; x, p) = M3(u, )T (us X, p)ly ()T~ (—us x, p)lau) = T (u; ¥, @) Mny1(u, e )T~ (—u; x, p)ea(u). (33)

Let us now demand that
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My (u, 2)€1 (s X, p) = €1(U; ¥, O Mn1(—u, 2), (34)
then it follows from (3.3) that
Ms(u, )T (u; x, p) = T(u; y, )01 (u; ¥, @ Mpsa (—u, )T~ (—u; X, p)ea(u, X, p)
=T, Y, QWU ¥, OMns1 (—u, V{61 (—us x, p) ... 65 (—us x, p) &2 (). (3.5)
However from the local gauge transformation (3.1) we have
Mja (—u. e (—usx. p) = 6 (-u Y. OMj(-u, b), j=3.....n. (36)
Using (3.6), the r.h.s. of (3.5) may be simplified to yield
T(u,y, 0y, T (—u; y, Ms(—u, M) €2 (u; X, p).
Finally, demanding that
M3 (—u, M€z (u; x, p) = €2(u; y, M3 (u, 1) (3.7)
we arrive at the relation
M3 (u, \)T (u; x, p) =7 (u; y, q)M3(u, ). (3.8)
Since M3(u, A) is invertible it follows that
tr7(u;x, p) =tr7(u; y,q). (3.9)
Thus the conserved quantities are invariant under the BT defined by (3.1). O
To derive the form of the BT we assume the following ansatz for the matrix M;(u, 1), which is in the form of the Lax matrix for the
Isotropic Heisenberg magnet (XXX model) [1,5], viz.
u—Ar+rjR;  rIRj—2Ar;
iRi TiR =20 ) j=3,....n,

(3.10)
Rj —Uu—A+T1jRj

Mj(u,2) = (
with det(M;(u, 1)) = 22 — u? # 0. The same gauge transformation is used in [8] for constructing a Q-operator for the quantum XXX-
magnet.
Substitution of (3.10) into (3.1) yields the following relations for j=3,...,n

N i ir; (3.11)
pj= X; TjX? j+1s .
q i + i +ir (3.12)
=TT T3 j+1s .
i riyj
2A 1 1
T r].xj rjyj
Rjyj1=—-(xj+y), j=3,....,n (3.14)
From (3.13) and (3.14) we obtain a quadratic equation for r; in terms of x; and y; with j=4,...,n, namely
P4y +2ar+ (x5 +y; ) =0. (3.15)

On the other hand from (3.4) and (3.10) we obtain the following relations, upon equating coefficients of the different powers of u:

2) X1 »
Rns1 = -5 (3.16)
Tnt1 Toy T
1p3+ Ayp1+ Ay =0, (317)
BYq} + Byq1 + By =0, (3.18)
where the Al’. (i=1,2,3) are given by the following expressions:
AY = (= 1) (1 + ), (3.19)
. . X
A, = [—21(c1x1 +02)(x1 + y1) = 2i(x3 — 1)<A _aon )] (3:20)
T+1  Tn4l
2
X X
A/3=(J’1*X1)<)»* L_n ) *2(61X1+Cz)<)\* L_n )
T+1  Tn4l Tn+1  Tntl
2A X
+(J’§—1)(——2—1—5—1)—C¥(X1+y1)—2cm, (3.21)
Tntl Thir Thp
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and the Blf (i=1,2,3) are as follows:

By = (y§ —1)(x1+y1). (3.22)
. . X1 1
BY = —2i(c1y1 + c2) (%1 + y1) +2i(y% — ])(A - y—) (3.23)
Tn+1  Tntl
2
X X
3’3:—()'1—X1)<)»— Lo ) +2(61Y1+Cz)()~— L )
Tn+1 Tnt1 41 Tl
2A X 1
+(x%—1)<——2—]—§—)—C%(X1+y1)—26162. (3.24)
T+l T Thgg

Note that the equations determining p; and q; being quadratic in nature we get two values of p; and q.
From (3.16) and (3.14) we get

(Xn + Yn)TEyq — 2041 — (X1 + Y1) =0, (3.25)

while using (3.10) in (3.7) we obtain upon equating coefficients of powers of u the following:

R3=x +y2, (3.26)
A1p3 + Azps + A3 =0, (3.27)
B1g3 + Baga + B3 =0, (3.28)

where the A; (i=1,2,3) are given by the following:

Ar=(x3—1)(x2+y2), (3.29)
Az = —[2i(c3x2 + c4)(x2 + y2) +2i(x5 — 1)X3]. (3.30)
Az = —[~(y2 = x2)X? + 2(c3x2 + c4) X3 + (3 — 1)Y3 + 3 (x2 + y2) — 2¢3¢4] (3.31)

and the B; (i=1,2,3) are:

Bi=(y5 - 1)(x2+y2). (3.32)

By = —[2i(c3y2 + ca) (2 + y2) — 2i(y3 — 1)X3], (333)

B3 =[(y2 —x2)X3 — 2(c3y2 + ca) X3 + (3 — 1) Y3+ c5(x2 + y2) — 2c3¢4]. (3.34)
Here

X3=—A+r3(X2+y2) (3.35)
and

Y3 =12(x2 + y2) — 2A13. (3.36)
From (3.26) and (3.14) we obtain

(2 +y2)r3 —2irs — (x3' +y3 ') =0. (3.37)
So substituting the values of r;, j=4,...,n from (3.15), of r3 from (3.37) and of r;11 from (3.25) into (3.11) and (3.12) one can determine
the p; and q; implicitly for j=3,...,n as functions of the x;’s and y;’s and A. On the other hand since (3.25) determines ;11 as a function

of (x1,y1) and (xn, yn), the quantities Aj appearing in (3.19)-(3.21) can be expressed in terms of the variables (1, y1,Xn, ¥n) and this in
turn allows p1 and g; to be determined from (3.17) and (3.18). A similar procedure when applied to (3.27) and (3.28) determines p, and
q» implicitly as functions of x;’s and y;’s and A from the quadratic equation (3.37) and upon using Egs. (3.29)-(3.34), thereby completing
the Backlund transformation for j =1,...,n. The explicit expressions for pi,qi, p2, and g as determined by the above procedure are
given below:

: W) X1ty
ic1x1 +c2)0a +y1) +ikx — DG — =) + /Dy,

= 3.38
P1 @~ 1)1 + y1) (3:38)
i(C1y1 + ) +y1) =iy = DO = ) + /Dy,
a1 = - : (3.39)
3 = D1 +y1)
i(c3x2 +ca) (X2 + y2) +1(5 — D{=A+ 13002+ ¥2)} = /Dy,
p2= § : (3.40)
(x5 —1)(x2+ y2)
i(c3y2 + Ca) (X2 + ¥2) — i(¥3 — D{—A+r3(x2 + y2)} £ /D,
q = . (3.41)

(y2 —D(x2 + y2)



B. Khanra, A. Ghose Choudhury / Physics Letters A 374 (2010) 4120-4127 4125

Here
Dp, = —22(x} — 1) (¥ — 1) — (c1x1 + c2)2(x1 + y1)* + (¥ — 1) (x1 + y1)* + 2c102(xF — 1) (%1 + y1). (3.42)
Dg, =—2*(xf = 1)(y] = 1) = (c1y1 + 2> + y1)* + 61 (] — 1) a1 + y1)* +2c162(y] — 1) (X1 + y1), (343)
Dp, = —23(x3 —1)(y3 — 1) — (c3x2 + ca)?(x2 + y2)> + c5 (x5 — 1) (%2 + y2)? — 2c3¢4(%5 — 1) (%2 + ¥2), (3.44)
Dg, = —2%( = 1)(y3 — 1) — (c3y2 + ca)’(x2 + y2)* + 3 (¥3 — 1) (x2 + y2)® — 2c3¢4(y3 — 1) (x2 + ¥2) (3.45)

and r3 and ry41 are the solutions of the quadratic equations (3.37) and (3.25) respectively.

Remark. Note that unlike in the case of periodic boundary conditions, where the BT can be explicitly derived [2,8,9], here the BT is defined
in an implicit manner. In Appendix A we explain the implicit nature of the transformation more clearly by considering a lattice with four
points. This appears to be an inherent feature associated with the Bdcklund transformation derived in the above manner (see also [1,3]).

4. Canonicity of the Bicklund transformation

In order that the Bdcklund transformation derived in the manner of the preceding section be a canonical transformation one must
show that the variables y(x, p; A) and q(x, p; ») have the same canonical Poisson brackets as (x, p), as stated in (1.1). One method of
proving the canonicity is to present explicitly the generating function &, (y; x) of the canonical transformation. This requires from the
definition of canonical transformations, that

845)L a(pk .
i=—— and qj=———, =1,...,n. 41

PI= % U="%y ! (41)

The generating function may be formally written as:
n
D (y:x) = Z [y rjs X, 1) + d’i])(xh Vi, Thg1) + ‘Piz)(xz, ¥2,73), (4.2)
j=3
where fy(yj,rj1;Xj, 1)) represents the generating function of the bulk of the chain, i.e., for j=3,...,n and is given by
) i _ )
fr@jo i xj,mj) = —irlog(x; +yj) — 2hloglrj) + —(x; " +y") —irjpa (¢ +y)). (43)
J

To find q)f)(xg y1,13) and @iz)(xz; ¥2,Tn+1), one has to integrate partially Eqs. (3.38) to (3.41) w.r.t. p1,q1, p2, and gy respectively
and check that the results satisfy the definition (4.1). This turns out to be a rather nontrivial computation. Using Maple 12 we have found
a complicated result in terms of elliptic functions, but apparently the result is not very illuminating. To arrive at a more concrete result
we will next calculate an explicit expression for the generating function for the special case of ¢c; =3 =c3 =c4 =0 below.

4.1. Aspecialcaseci =c; =c3=c4=0

Under the above simplifying assumption, we find from (3.17) and (3.18) upon using (3.19)-(3.24) the following values of p; and g1,

namely
2
ir i Vyi—1
p1= — + ikl—, (4.4)
X1tY1  Tnt (X1 4y /3 =1
i2 i -1
q1=— + +ih——m—————. (4.5)
X1+Y1  Tnp1 (X1 + y1) y%_1
Similarly from (3.27) and (3.28) we find p; and g, to be given by
o y3-1
pr=— +irg£il———e——, (4.6)
%2ty2 (2 +y2),/% — 1
2
ir X1
4 = i tia— Y2 (4.7)
X2 +y2 (x2+y2),/y3 -1
Using the definition (4.1) we now find the generating function for the above simple case to be the following:
n
Gy =Y [y s %) + @50 (i y1.men) + 057 (%23 ya. 1), (48)

=3
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where
. i
fr(yjs %)) = —ihlog(xj + y) = 2410g(rj) + — (x; " +y5 1) = irja (¢ +¥), (49)
J
. i 1 +yDE -2 -1
oV Gas y1) = i 1log( +y1) = —— (i +y1) log ! ! (4.10)
n+l Y -1y 1R —yi— a4+ 1)
and
) ) 2+ Yy -2 -1)
@2 (x2; y2) = —i A10g(x2 + y2) + ir3(x2 + y2) =+ log 2 2 (411)

VB =1y —1y/xs—y2— (2y2+ 1)

and rj(x, y; ») are defined implicitly through (3.15), (3.25) and (3.37).
5. Discussion

In this Letter we have shown the construction of a canonical Biacklund transformation for the D, type Toda lattice. The canonical nature
of the transformations has been explicitly shown through the derivation of the corresponding generating function. The commutativity of
such transformations is well known. The quantum analog of classical Biacklund transformations, are known to lead to Baxter’'s Q -operator
[9] and have been the object of an intense study during the last few years. However, it would be interesting to derive the analogous
results for the case of systems described in this Letter. This matter is being investigated and will be communicated in due course.

Appendix A
As remarked earlier, we examine in this appendix the nature of the BT more explicitly for the case n =4, i.e., when there are only four

lattice points. As before the first and second lattice sites are identified with the dynamic boundary points of the chain and expressions for
P1,q1, p2 and gp as given in (3.38)-(3.41) stand. Setting j =3,4 in (3.11) and (3.12) we have

p3:—————ir4, (A])

X3 r3xd
ir i .
G3=—+— +ira, (A2)
V3 r3y3
ix i .
pa=———— —irs, (A3)
X4 14Xy
ir i .
qa=—+— +irs. (A4)
Ya T4Yy

2v 1, 4 1
R3=—+4+ —5(x; + s A5
3 3 r§(3 Y3) ( )
22 1, 4 4
Ry=—+—5(x, + , A.6
1= ri(4 vi) (A.6)

while from (3.14) we have

Ry=—(x3+y3) and Rs=—(x4+ ya). (A7)
Finally (3.16) with n =4 gives

2\ 1
Rs=——S@&i+y1)
s rs

while (3.26) stipulates that R3 = (x2 + y2). By equating the respective expressions for R3, R4 and R5 we are led to the following quadratic
equations determining r3, r4 and rs namely:

X2+ y2)rs —2ars — (x5 +y3")
(x3+y3)rs+ 2+ (x; ' +y, 1)

=0,
=0,

(x4 + ya)r — 2ars — (x1 + y1) = 0.

Solving these quadratic equations for r3,r4 and r5; and substituting their values in (A.1)-(A.4) we arrive at the following relations:
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p3(x3+y3):¢i[(£>\/ﬂ+ (x2 + y2)(x3 + ¥3) +\/x2— (X3+y3)(X4+y4)]’
X3

X3Y3 Xay4

Pa(Xq +yq) = —2ir i(*
X4 X4Y4

y4)\/}2 (3t y3)(xat+ya)

qg(x3+y3)=ﬂ[(;3>\/x2+ (2 + y2) (X3 + y3) +\/x2 (x3+y3>(x4+y4)]’

3 X3Y3 X4ya4

T i\/xl + (X + ya) (X1 + y1),

X4Y4

X X X
qa(xa +ys) =2iA F i(y_f;)\/)»z _ Byt ya) + i\/)»z + X4+ ya) (X1 + y1).
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(A.8)

(A.9)

(A.10)

(A11)

An explicit form of the BT necessitates that we be able to solve for say, q3, q4, y3 and y4 in terms of ps, p4, X3 and x4 from the above
set of equations. It is evident from (A.10) and (A.11) that q3 and g4 can be expressed in terms of x3, x4, y3 and y4 (we do not worry
about the presence of X1, x2, y2 and y; as they are associated with the boundary sites). But we still need to find y3 and y4 in terms of
D3, P4, X3 and x4 together with the boundary variables, which can in principle be achieved by solving (A.8) and (A.9). However in practice

this is a nontrivial task. For instance, introducing the variables
4
U= ¥3 and V= Y4
X3 X4

we find that (A.8) and (A.9) assume the following forms:

prrs1 + 1) =] \/A+<J>(ﬂ>+ /AZ_X_BW],
X3 0] X4 1%

x3(1+0)(A+V)

X3(14+V)==2irxi|V_ [A2—
paxs(1+V) [ \/ xa v

] Fiy32 4 X1 + YA+ V),

One can attempt to solve for V from the first of these equations in terms of U and then insert the resulting expression into the last
equation to obtain a single equation involving U. However, it is a moot point whether the resulting equation for U, or essentially for y3
can be solved explicitly, especially in the general case of n lattice sites. It is in view of these considerations that we claim that the BT in

this case is an implicit one.
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